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3UHIDFH

7KH LQWHUDFWLQJ ERVRQ PRGHO õ,%0ô LV VXLWDEOH IRU GHVFULELQJ LQWHUPHGLDWH DQG
KHDY\ DWRPLF QXFOHLï $GMXVWLQJ D VPDOO QXPEHU RI SDUDPHWHUVñ LW UHSURGXFHV WKH
PDMRULW\ RI WKH ORZðO\LQJ VWDWHV RI VXFK QXFOHLï )LJXUH íïì JLYHV D VXUYH\ RI
QXFOHL ZKLFK KDYH EHHQ KDQGOHG ZLWK WKH PRGHO YDULDQW ,%0ëï )LJXUHV ìíïæ DQG
ìéïê VKRZ WKH QXFOHL IRU ZKLFK ,%0ìðFDOFXODWLRQV KDYH EHHQ SHUIRUPHGï

7KH ,%0 LV EDVHG RQ WKH ZHOOðNQRZQ VKHOO PRGHO DQG RQ JHRPHWULFDO FROOHFWLYH
PRGHOV RI WKH DWRPLF QXFOHXVï 'HVSLWH LWV UHODWLYHO\ VLPSOH VWUXFWXUHñ LW KDV
SURYHG WR EH D SRZHUIXO WRROï ,Q DGGLWLRQñ LW LV RI FRQVLGHUDEOH WKHRUHWLFDO LQWHUHVW
VLQFH LW VKRZV WKH G\QDPLFDO V\PPHWULHV RI VHYHUDO QXFOHLñ ZKLFK DUH PDGH
YLVLEOH XVLQJ /LH DOJHEUDVï
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)LJXUH íïìï &DUG RI HYHQðHYHQ QXFOHLï =  QXPEHU RI SURWRQVñ 1  
QXPEHU RI QHXWURQVï 7KH GDUN DUHDV GHQRWH QXFOHL ZKLFK KDYH EHHQ
FDOFXODWHG XVLQJ WKH ,%0ë DSSUR[LPDWLRQ õ,DFKHOORñ ìäååñ Sï ììíôï
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7KH ,%0 ZDV FUHDWHG LQ ìäæé E\ )ï ,DFKHOOR DQG $ï $ULPD õ $ULPD DQG ,DFKHOORñ
ìäæè ôï 6XEVHTXHQWO\ LQ QXPHURXV SDSHUV LW KDV EHHQ FKHFNHGñ H[WHQGHGñ DQG
GLVFXVVHGï ,Q ìääí LQ 6DQWD )Hñ 1HZ 0H[LFRñ $NLWR $ULPD ZDV DZDUGHG WKH
:HDWKHUKLOO PHGDO E\ WKH )UDQNOLQ ,QVWLWXWH IRU KLV PDQ\ FRQWULEXWLRQV WR WKH ILHOG
RI QXFOHDU SK\VLFVï ,Q WKH VDPH \HDUñ )UDQFHVFR ,DFKHOOR UHFHLYHG WKH :LJQHU
PHGDO JLYHQ E\ WKH *URXS 7KHRU\ DQG )XQGDPHQWDO 3K\VLFV )RXQGDWLRQñ ZKLFK
FLWHG KLP IRU û GHYHORSLQJ SRZHUIXO DOJHEUDLF WRROV DQG PRGHOV LQ QXFOHDU
SK\VLFV ûï ,Q ìääêñ $ï $ULPD DQG )ï ,DFKHOOR ZHUH DZDUGHG WKH 7ï :ï %RQQHU
3UL]H LQ 1XFOHDU 3K\VLFV E\ WKH $PHULFDQ 3K\VLFDO 6RFLHW\ï

7KH LQWHUQDWLRQDO V\PSRVLD RI (ULFH õ ,WDO\ñ ìäæå ôñ *UDQDGD õ 6SDLQñ ìäåì ôñ
'UH[HO õ 86$ñ ìäåê ôñ *XOO /DNH õ 86$ñ ìäåé ôñ /D 5iELGD õ 6SDLQñ ìäåè ôñ
'XEURYQLN õ <XJRVODYLDñ ìäåç ô DV ZHOO DV RWKHU HYHQWV IRFXVLQJ RQ WKH ,%0
KDYH FOHDUO\ GHPRQVWUDWHG WKH ZLGH LQWHUHVW LQ WKLV WKHRU\ DQG LWV IXUWKHU
GHYHORSPHQW RQ DQ LQWHUQDWLRQDO VFDOHï ,Q ìääé LQ 3DGXD õ ,WDO\ ôñ WKH
û,QWHUQDWLRQDO &RQIHUHQFH RQ 3HUVSHFWLYHV IRU WKH ,QWHUDFWLQJ %RVRQ 0RGHO RQ
WKH 2FFDVLRQ RI LWV ëíWK $QQLYHUVDU\û WRRN SODFHï

,Q UHFHQW \HDUV RXWVWDQGLQJ VXUYH\ UHSRUWV RQ WKH ,%0 KDYH EHHQ SXEOLVKHG E\
,DFKHOOR DQG $ULPD õ ìäåæ ôñ (LVHQEHUJ DQG *UHLQHU õ ìäåæ ôñ 7DOPL õ ìääê ôñ
)UDQN DQG 9DQ ,VDFNHU õ ìääé ô ñ DQG RWKHUVï 8QIRUWXQDWHO\ñ WKHUH DUH IHZ
LQWURGXFWRU\ ERRNV RQ WKH ,%0 DYDLODEOH IRU WKH LQWHUHVWHG UHDGHUï 7KH SUHVHQW
SXEOLFDWLRQ PLJKW UHGXFH WKLV GHILFLHQF\ï ,W LV GLUHFWHG WRZDUGV SK\VLFV VWXGHQWV
DQG H[SHULPHQWDO SK\VLFLVWV LQWHUHVWHG LQ WKH PDLQ SURSHUWLHV RI WKH ,%0ï
.QRZOHGJH RI WKH HOHPHQWV RI TXDQWXP PHFKDQLFVñ QXFOHDU SK\VLFVñ DQG
HOHFWURG\QDPLFV LV D SUHUHTXLVLWHï

7KH H[SHULHQFHG UHDGHU PD\ IHHO WKDW VRPH WUDQVIRUPDWLRQV DQG SURRIV KDYH
EHHQ UHQGHUHG LQ WRR JUHDW GHWDLOï )RU WKH EHJLQQHUñ KRZHYHUñ WKLV LV
LQGLVSHQVDEOH DQG PD\ VHUYH KLP DV DQ H[HUFLVHï
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ì ,QWURGXFWLRQ

$ PRGHO RI WKH DWRPLF QXFOHXV KDV WR EH DEOH WR GHVFULEH QXFOHDU SURSHUWLHV
VXFK DV VSLQV DQG HQHUJLHV RI WKH ORZHVW OHYHOVñ GHFD\ SUREDELOLWLHV IRU WKH
HPLVVLRQ RI JDPPD TXDQWDVñ SUREDELOLWLHV õ VSHFWURVFRSLF IDFWRUV ô RI WUDQVIHU
UHDFWLRQVñ PXOWLSROH PRPHQWV DQG VR IRUWKï ,Q WKLV FKDSWHU WKRVH PRGHOV DUH
RXWOLQHG IURP ZKLFK WKH ,%0 FRPHVï

7KH ,%0 LV PDLQO\ URRWHG LQ WKH VKHOO PRGHOñ ZKLFK KDV SURYHG WR EH DQ
H[FHOOHQW LQVWUXPHQW IRU OLJKW QXFOHL õ XS WR èí QXFOHRQV ôï 7KH ODUJHU WKH QXPEHU
RI QXFOHRQV EHFRPHV WKH PRUH VKHOOV KDYH WR EH WDNHQ LQWR DFFRXQW DQG WKH
QXPEHU RI QXFOHDU VWDWHV VRRQ EHFRPHV VR FRORVVDO WKDW WKH VKHOO PRGHO ZLOO EH
LQWUDFWDEOHï )RU H[DPSOH WKH ëò VWDWH õ VSLQ ë DQG SRVLWLYH SDULW\ ô RI ìèé6P
VKRZV ê�ìíìé GLIIHUHQW FRQILJXUDWLRQV õ &DVWHQñ ìääíñ Sï ìäå ôï 7KH LQWHUDFWLQJ
ERVRQ PRGHO õ VRPHWLPHV QDPHG LQWHUDFWLQJ ERVRQ DSSUR[LPDWLRQ ,%$ ô
UHGXFHV WKH QXPEHU RI VWDWHV KHDYLO\ï ,W FRQVWLWXWHV RQO\ ëç FRQILJXUDWLRQV IRU
WKH ëò VWDWH PHQWLRQHG DERYHï

7KH VKHOO PRGHO UHYHDOV WKDW WKH ORZðO\LQJ VWDWHV RI WKH HYHQðHYHQ QXFOHL DUH
PDGH XS SUHGRPLQDQWO\ E\ QXFOHRQ SDLUV ZLWK WRWDO VSLQ í RU ëï +LJKHU VSLQV RI
VXFK SDLUV DUH UDUH IRU HQHUJ\ UHDVRQV õ +HVVñ ìäåêñ Sï èè ôï 3DUWLFXODUO\ WKH
VSLQV RI SDLUV RI LGHQWLFDO QXFOHRQV DUH HYHQ QXPEHUV EHFDXVH WKH\ FRQVWLWXWH
DQ DQWLV\PPHWULF VWDWH õ DSSHQGL[ $ë ôï )XUWKHUPRUHñ LQ WKH FDVH RI WZR
LGHQWLFDO QXFOHRQ SDLUV WKH WRWDO VSLQ LV VWULFWO\ HYHQñ ZKLFK IROORZV IURP WKH IDFW
WKDW WKH SDLUV EHKDYH OLNH ERVRQV õ VHH DSSHQGL[ $ë ôï 7KLV WKHRUHWLFDO UHVXOW LV
QRW IDU IURP WKH UHDO VLWXDWLRQ RI HYHQðHYHQ QXFOHLñ IURP ZKLFK LW LV NQRZQ WKDW
WKHLU WRWDO VSLQ SUHGRPLQDQWO\ LV HYHQï

7KHVH DQG RWKHU DUJXPHQWV OHG WR WKH EDVLF DVVXPSWLRQ RI WKH ,%0 ZKLFK
SRVWXODWHV WKDW WKH QXFOHRQ SDLUV DUH UHSUHVHQWHG E\ ERVRQV ZLWK DQJXODU
PRPHQWD O  í RU ëï 7KH PXOWLWXGH RI VKHOOV ZKLFK DSSHDUV LQ WKH VKHOO PRGHO LV
UHGXFHG WR WKH VLPSOH VðVKHOO õ O  í ô DQG WKH GðVKHOO õ O  ë ô ZKLFK LV FRPSRVHG
YHFWRULDOO\ E\ GðERVRQV DQDORJRXVO\ WR WKH VKHOO PRGHO WHFKQLTXHï 7KH ,%0
EXLOGV RQ D FORVHG VKHOO LïHï WKH QXPEHU RI ERVRQV GHSHQGV RQ WKH QXPEHU RI
DFWLYH QXFOHRQ õ RU KROH ô SDLUV RXWVLGH D FORVHG VKHOOï (DFK W\SH RI ERVRQVñ WKH
Vð DQG WKH GðERVRQñ KDV LWV RZQ ELQGLQJ HQHUJ\ ZLWK UHJDUG WR WKH FORVHG VKHOOï
$QDORJRXVO\ WR WKH VWDQGDUG VKHOO PRGHOñ WKH LQWHUDFWLQJ SRWHQWLDO RI WKH ERVRQV
DFWV RQO\ LQ SDLUVï

$V D SHFXOLDULW\ RI WKH ,%0 WKHUH H[LVW VSHFLDO FDVHV LQ ZKLFK FHUWDLQ OLQHDU
FRPELQDWLRQV RI PDWUL[ HOHPHQWV RI WKLV LQWHUDFWLRQ SRWHQWLDO YDQLVK õ FKDSWHUV
ìí DQG ìé ôï ,Q WKHVH FDVHV WKH HQHUJLHV RI WKH QXFOHDU VWDWHV DQG WKH
FRQILJXUDWLRQV FDQ EH H[SUHVVHG LQ D FORVHG DOJHEUDLF IRUPï 7KHVH VSHFLDO
FDVHV DUH QDPHG ûG\QDPLF V\PPHWULHVûï 7KH\ FRUUHVSRQG WR WKH ZHOOðNQRZQ
ûOLPLWVû DOORFDWHG WR WKH YLEUDWLRQñ WKH URWDWLRQ HW FHWHUD RI WKH ZKROH QXFOHXVï
+RZHYHU PRVW QXFOHL KDYH WR EH FDOFXODWHG E\ GLDJRQDOLVLQJ WKH +DPLOWRQ PDWUL[
DV LV XVXDO LQ TXDQWXP PHFKDQLFV õ FKDSWHU ìë ôï
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7KH ,%0 LV QRW RQO\ LQ FRQQHFWLRQ ZLWK WKH VKHOO PRGHO EXW DOVR ZLWK WKH
FROOHFWLYH PRGHO RI WKH DWRPLF QXFOHXV RI %RKU DQG 0RWWHOVRQ õ ìäèêñ ìäæè ôï ,Q
WKLV PRGHO WKH GHIRUPDWLRQ RI WKH QXFOHDU VXUIDFH LV UHSUHVHQWHG E\ ILYH
SDUDPHWHUV IURP ZKLFK D +DPLOWRQLDQ RI D ILYH GLPHQVLRQDO RVFLOODWRU UHVXOWVï ,W
FRQWDLQV ILYHIROG JHQHUDWLQJ DQG DQQLKLODWLQJ RSHUDWRUV IRU RVFLOODWRU TXDQWDï 7KH
RSHUDWRUV RI WKHVH ERVRQV FRUUHVSRQG WR WKH RSHUDWRUV RI WKH GðVKHOO LQ WKH ,%0ï

+RZHYHUñ WKH KDQGOLQJ RI WKH FROOHFWLYH PRGHO LV ODERULRXV õ -RORVñ ìäåèñ
Sï ìëì ôï 0RUHRYHUñ WKH QXPEHU RI ERVRQV LV XQOLPLWHG DQG LV QRW D JRRG
TXDQWXP QXPEHU LQ FRQWUDVW WR WKH VLWXDWLRQ LQ WKH ,%0ï 7KH VSHFLDO FDVHV
PHQWLRQHG DERYH DUH UHSURGXFHG E\ VRPH YHUVLRQV RI JHRPHWULF PRGHOV EXW
WKH\ DUH QRW MRLQHG WRJHWKHU FRQWLQXRXVO\ õ %DUUHWWñ ìäåìñ Sï èêé ôï ,Q WKH ,%0
WKHVH UHODWLRQV H[LVWï

$Q DGGLWLRQDO UHODWLRQVKLS EHWZHHQ ERWK PRGHOV FRQVLVWV LQ WKH IDFW WKDW WKH
IRUP RI WKH +DPLOWRQ RSHUDWRU õ DIWHU VXLWDEOH WUDQVIRUPDWLRQV ô LV VLPLODU WR WKH
RQH RI WKH ,%0 õ -RORVñ ìäåèñ Sï ìëé ôï
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ë &KDUDFWHULVWLFV RI WKH ,%0

7KH VLPSOHVW YHUVLRQV RI WKH ,%0 GHVFULEH WKH HYHQðHYHQ QXFOHXV DV DQ LQHUW
FRUH FRPELQHG ZLWK ERVRQV ZKLFK UHSUHVHQW SDLUV RI LGHQWLFDO QXFOHRQVï %RVRQV
EHKDYH V\PPHWULFDOO\ LQ WKH IROORZLQJ ZD\ã VXSSRVLQJ WKDW HDFK ERVRQ KDV D
ZDYH IXQFWLRQñ WKDW FDQ EH DWWULEXWHGñ WKH ZDYH IXQFWLRQ RI WKH WRWDO
FRQILJXUDWLRQ GRHV QRW DOWHU LI WZR ERVRQV õ LïHï WKHLU YDULDEOHVô DUH LQWHUFKDQJHGï
7KH DQDORJ\ EHWZHHQ QXFOHRQ SDLUV DQG ERVRQV GRHV QRW JR VR IDU WKDW LQ WKH
,%0 WKH ZDYH IXQFWLRQV RI WKH FRUUHVSRQGLQJ QXFOHRQV ZRXOG DSSHDUï +RZHYHUñ
LQ WKH LQWHUDFWLQJ ERVRQðIHUPLRQ PRGHO õ FKDSWHU ìç ô ZKLFK GHDOV ZLWK RGG
QXPEHUV RI LGHQWLFDO QXFOHRQVñ ERVRQV DUH FRXSOHG WR QXFOHRQVï %RVRQV DUH
WDNHQ DV VWDWHV ZLWKRXW GHWDLOHG VWUXFWXUH DQG WKHLU V\PPHWU\ SURSHUWLHV UHVXOW
LQ FRPPXWDWLRQ UHODWLRQV IRU WKH FRUUHVSRQGLQJ FUHDWLRQð DQG DQQLKLODWLRQ
RSHUDWRUV õ FKDSWHU è ôï

7KH WRWDO VSLQ RI D ERVRQ LV LGHQWLFDO ZLWK LWV DQJXODU PRPHQWXP LïHï RQH GRHV
QRW DWWULEXWH DQ LQWULQVLF VSLQ WR WKH ERVRQVï 6LQFH WKH DQJXODU PRPHQWD RI WKH
ERVRQV DUH HYHQ õ O  íñ ë ô WKHLU SDULW\ LV SRVLWLYHï $OWKRXJK SODXVLEOH DUJXPHQWV
H[LVW IRU WKHVH DQJXODU PRPHQWD PHQWLRQHG LQ WKH IRUHJRLQJ FKDSWHUñ WKLV
FKRLFH LV DUELWUDU\ DQG FRQVWLWXWHV D W\SLFDO FKDUDFWHULVWLF RI WKH WKHRU\
õ KRZHYHUñ H[RWLF YDULDQWV KDYH EHHQ GHYHORSHG ZLWK O  é RU RGG YDOXHV ôï 2QO\
WKH VXFFHVV DFKLHYHG E\ GHVFULELQJ UHDO QXFOHL MXVWLILHV WKH DVVXPSWLRQ IRU WKH
DQJXODU PRPHQWDï

7KH PRGHOV ,%0ì DQG ,%0ë DUH UHVWULFWHG WR QXFOHL ZLWK HYHQ QXPEHUV RI
SURWRQV DQG QHXWURQVï ,Q RUGHU WR IL[ WKH QXPEHU RI ERVRQV RQH WDNHV LQWR
DFFRXQW WKDW ERWK W\SHV RI QXFOHRQV FRQVWLWXWH FORVHG VKHOOV ZLWK SDUWLFOH
QXPEHUV ïïëåñ èíñ åë DQG ìëç õ PDJLF QXPEHUV ôï 3URYLGHG WKDW WKH SURWRQV ILOO
OHVV WKDQ KDOI RI WKH IXUWKHVW VKHOO WKH QXPEHU RI WKH FRUUHVSRQGLQJ DFWLYH
SURWRQV KDV WR EH GLYLGHG E\ WZR LQ RUGHU WR REWDLQ WKH ERVRQ QXPEHU 1S
DWWULEXWHG WR SURWRQVï ,I PRUH WKDQ KDOI RI WKH VKHOO LV RFFXSLHG WKH ERVRQ
QXPEHU UHDGV 1S  õ QXPEHU RI KROHV IRU SURWRQV ôîëï %\ WUHDWLQJ WKH QHXWURQV LQ
DQ DQDORJRXV ZD\ñ RQH REWDLQV WKHLU QXPEHU RI ERVRQV 1Q ï ,Q WKH ,%0ì WKH
ERVRQ QXPEHU 1 LV FDOFXODWHG E\ DGGLQJ WKH SDUWLDO QXPEHUV LïHï 1  1S ò 1Q ï
)RU H[DPSOH WKH QXFOHXV ììå

èé;Hçé VKRZV WKH QXPEHUV 1S  õèé ð èíôîë  ëñ 1Q

 õçé ðèíôîë  æ DQG IRU ìëåèé;Hæé WKH YDOXHV 1S õèé ð èíôîë  ëñ 1Q  õåë ð æéôîë
 é KROGï (OHFWURPDJQHWLF WUDQVLWLRQV GRQöW DOWHU WKH ERVRQ QXPEHU EXW WUDQVIHUV
RI WZR LGHQWLFDO QXFOHRQV OLIW RU ORZHU LW E\ RQHï

1DWXUDOO\ WKH ,%0 KDV WR WDNH LQWR DFFRXQW WKH IDFW WKDW HYHU\ QXFOHDU VWDWH KDV
D GHILQLWH WRWDO QXFOHDU DQJXODU PRPHQWXP - RU UDWKHU WKDW WKH HLJHQYDOXH RI WKH
DQJXODU PRPHQWXP RSHUDWRU - ë LV -õ- ò ìô�!ï - LV DQ LQWHJHUï



ìí

$ ERVRQ LQWHUDFWV ZLWK WKH LQHUW FRUH RI WKH QXFOHXV õ KDYLQJ FORVHG VKHOOV ô IURP
ZKLFK UHVXOWV LWV VLQJOH ERVRQ HQHUJ\ Hï 7KUHHðERVRQ LQWHUDFWLRQV DUH H[FOXGHG
LQ DQDORJ\ ZLWK WKH DVVXPSWLRQV RI WKH VWDQGDUG VKHOO PRGHOï ,Q FRQWUDVW WR WKH
FROOHFWLYH PRGHOñ LQ WKH ,%0 RQH GRHV QRW REWDLQ D VHPLFODVVLFDOñ YLYLG SLFWXUH RI
WKH QXFOHXV EXW RQH GHVFULEHV WKH DOJHEUDLF VWUXFWXUH RI WKH +DPLOWRQLDQ
RSHUDWRU DQG RI WKH VWDWHVñ IRU ZKLFK UHDVRQ LW LV QDPHG DQ DOJHEUDLF PRGHOï



ìì

ê 0DQ\ðERG\ FRQILJXUDWLRQV

$W WKH EHJLQQLQJ RI WKLV FKDSWHU WKH UHSUHVHQWDWLRQ RI ERVRQ FRQILJXUDWLRQV ZLOO
EH RXWOLQHG DQG LQ WKH VHFRQG VHFWLRQ FRPSOHWHO\ V\PPHWULF VWDWHV RI D IHZ Gð
ERVRQV ZLOO EH IRUPXODWHG H[SOLFLWO\ï ,Q WKH HQG WKH UXOHV DUH SXW WRJHWKHU ZKLFK
KROG IRU WKH FROOHFWLYH VWDWHV LQ WKH VHQLRULW\ VFKHPHï 7KH\ DUH FRPSDUHG ZLWK
WKH UHVXOWV RI VHFWLRQ êïëï ,Q WKLV FKDSWHU YHFWRU FRXSOLQJ WHFKQLTXH LV EHLQJ
DSSOLHGñ ZKLFK LV UHYLHZHG LQ WKH DSSHQGLFHV $ì XS WR $êï

êïì 0DQ\ðERVRQ VWDWHV

+HUH ZH LQWURGXFH D IRUPXODWLRQ RI FRPSOHWHO\ V\PPHWULF VWDWHV RI 1 ERVRQV RI
ZKLFK QG KDYH D GðVWDWH DQG 1 ð QG ERVRQV DUH LQ WKH VðVWDWHï %HVLGHV WKH WRWDO
DQJXODU PRPHQWXP - DQG LWV SURMHFWLRQ 0ñ IRU WKH PRVW SDUW DGGLWLRQDO RUGHULQJ
QXPEHUV DUH UHTXLUHG LQ RUGHU WR GHVFULEH WKH FROOHFWLYH VWDWHï 2QH RI WKHVH
QXPEHUV LV WKH VHQLRULW\ Wñ DIWHU ZKLFK WKH PRVW XVXDO UHSUHVHQWDWLRQ VFKHPH LV
QDPHGï

)RU WKH PRPHQW ZH DUH OHDYLQJ RXW WKH DGGLWLRQDO RUGHULQJ QXPEHU DQG ZULWH WKH
FRPSOHWHO\ V\PPHWULF FRQILJXUDWLRQ V\PEROLFDOO\ DV

_ õV1ðQGôõíôí õG
QGôõ-ô0ñ - 0 ²ï õêïìô

7KH VðERVRQV DUH FRXSOHG WR D -  íðVWDWHï ,Q GHWDLOñ WKH GðERVRQ SDUW LV
FRPSRVHG RI VLQJOH GðERVRQ VWDWHV KDYLQJ WKH DQJXODU PRPHQWXP FRPSRQHQWV
ëñ ìñ íñ ðì DQG ðëï 7KHVH ILYH VLQJOH ERVRQ VWDWHV GP DSSHDU LQ OLQHDU
FRPELQDWLRQV DV ZLOO EH VKRZQ LQ WKH QH[W VHFWLRQï 7KH H[SUHVVLRQ õêïìô LV
QRUPDOLVHG WR RQHï

êïë 6\PPHWULF VWDWHV RI WZR DQG WKUHH GðERVRQV

,Q WKLV VHFWLRQ WKH VðERVRQV DUH OHIW RXW RI FRQVLGHUDWLRQ DQG ZH ZLOO GHDO ZLWK
WKH V\PPHWULVDWLRQ RI FRQILJXUDWLRQV ZLWK D VPDOO QXPEHU QG RI GðERVRQVï

)LUVW ZH WDNH QG  ëï $FFRUGLQJ WR WKH UHODWLRQ õ$ëïæô WKH FRQILJXUDWLRQ _ G
ëñ - 0 ²

LV V\PPHWULFDO E\ LWVHOI LI - LV DQ HYHQ QXPEHUï ,W KDV WKH IRUP õ$ìïìô

_ G ëñ - 0 ²  _ ¦Pì Pë õë Pì ë Pë _ - 0 ô GPì GPë ² � _ > G u G @õ-ô0 ²ñ -  íñ ëñ éï õêïëô

,Q RUGHU WR REWDLQ D WKUHHðERVRQ VWDWH ZH FRXSOH RQH GðERVRQ WR D ERVRQ SDLU
ZKLFK KDV DQ HYHQ DQJXODU PRPHQWXP -í LïHï ZH IRUP

_ G êñ -R - 0 ² � _ >> G u G @õ-íô u G @õ-ô0 ²ï õêïêô

7KLV H[SUHVVLRQ LV FRQVLGHUHG DV D IXOO\ V\PPHWULFDO WKUHHðGðERVRQ VWDWHñ ZKLFK
LV REWDLQHG E\ FDUU\LQJ RXW D WUDQVSRVLWLRQ SURFHGXUHï ,Q RUGHU WR IRUPXODWH WKLV
PHWKRGñ WHPSRUDULO\ ZH DUH UHJDUGLQJ ERVRQV DV GLVWLQJXLVKDEOH DQG ZH
DWWULEXWH DQ LQGLYLGXDO QXPEHU WR HDFK VLQJOH ERVRQ VWDWHï 6XSSRVLQJ WKDW VXFK



ìë

D VWDWH LV GHVFULEHG E\ D ZDYH IXQFWLRQñ ZH KDYH WR ODEHO HYHU\ YDULDEOH ZLWK WKLV
ERVRQ QXPEHUï :H PDNH XVH RI WKH UHODWLRQ > Gõìô u Gõëô@õ-íô  > Gõëô u Gõìô @õ-íôñ
ZKLFK KROGV IRU DQ HYHQ -í DFFRUGLQJ WR õ $ëïè ô DQG õ $ëïæ ôï 6WDUWLQJ IURP WKH
SDUWLDOO\ V\PPHWULF õ Sï Vï ô IRUP

_ > Gõìô u Gõëô @õ-íô u Gõêô @õ-ô0 ²SïVïñ

ZH REWDLQ D V\PPHWULF WKUHHðERVRQ VWDWH E\ DGGLQJ WZR DQDORJRXV IRUPV LQ
ZKLFK WKH ODVW GðERVRQ LV VXEVWLWXWHG DV IROORZV

$ðì _ >> G u G @õ-íô u G @õ-ô0 ²  _ >> Gõìô u Gõëô @
õ-íô u Gõêô @õ-ô0 ²SïVïò

_ >> Gõìô u Gõêô @õ-íô u Gõëô @õ-ô0 ²SïVï ò _ >> Gõêô u Gõëô @
õ-íô u Gõìô @õ-ô0 ²SïVï ï õêïéô

$ LV WKH QRUPDOLVDWLRQ IDFWRU RI WKH ULJKW KDQG VLGH RI õêïéôï 7KLV H[SUHVVLRQ LV
V\PPHWULF EHFDXVH RQH UHSURGXFHV LW E\ LQWHUFKDQJLQJ WZR ERVRQ QXPEHUV õ IRU
H[DPSOH ë DQG ê ôï ,Q WKH ODVW EXW RQH WHUPñ ZH FDQ LQWHUFKDQJH Gõìô DQG Gõêô
EHFDXVH LW LV SDUWLDOO\ V\PPHWULFï :H HPSOR\ WKH UHFRXSOLQJ SURFHGXUH õ$êïêô
DQG õ$êïçô WR WKH ODVW WZR WHUPV LQ õêïéô DQG REWDLQ

$ðì _ >> G u G @õ-íô u G @õ-ô0 ²  _ >> Gõìô u Gõëô @
õ-íô u Gõêô @õ-ô0 ²SïVï ò õêïèô
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:H QRZ LQWHUFKDQJH Gõëô DQG Gõìô LQ WKH ODVW WHUP RI õêïèôñ ZKLFK \LHOGV WKH
IDFWRU õðìô-© õõ$ìïéôôï %RWK VXPV DUH DGGHG WKHQñ WKURXJK ZKLFK DOO WHUPV ZLWK
RGG YDOXHV -© GLVDSSHDUï ,Q WKH UHVXOWLQJ VXP ZH LQWHUFKDQJH Gõêô DQG > Gõëô u
Gõìô @õ- ôñ ZKLFK DQQLKLODWHV WKH IDFWRU õðìô- DFFRUGLQJ WR õ$ìïéôñ EHFDXVH -© LV
HYHQï )RU IRUPDO UHDVRQV WKH ILUVW WHUP RQ WKH ULJKW KDQG VLGH RI õêïèô LV
UHSODFHG E\ ¦-©HYHQ G-©-í _ >> Gõìô u Gõëô @

õ-© ô u Gõêô @õ-ô0 ²SïVïï 2QH REWDLQV

$ðì _ >> G u G @õ-íô u G @õ-ô0 ²  õêïçô
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7KH QRUPDOLVDWLRQ IDFWRU $ UHDGV
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ðìîëï õêïæô

,WöV D JRRG H[HUFLVH WR GHULYH WKLV H[SUHVVLRQ H[SOLFLWO\ï 7KH VWDWH
_ >> G u G @õ-íô u G @õ-ô0 ² LV UHJDUGHG DV QRUPDOLVHG WR RQHï $QDORJRXVO\ WR WKH WZRð
ERVRQ VWDWHV õ$ìïäô KHUH WKH SDUWLDOO\ V\PPHWULF VWDWHV _>>GõìôuGõëô@õ-© ôuGõêô@õ-ô0²
ZLWK GLIIHUHQW -© DUH RUWKRJRQDO WR HDFK RWKHUï :H HPSOR\ D VOLJKWO\ PRGLILHG
IRUP RI õêïèô

$ðì _ >> G u G @õ-íô u G @õ-ô0 ²  _ >> Gõìô u Gõëô @
õ-íô u Gõêô @õ-ô0 ²SïVïò
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DQG PDNH XS WKH IROORZLQJ HTXDWLRQ
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$ðë  ì ò ë ò õë ò éôõë-í ò ìô^ ëë
ë
-
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-í`ñ ZKLFK LV LQ DJUHHPHQW ZLWK õêïæôï

:H QRZ ORRN LQWR WKH -ðYDOXHV RI V\PPHWULF WKUHH GðERVRQ VWDWHV UHSUHVHQWHG
LQ õêïçôï

7KH FDVH -  í LV RI VRPH LPSRUWDQFH LQ WKH VHQLRULW\ VFKHPHï 7KH QXPEHU RI
WULSOHWV ZLWK -  í LV QDPHG Q' LïHï LQ WKLV FDVH ZH KDYH Q'  ìï

)RU - � í ZH LQVHUW WKH QXPHULFDO YDOXHV RI WKH çðM V\PEROV õ$êïìë ð ìéô LQ WKH
HTXDWLRQ õêïçôï )RU -  ì WKH SDUWLDO YHFWRUV FDQ RQO\ VKRZ -í  -©  ë DQG WKH
H[SUHVVLRQ õêïçô YDQLVKHVï )RU -  ë WKH YDOXHV -í  íñ ëñ é KDYH WR EH
FRQVLGHUHG DQG WKH FDOFXODWLRQ \LHOGV

_ >> G u G @õíô u G @õëô0 ²  _ >> G u G @
õëô u G @õëô0 ²  _ >> G u G @

õéô u G @õëô0 ² ï

:H WDNH D VSHFLDO LQWHUHVW LQ VWDWHV ZLWK -í  íñ WKDW LV ZK\ ZH WUHDW WKH VWDWH
õ-í  ëñ -  ëô PHQWLRQHG DERYH DV HTXLYDOHQW WR õ-í  éñ -  ëô DQG WR õ-í  íñ
-  ëô ï 7KHUHIRUH ZH VD\ñ WKH FRQILJXUDWLRQ õ-í � íñ -  ëô GRHV QRW H[LVWï ,Q D
VLPLODU ZD\ ZH VHH WKDW WKH -  êðVWDWHV õ-í  ëñ éô GLIIHU RQO\ LQ WKHLU VLJQVï %RWK
-  éðVWDWHV õ-í  ëñ éô DUH LGHQWLFDOï )RU -  è õ-í  éô WKH H[SUHVVLRQ õêïçô
YDQLVKHVï -  ç FKDUDFWHULVHV WKH VRðFDOOHG ûVWUHWFKHGû VWDWHï

êïê 7KH VHQLRULW\ VFKHPHñ UXOHV GHILQLQJ -

*HQHUDO V\PPHWULF VWDWHV RI GðERVRQV DUH FRQVWUXFWHG E\ YHFWRU FRXSOLQJ DQG
FRPSOHWH V\PPHWULVDWLRQ XVLQJ JURXS WKHRU\ õ +DPHUPHVKñ ìäçë ôñ õ %D\PDQ
DQG /DQGpñ ìäçç ôï +HUH ZH KDYH D ORRN DW WKH VHQLRULW\ VFKHPHñ ZKLFK LV WKH
PRVW FRPPRQ YHUVLRQ RI WKLV UHSUHVHQWDWLRQï 7KH FRQILJXUDWLRQ RI QG GðERVRQV
LV ZULWWHQ DV IROORZV

_ QG ñ õ>G u G@
õíô

íô
QS�õ>>G u G@õëô u G@õíôíô

Q' �õGOôõ-ô0 ² ï õêïåô

,Q WKH H[SUHVVLRQ õêïåô WKH GRXEOHW >G u G@õíôí ZLWK DQJXODU PRPHQWXP í DSSHDUV
QS WLPHV DQG WKH WULSOHW >>G u G@õëô u G@õíôí H[LVWV Q' WLPHVï 7KH O UHPDLQLQJ Gð
ERVRQV FRQVWLWXWH D FRQILJXUDWLRQ ZLWK WKH WRWDO DQJXODU PRPHQWXP - õ0ô ZKLFK
FRQWDLQV QHLWKHU D GRXEOHW QRU D WULSOHW ZLWK -  íï 7KHUHIRUH WKH QXPEHU RI Gð
ERVRQV UHDGV QG  ëQS ò êQ' ò Oï 7KH QXPEHU W  QG ð ëQS  êQ' ò Oñ ZKLFK LV
OHIW RYHU DIWHU VXEWUDFWLQJ WKH GRXEOHWVñ LV QDPHG VHQLRULW\ DQDORJRXVO\ WR WKH
GHVFULSWLRQ LQ WKH VKHOO PRGHOï :H QDPH WKH FRQILJXUDWLRQ õG Oôõ-ô0 WKH ûUHGXFHGû
VWDWH RI WKH O ERVRQVï ,W LV GHILQHG XQDPELJXRXVO\ E\ Oñ - DQG 0 õ7DOPLñ ìääêñ



ìé

6ï æçêôï ,WV WRWDO DQJXODU PRPHQWXP - LV LGHQWLFDO ZLWK WKH RQH RI WKH ZKROH
FRQILJXUDWLRQ õêïåôï

,Q WKH VHQLRULW\ VFKHPH WKH GðERVRQ FRQILJXUDWLRQV DUH GHILQHG E\ WKH
QXPEHUV QGñ QSñ Q'ñ -ñ õ0ôï

7KHUH H[LVW UHVWULFWLRQV IRU WKH -ðYDOXHVï ,W FDQ EH VKRZQ WKDW LQ D ûUHGXFHGû
VWDWH RI O GðERVRQV WKH IROORZLQJ YDOXHV DUH SHUPLWWHG

-  Oñ O ò ìñ ïïï ñ ëO ð êñ ëO ð ëñ ëOñ õêïäô

Lï Hï - á O DQG -  ëO ð ì DUH LQDGPLVVLEOHï -  ëO UHSUHVHQWV WKH ûVWUHWFKHGû
VWDWHï

7KH H[FOXVLRQ RI -  ëO ð ì LQ õêïäô FDQ EH H[SODLQHG LQ WKH IROORZLQJ ZD\ï :H
NQRZ WKDW IRU WKH ûVWUHWFKHGûñ V\PPHWULF DQG WR ] RULHQWDWHG VWDWH RI O GðERVRQV
WKH UHODWLRQ -  0  ëO KROGVï :H QRZ FRQVWUXFW WKH V\PPHWULF VWDWH ZLWK 0  
ëO ð ì DQG UHSUHVHQW LW XVLQJ QXPEHUHG ERVRQV ZKRVH SURMHFWLRQV RI WKH
DQJXODU PRPHQWXP LV P ã

_õG Oô0  ëO ð ì ²  $ _õGõìôP ì�GõëôP ë�GõêôP ë� ïïï �GõOôP ë

ò GõìôP ë�GõëôP ì�GõêôP ë� ïïï �GõOôP ë õêïìíô

ò ïïïïïïïïïïïïïïïïïïïïïïïïïïïïïïïïï

ò GõìôP ë�GõëôP ë�GõêôP ë� ïïï �GõOôP ìô ² ï

$ LV WKH QRUPDOLVDWLRQ FRQVWDQWï 7KH H[SUHVVLRQ õêïìíô UHYHDOV WKDW WKHUH H[LVWV
RQO\ RQH VWDWH ZLWK 0  ëO ð ìï 2Q WKH RWKHU KDQGñ LI RQH WXUQV WKH ûVWUHWFKHGû
VWDWH õ ZLWK -  ëO ô UHODWLYH WR WKH ]ðD[LV LQ RUGHU WR REWDLQ WKH SURMHFWLRQ 0  ëO
ð ìñ WKH UHVXOWLQJ VWDWH LV VWLOO V\PPHWULF DQG PXVW DJUHH ZLWK WKH RQH RI õêïìíô
EHFDXVH WKLV LV XQLTXHï )RU WKH VDPH UHDVRQ D VWDWH ZLWK -  ëO ð ì LV QRW
DOORZHG EHFDXVH LWV PD[LPDO SURMHFWLRQ ZRXOG EH 0  ëO ð ì ZKLFK PXVW QRW
RFFXU WZLFHï

:H QRZ YHULI\ WKH UXOH õêïäô LQVSHFWLQJ WKH ERVRQ VWDWHV õêïëô DQG õêïçôï )RU
O  ë WKH ûUHGXFHGû VWDWH UHDGV ¨> G u G @õ-ô0 ² ZLWK - � íï 2ZLQJ WR õêïäô RQO\ WKH
YDOXHV -  ëñ é KDYH WR EH FRQVLGHUHG ZKLFK LV LQ DJUHHPHQW ZLWK õêïëôï )RU WKH
ûUHGXFHGû VWDWH ZLWK O  ê DFFRUGLQJ WR õêïäô WKH YDOXHV -  íñ ìñ ë DUH UXOHG RXWï
,Q IDFW WKH GLVFXVVLRQ RI HTXDWLRQ õêïçô VKRZHG WKDW -  ì GRHV QRW DSSHDU DQG
WKDW ERWK RWKHU FDVHV DUH HTXLYDOHQW WR -í  í ZKLFK LV LQFRQVLVWHQW ZLWK WKH WHUP
ûUHGXFHGû VWDWHï 7KH UXOH õêïäô H[FOXGHV -  è ZKLFK KDV EHHQ IRXQG WR EH WUXH
IRU O  êï 7KXVñ IRU O  ë DQG ê WKH VHOHFWLRQ UXOH õêïäô LV FRQILUPHGï

,Q WDEOH êïì IRU VHYHUDO ERVRQ QXPEHUV QG WKH DOORZHG YDOXHV QS DQG Q' DUH
JLYHQï $FFRPSDQ\LQJ YDOXHV IRU Wñ O DQG - DUH LQ WKH FROXPQV êñ è DQG çï
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7DEOH êïìï &ODVVLILFDWLRQ RI WKH GðERVRQ FRQILJXUDWLRQV LQ WKH VHQLRULW\ VFKHPHï
QG ã QXPEHU RI GðERVRQVñ
QS ã QXPEHU RI ERVRQ SDLUV ZLWK WRWDO DQJXODU PRPHQWXP íñ
Q' ã QXPEHU RI ERVRQ WULSOHWV ZLWK WRWDO DQJXODU PRPHQWXP íñ
W ã VHQLRULW\ñ O ã QXPEHU RI ERVRQV LQ WKH ûUHGXFHGû VWDWHñ
- ã WRWDO DQJXODU PRPHQWXP

QG QS W  QG ð ëQS Q' O  W ðêQ' -
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7DEOH êïì VKRZV WKDW IRU JLYHQ QG ! ê VRPH DQJXODU PRPHQWD - DSSHDU LQ PRUH
WKDQ RQH FRQILJXUDWLRQï 7KH YDOXH -  ì LV DEVHQW LQ WKH ZKROH VSHFWUXPï &OHDUO\
LW LV PLVVLQJ DOVR IRU O  ì EHFDXVH WKLV VLPSOHVW ûUHGXFHGû VWDWH FRQVLVWV RI D
VLQJOH GðERVRQï

$PRQJ VWDWHV ZLWK VHYHUDO GðERVRQV LW KDSSHQV WKDW FRQILJXUDWLRQV ZLWK HTXDO
õ QGñ Wñ - ôðYDOXHV GLIIHU LQ WKH TXDQWLW\ Q' DQG DUH QRW RUWKRJRQDO WR RQH DQRWKHUï
7KH\ KDYH WR EH RUWKRJRQDOLVHG ZLWK WKH KHOS RI WKH ZHOOðNQRZQ 6FKPLGW
SURFHGXUHï %\ GRLQJ LWñ WKH QXPEHU Q' ORRVHV LWV FKDUDFWHU RI DQ RUGHULQJ
QXPEHU DQG LW KDV WR EH UHSODFHG E\ DQ DUELWUDULO\ GHILQHG LQGH[ï

0DQ\ðERVRQ FRQILJXUDWLRQV LQ WKH VHQLRULW\ VFKHPH VWDQG RXW EHFDXVH WKH\ DUH
HLJHQIXQFWLRQV RI WKH YLEUDWLRQDO OLPLW RI WKH +DPLOWRQ RSHUDWRU õ FKDSWHU ìí DQG
VHFWLRQ ìéïé ôï 6LQFH WKLV VSHFLDO FDVH FRUUHODWHV ZLWK WKH /LH DOJHEUD Xõèô WKH
VWDWHV RI WKH VHQLRULW\ VFKHPH LQ DGGLWLRQ DUH QDPHG XõèôðEDVLVï û6SKHULFDO
EDVLV û LV D IXUWKHU FXVWRPDU\ QDPHï %HVLGHV WKLV VFKHPH WKHUH H[LVW WZR OHVV
RIWHQ XVHG UHSUHVHQWDWLRQV ZKLFK DUH HLJHQIXQFWLRQV RI RWKHU OLPLWV RI WKH
+DPLOWRQLDQ õ FKDSWHU ìé ôï



ìç



ìæ

é 0DQ\ðERVRQ VWDWHV ZLWK XQGHILQHG DQJXODU
PRPHQWXP

,Q WKLV FKDSWHU ZH ZLOO GHDO ZLWK WKH VLPSOHVW UHSUHVHQWDWLRQ RI PDQ\ðERVRQ
VWDWHVï ,W LV IRUPHG DV D SURGXFW RI VLQJOHðERVRQ VWDWH IXQFWLRQVï 6\PPHWU\ LV
DFKLHYHG E\ SHUPXWLQJ WKH ERVRQ LQGLFHV DQG DGGLQJ XS WKH UHVXOWLQJ
H[SUHVVLRQVï ,Q FRQWUDVW WR õêïåôñ WKH VLQJOH DQJXODU PRPHQWD DUH QRW FRXSOHG WR
D GHILQLW WRWDO TXDQWLW\ï :H QDP WKLV UHSUHVHQWDWLRQ ûSULPLWLYHû EDVLVï

,Q WKH ILUVW VHFWLRQ ZH ZLOO ORRN LQWR VXFK UHSUHVHQWDWLRQV RI D IHZ ERVRQV DQG
UHODWH WKHP WR WKH IRUPXODWLRQV ZLWK GHILQHG DQJXODU PRPHQWXPï 7KH V\PPHWULF
SULPLWLYH UHSUHVHQWDWLRQ RI D PXOWLWXGH RI GLIIHUHQW VLQJOHðERVRQ VWDWHV LV WUHDWHG
LQ WKH VHFRQG VHFWLRQï

éïì 7ZRð DQG WKUHHðGðERVRQ VWDWHV

%\ ZD\ RI LQWURGXFWLRQñ ZH WUHDW WKH ûSULPLWLYHû VWDWHV RI D IHZ GðERVRQVï 7KH
VLQJOH GðERVRQ VWDWH LV FKDUDFWHUL]HG E\ GPõQôï 7KH TXDQWLW\ P LV WKH SURMHFWLRQ
RI WKH DQJXODU PRPHQWXP O  ë DQG Q LV WKH QXPEHU RI WKH ERVRQVï 3URYLVLRQDOO\
ZH DUH FRQVLGHULQJ WKH ERVRQV DV GLVWLQJXLVKDEOHï

7KH V\PPHWULF DQG QRUPDOLVHG WZRðGðERVRQ VWDWH RI WKLV NLQG LV UHSUHVHQWHG E\
_ G P G P© ²ñ LQ ZKLFK VLQJOH ERVRQ VWDWHV VXFK DV GPõLô DQG GP© õNô DUH LQYROYHGï
,W KDV WKH IRUP

_ G P G P© ²  õëõì ò GPP©ôô
ðìîë _ GPõìô GP© õëô ò GPõëô GP© õìô ²ï õéïìô

,QWHUFKDQJLQJ ì DQG ë KDV QR LQIOXHQFH DQG ¢ G P G P© _ G P G P© ²  ì KROGV LïHï
WKH H[SUHVVLRQ õéïìô LV V\PPHWULF DQG QRUPDOLVHGï

&RUUHVSRQGLQJO\ñ ûSULPLWLYHû WKUHHðGðERVRQ VWDWHV DUH FRQVWUXFWHG E\ VXPPLQJ
XS _ GPõìô GP© õëô GP¦ õêô ²ñ _ GPõìô GP© õêô GP¦ õëô ² DQG _ GPõëô GP© õìô GP¦ õêô ² HWF
DQG E\ QRUPDOLVLQJï 2QH ZULWHV

_ G P G P© G P¦ ²  $SõPñ P©ñ P¦ ô�¦DOO SHUPXWDWLRQV_ GPõìô GP© õëô GP¦ õêô ²ï õéïëô

7KH SHUPXWDWLRQV FRQFHUQ WKH QXPEHUV ìñ ë DQG êï 7KH QRUPDOLVDWLRQ IDFWRU
$SõPñ P©ñ P¦ ô LV ìî�ç LI DOO TXDQWLWLHV P DUH GLIIHUHQWï 6XSSRVLQJ WKDW RQO\ WZR RI
WKHP DJUHHñ $S  ìîõë�êô KROGV DQG IRU WKUHH LGHQWLFDO VLQJOH ERVRQ VWDWHV ZH
KDYH $S  ìîçï

%HIRUH ZH WXUQ WR WKH JHQHUDO UHSUHVHQWDWLRQ RI WKH ûSULPLWLYHû EDVLV ZH VKRZ
WKH FRQQHFWLRQ EHWZHHQ WKH VWDWHV õéïìðëô DQG WKRVH RI WKH VHQLRULW\ VFKHPH
õêïëôñ õêïêô DQG õêïåô ZKRVH DQJXODU PRPHQWD DUH JRRG TXDQWXP QXPEHUVï

$FFRUGLQJ WR HTXDWLRQ õêïëô WKH V\PPHWULF WZRðERVRQ VWDWH RI WKLV NLQG UHDGV

_ G ë - 0 ² � _>G u G@õ-ô0 ² ¦P P© õë P ë P© _- 0 ô _ GPõìô GP© õëô ²ï õéïêô



ìå

7KH DQJXODU PRPHQWXP - LV HYHQï :H LQWURGXFH DQ RSHUDWRU 6 ZKLFK
LQWHUFKDQJHV LQ HTXDWLRQ õéïêô WKH LQGLFHV ì DQG ë DQG DGGV WKH QHZ H[SUHVVLRQ
WR WKH RULJLQDO RQHï 'XH WR WKH V\PPHWU\ LQ õéïêô WKH IROORZLQJ UHODWLRQV KROG

_ G ë - 0 ²  ×�6 _G ë - 0 ²  

×� ¦P�P© õë P ë P© _- 0ô õ�ëî�ëô�_GPõìô GP© õëô ò GPõëô GP© õìô² ò

×�õë 0îë ë 0îë _- 0ô�ë�_G 0îëõìô G 0îë õëô²�G0 HYHQ  

¦P�P© õë P ë P© _- 0ôõìî�ëô�_G P G P© ² ò

õë 0îë ë 0îë _- 0ô�_G 0îë G 0îë²�G 0 HYHQ  

¦PP© �õõì ò GPP©ôîëô õë P ë P© _ - 0ô�_G P G P© ² õéïéô

7KH ODVW H[SUHVVLRQ LQ õéïéô LV EXLOW ZLWK ûSULPLWLYHû VWDWHV LQWURGXFHG LQ õéïìôï

7KH V\PPHWULF VWDWHV RI WKUHHðGðERVRQV ZLWK GHILQHG DQJXODU PRPHQWXP - FDQ
EH WUHDWHG LQ D VLPLODU ZD\ï $FFRUGLQJ WR õêïéô ZH KDYH

$ðì _ G ê -í - 0 ²  _ >>Gõìô u Gõëô@õ-í ôu Gõêô@õ-ô0 ² ò

_ >>Gõëô u Gõêô@õ-í ôu Gõìô@õ-ô0 ² ò

_ >>Gõêô u Gõìô@õ-í ôu Gõëô@õ-ô0 ²ï õéïèô

7KH TXDQWLW\ -í LV HYHQ DQG WKH QRUPDOLVDWLRQ IDFWRU $ LV JLYHQ LQ õêïæôï 8VLQJ
WKH &OHEVFKð*RUGDQ FRHIILFLHQWV GHILQHG LQ õ$ìïìô ZH UHZULWH õéïèô DQG LQ WKH
IROORZLQJ VWHS ZH LQVHUW WKH ûSULPLWLYHû UHSUHVHQWDWLRQ RI õéïëô ï :H REWDLQ

$ðì _ G ê -í - 0 ²  ¦0íP¦ õ-í 0í ë P¦ _ - 0ô� õéïçô

¦PP© õë P ë P© _ -í 0íô�× ¦DOO SHUPXWDWLRQV_ GPõìô GP© õëô GP¦ õêô ²  

¦0íP¦ õ-í 0í ë P¦ _- 0ô�¦PP© õë P ë P© _ -í 0íô�×�$SõPñP©ñP¦ô
ðì�_ G P G P© G P¦ ²ï

,Q õéïéô DQG õéïçô WKH VWDWHV RI WKH VHQLRULW\ VFKHPH DUH ZULWWHQ DV D OLQHDU
FRPELQDWLRQ RI ûSULPLWLYHû VWDWHVï ,WöV REYLRXV WKDW WKLV LV WUXH IRU DOO PDQ\ð
ERVRQ VWDWHVï 7KLV VWLPXODWHV IXUWKHU UHVHDUFK RQ WKH ûSULPLWLYHû EDVLVï ,Q GRLQJ
VRñ ZH ZLOO HQFRXQWHU WKH ZHOOðNQRZQ FUHDWLRQð DQG DQQLKLODWLRQ RSHUDWRUV IRU
ERVRQV õ FKDSWHU è ôñ ZKLFK IDFLOLWDWH DQ HOHJDQW UHSUHVHQWDWLRQ RI WKH ERVRQ
LQWHUDFWLRQVï

éïë *HQHUDO ûSULPLWLYHû PDQ\ðERVRQ VWDWHV

,Q WKH LQWHUDFWLQJ ERVRQ PRGHO WKH ERVRQV RFFXS\ WKH IROORZLQJ VL[ VLQJOH VWDWHV
Vñ Gëñ Gìñ Gíñ Gðì DQG Gðë ï )RU WKH VDNH RI VLPSOLFLW\ñ ZH KDYH D ORRN DW DQ
DUELWUDU\ QXPEHU RI VLQJOH ERVRQ VWDWHVñ ZKLFK ZH UHSUHVHQW E\ \Dñ \Eñ ïï ñ \Iñ ïï ï
,Q HVVHQFHñ ZH IROORZ WKH UHSRUW RI /DQGDX õåçôï



ìä

$ VLQJOH ERVRQ VWDWH FDQ EH RFFXSLHG E\ VHYHUDO ERVRQVï 7KH QXPEHU RI
ERVRQV ZKLFK DUH LQ WKH VLQJOH VWDWH \I LV QDPHG 1I ï 7KH WRWDO QXPEHU RI
ERVRQV 1 DPRXQWV WR WKH VXP RI WKHVH SDUWLDO QXPEHUV

1  1D ò 1E ò ïïï ò 1I ò ïï ï õéïæô

7KH DQVDW] IRU WKH VWDWH < RI 1 ERVRQV LV ZULWWHQ DV D SURGXFW RI 1 VLQJOH ERVRQ
VWDWHV ZKLFK FRQWDLQV 1D WLPHV WKH IDFWRU \Dñ 1E WLPHV WKH IDFWRU \Eñ HWFï (DFK
VLQJOH VWDWH LV GHVLJQHG E\ D GLIIHUHQW ERVRQ QXPEHU DV IROORZV

<õ1Dñ 1Eñ ïï ñ1Iñ ïô  3L ì
1D\DõL ô �3L 1Dòì

1Dò1E\EõL ô � ïïï �3L 1Hòì
1Dòïïò1I\I õL ô �ïïï ï õéïåô

7KH LQGH[ L LQ WKH SDUWLDO SURGXFWV PDUNV WKH ERVRQV RFFXS\LQJ WKH DIILOLDWHG
VLQJOH VWDWHï 7KH IXQFWLRQ < GRHV QRW DOWHU LI WKH ODEHOV RI ERVRQV DUH
LQWHUFKDQJHG ZKLFK EHORQJ WR WKH VDPH VLQJOH VWDWHï ,Q RUGHU WR REWDLQ FRPSOHWH
V\PPHWU\ ZH LQWHUFKDQJH ERVRQV LQ DOO SRVVLEOH ZD\Vñ ZKLFK EHORQJ WR GLIIHUHQW
VLQJOH VWDWHVï $OO WKHVH FRQILJXUDWLRQV DUH JHQHUDWHG E\ DUUDQJLQJ WKH 1
QXPEHUHG ERVRQV LQ WKH VLQJOH VWDWHV Dñ Eñ ïïñIñïï ZLWK WKH SDUWLDO QXPEHUV 1Dñ 1Eñ
ïï ñ1I ïïLQ DOO GLIIHUHQW ZD\Vï ,Q RWKHU ZRUGVñ ZH KDYH KHUH WKH FRPELQDWRULDO WDVN
WR FDOFXODWH KRZ RIWHQ 1 GLIIHUHQW EDOOV FDQ EH SXW LQ YHVVHOV GLVVLPLODUO\ LQ VXFK
D ZD\ WKDW WKH ILUVW RQH FRQWDLQV 1D EDOOVñ WKH VHFRQG RQH 1E EDOOVñ HWFï )URP
WKH FRPELQDWRULDO DQDO\VLV ZH WDNH WKDW WKH QXPEHU RI SRVVLELOLWLHV RU
SHUPXWDWLRQV UHDGV

1 üîõ1Dü�1Eü� ïï 1I ü� ïïôï õéïäô

:H ODEHO WKHVH SHUPXWDWLRQV E\ WKH LQGH[ U DQG LQWURGXFH WKH RSHUDWRU 3©U
ZKLFK SHUIRUPV WKH UWK SHUPXWDWLRQ ZKHQ DFWLQJ RQ WKH VWDWH <õ1Dñ 1Eñïïñ 1Iñ ïôï
:H ZLOO VKRZ WKDW WKH VWDWH

$ðì _ 1Dñ 1Eñ ïïï ñ1Iñ ïï ²  ¦U 3©U<õ1Dñ 1Eñïïñ 1Iñïïô õéïìíô

LV FRPSOHWHO\ V\PPHWULF ZLWK UHJDUG WR LQWHUFKDQJLQJ QXPEHUHG ERVRQVï :H
FDQ VHH WKLV E\ LQWHUFKDQJLQJ WZR ERVRQV ZKLFK EHORQJ WR GLIIHUHQW VLQJOH
VWDWHVï 6LQFH HYHU\ VXPPDQG LQ õéïìíô KDV D FRXQWHUSDUW ZKLFK FRQWDLQV WKH
PHQWLRQHG ERVRQV LQ WKH LQWHUFKDQJHG SRVLWLRQVñ WKH WUDQVSRVLWLRQ KDV QR HIIHFW
RQ WKH ZKROH VXPï 7KLV LV WUXH IRU DOO NLQGV RI H[FKDQJHï

:H QRZ WXUQ WR WKH QRUPDOLVDWLRQ FRQVWDQW $ LQ õéïìíôï :H DVVXPH WKDW WKH
VLQJOH VWDWHV \I õLô GHSHQG RQ YDULDEOHV ZKLFK ZH UHSUHVHQW E\ WKH V\PERO [L ï
:H UHJDUG WKHVH VWDWHV DV RUWKRQRUPDOLVHG Lï Hï

³ \Jóõ[Lô\Iõ[Lô G[L  GJI ï õéïììô

:H PDLQWDLQ WKDW DOO IXQFWLRQV 3©U<õ1Dñ 1Eñïïñ 1Iñ ïô DUH RUWKRQRUPDO ZLWK UHVSHFW
WR HDFK RWKHU DV IROORZV

³ > 3©U<õ1Dñ 1Eñïïñ 1Jñïïô@ó 3©U©<õ1Dñ 1Eñïïñ 1Iñ ïôG[ì ïï G[1  GU U©ï õéïìëô

$W OHDVW RQH ERVRQ õ VD\ WKH L WK ô FDQ EH IRXQGñ QDPHO\ñ ZKLFK LV DVVLJQHG WR
GLIIHUHQW VLQJOH VWDWHV õ IRU LQVWDQFH WKH VWDWHV I DQG J ô LQ WKH IXQFWLRQV



ëí

3©U<õ1Dñ 1Eñïïñ 1Jñïïô DQG 3©U©<õ1Dñ 1Eñïïñ 1Iñ ïôï $V D UHVXOWñ DPRQJ RWKHU WKLQJV
WKH SDUWLDO LQWHJUDO ³\Jóõ[Lô\Iõ[LôG[L õJ � Iô YDQLVKHVï :LWK WKDWñ WKH RUWKRJRQDOLW\
RI WKH IXQFWLRQV 3©U<õ1Dñ 1Eñïïñ 1Iñïïô LV VKRZQï 7DNLQJ LQWR DFFRXQW WKH QXPEHU
RI VSHFLDO SHUPXWDWLRQV 3©U© õéïäô DQG XVLQJ õéïìëô ZH REWDLQ

¢ 1Dñ 1Eñïïñ 1Iñ ï _ 1Dñ 1Eñïïñ 1Iñïï ²  $
ë�1 üîõ1Dü�1Eü� ïï 1I ü� ïïôï õéïìêô

7KH OHIWðKDQG VLGH RI õéïìêô KDV WR EH ì Lï Hï

$  õ1Dü�1Eü� ïï 1I ü� ïïî1 üô× õéïìéô

DQG _ 1Dñ 1Eñïïñ 1Iñïï ²  õ1Dü�1Eü� ïï 1I ü� ïïî1 üô×� ¦U 3©U<õ1Dñ 1Eñïïñ 1Iñïïôï õéïìèô

7KLV IXQFWLRQ GHVFULEHV WKH û SULPLWLYHû VWDWH RI 1 ERVRQV ZLWK VLQJOH VWDWHV Dñ Eñ
ïï ñ Iñ ïï FRQWDLQLQJ WKH ERVRQ QXPEHUV 1Dñ 1Eñïïñ 1I ñ ïï ï )RU 1  ë DQG ê RQH FDQ
VKRZ GLUHFWO\ WKH DJUHHPHQW EHWZHHQ õéïìèô DQG õéïìô RU õéïëôï 'RLQJ VRñ RQH
KDV WR WDNH LQWR DFFRXQW WKDW LQ õéïëô DOO SHUPXWDWLRQV DSSHDUï



ëì

è 2SHUDWRUV DQG PDWUL[ HOHPHQWV

7KH LQWHUDFWLQJ ERVRQ PRGHO DQG RWKHU PDQ\ðSDUWLFOH PRGHOV GHDO ZLWK
RSHUDWRUV ZKLFK DFW RQ VLQJOH ERVRQ VWDWHV RU RQ SDLU VWDWHVï %HFDXVH LQ RXU
PRGHO WKH UHSUHVHQWDWLRQ RI WKH FROOHFWLYH VWDWH LV V\PPHWULF IRU DOO 1 ERVRQV
WKH PHQWLRQHG RSHUDWRUV FDQQRW EH GLUHFWHG WRZDUGV LQGLYLGXDOñ ODEHOOHG
ERVRQVï +RZHYHUñ WKH\ DFW RQ WKH FROOHFWLYH RI ERVRQV DQG FRUUHVSRQGLQJO\ WKH\
KDYH D V\PPHWULF IRUPï 7KH VLQJOHðERVRQ RSHUDWRU ) õìô UHDGV

) õìô  ¦L  ì
1 I õìôõ[Lôï õèïìô

7KH RSHUDWRU I õìô DFWV RQ D VLQJOH ERVRQ ZKLFK ZH FRQVLGHU WR EH
GLVWLQJXLVKDEOH SURYLVLRQDOO\ DQG WR ZKLFK ZH DVVLJQ WKH LQGH[ Lï 7KH DUJXPHQW
[L GHVFULEHV YHFWRULDOñ ORFDO DQG RWKHU YDULDEOHV RI WKH LWK ERVRQ RQ ZKLFK I õìôõ[Lô
DFWVï )RU H[DPSOHñ WKH RSHUDWRU RI WKH NLQHWLF HQHUJ\ RU WKH RSHUDWRU RI D IL[HG
SRWHQWLDO KDV WKH IRUP RI ) õìôï

7KH WZRðERVRQ RSHUDWRU UHDGV

) õëô  ¦L !M ì
1 I õëôõ[Lñ[Môï õèïëô

7KH SDUWLDO RSHUDWRU I õëô DFWV RQ WKH YDULDEOHV RI D ERVRQ SDLUï )RU H[DPSOHñ WKH
SRWHQWLDO RSHUDWLQJ LQ WZRV EHWZHHQ ERVRQV KDV WKH IRUP õèïëôï ,Q VLPSOH
PRGHOV I õëô LV RQO\ D IXQFWLRQ RI WKH GLIIHUHQFH _[L ð [M _ï 7KH +DPLOWRQ RSHUDWRUñ
ZKLFK LV GHFLVLYH IRU TXDQWXP PHFKDQLFDO SUREOHPVñ FRQWDLQV WKH RSHUDWRU
W\SHV õèïìô DQG õèïëô LQ D OLQHDU FRPELQDWLRQï

,Q WKH IROORZLQJ VHFWLRQ ZH ZLOO GHDO ZLWK PDWUL[ HOHPHQWV RI VLQJOH ERVRQ
RSHUDWRUV XVLQJ WKH UHSUHVHQWDWLRQ RI WKH ¦SULPLWLYH¦ EDVLVï $OPRVW XQDYRLGDEO\ñ
RQH UHDFKHV WKH GHILQLWLRQ RI FUHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV õ VHFWLRQ èïë ôï
,Q WKH WKLUG VHFWLRQ ZH ZLOO VKRZ KRZ WKHVH RSHUDWRUV FRQWULEXWH WR WKH IRUP RI
WKH PDWUL[ HOHPHQWVï

èïì 0DWUL[ HOHPHQWV RI WKH VLQJOHðERVRQ RSHUDWRU

,Q RUGHU WR FDOFXODWH HLJHQIXQFWLRQV DQG HLJHQYDOXHV RI WKH +DPLOWRQ RSHUDWRUñ
PDWUL[ HOHPHQWV RI WKH RSHUDWRUV õèïìô DQG õèïëô KDYH WR EH PDGH XSï
5HSUHVHQWHG LQ WHUPV RI WKH ¦SULPLWLYH¦ EDVLV WKHVH PDWUL[ HOHPHQWV KDYH WKH
IROORZLQJ IRUP

¢ 1Dñ 1Eñ ïïï ñ1Iñ ïï _ ) _ 1D©ñ 1E©ñ ïïï ñ1I©ñ ïï ² ï õèïêô

)LUVWñ ZH GHDO ZLWK WKH VLQJOHðERVRQ RSHUDWRU ) õìôï )RU WKH VDNH RI VLPSOLFLW\ ZH
DGPLW RQO\ WZR VLQJOH VWDWHV D DQG Eï ,Q WKH PDWUL[ HOHPHQW

¢ 1Dñ 1E _ )
õìô _ 1D©ñ 1E© ² õèïéô

WKH FRQGLWLRQ 1D ò 1E  1D© ò 1E© KROGV EHFDXVH ERWK WRWDO VWDWHV EHORQJ WR WKH
VDPH EDVLV RQO\ LI WKH WRWDO QXPEHU RI ERVRQV LV HTXDOï



ëë

:H EHJLQ ZLWK WKH GLDJRQDO PDWUL[ HOHPHQWñ RI ZKLFK ERWK IXQFWLRQV DUH
LGHQWLFDO DV IROORZV

¦L ì
1 ¢ 1Dñ 1E _ I

õìôõ[Lô _ 1Dñ 1E ²ï õèïèô

)LUVW ZH WDNH L  ì DQG DVN KRZ PDQ\ WHUPV H[LVW LQ WKH VWDWH _ 1Dñ 1E ²
DFFRUGLQJ WR õéïìèô DQG õéïäô LQ ZKLFK WKH ILUVW ERVRQ LV LQ WKH VLQJOH VWDWH Dï ,W LV
WKH QXPEHU RI SHUPXWDWLRQV 3U© õ VHH VHFWLRQ éïë ô RI WKH UHVLGXDO 1 ¤ ì ERVRQVï
7KHUHIRUH WKHUH DUH õ1 ð ìôüîõõ1D ð ìôü1Eüô WHUPV LQ WKH VWDWH IXQFWLRQ _ 1Dñ 1E ²
ZLWK WKH ILUVW ERVRQ LQ WKH VWDWH Dï ,Q WKLV FDVH LQ õèïèô WKH VWDWHV \Dõ[ìô DQG
\Dóõ[ìô FRQVWLWXWH D VHSDUDWH LQWHJUDO WRJHWKHU ZLWK I

õìô ï 7KH LQWHJUDWLRQ RYHU WKH
UHVLGXDO IDFWRUV FRQWDLQLQJ WKH YDULDEOHV [ëñ [êñ ïï [1 \LHOGV WKH YDOXH ì õ DSDUW
IURP WKH QRUPDOLVDWLRQ FRQVWDQW ô LI ERWK IDFWRUV DJUHH LQ WKH DOORFDWLRQ RI
ERVRQVñ RWKHUZLVH LW YDQLVKHVï 7KHUHIRUH WKH SDUW RI WKH GLDJRQDO PDWUL[
HOHPHQW LQ ZKLFK WKH ILUVW ERVRQ LV LQ WKH VWDWH D UHDGV

�õ1Dü1Eüî1 üô��õ1Dü1Eüî1 üô�³ \Dóõ[ìôI
õìôõ[ìô\Dõ[ìô G[ì õ1 ð ìôüîõõ1D ð ìôü1Eüô  

õ1Dî1ô ³ \Dóõ[ìôI
õìôõ[ìô\Dõ[ìô G[ì ï õèïçô

7KH ILUVW IDFWRUV LQ õèïçô DUH QRUPDOLVDWLRQ IDFWRUV DFFRUGLQJ WR õéïìéôï
)XUWKHUPRUHñ LQ GLDJRQDO PDWUL[ HOHPHQWV WKH ILUVW ERVRQ PXVW QRW DSSHDU LQ
GLIIHUHQW VWDWHV õ D DQG E ô WRJHWKHU ZLWK I õìôõ[ìô LQ WKH SDUWLDO LQWHJUDOñ EHFDXVH
WKHQ WKH UHVLGXDO VWDWHV DUH RUWKRJRQDOï 2Q WKH RWKHU KDQGñ RQH REWDLQV DQ
H[SUHVVLRQ DQDORJRXV WR õèïçô LI WKH ILUVW ERVRQ LV WZLFH LQ WKH VWDWH E ï
&RQVHTXHQWO\ IRU L  ì WKH GLDJRQDO PDWUL[ HOHPHQW UHDGV

1 ðì�õ1D �³ \Dóõ[ìôI
õìôõ[ìô\Dõ[ìô G[ì ò 1E �³ \Eóõ[ìôI

õìôõ[ìô\Eõ[ìô G[ìôï õèïæô

6LQFH DFFRUGLQJ WR õèïìô WKH RSHUDWRU ) õìô FRQWDLQV D VXP LQFOXGLQJ DOO L
õì x L x 1ô DQG EHFDXVH WKH H[SUHVVLRQ

³ \Ióõ[LôI
õìôõ[Lô\Iõ[Lô G[L � II Iõìô õèïåô

GRHV QRW GHSHQG RQ WKH ERVRQ QXPEHU Lñ WKH H[SUHVVLRQ õèïæô DSSHDUV 1 WLPHV
DQG WKH GLDJRQDO HOHPHQW UHDGV

¢ 1Dñ 1E _ )
õìô _ 1Dñ 1E ²  1DIDD

õìô ò 1EIEE
õìôï õèïäô

,I VHYHUDO VLQJOH VWDWHV Dñ Eñ Fñ ïï ñ Iñ ïï DUH LQYROYHGñ FRUUHVSRQGLQJO\ ZH KDYH

¢ 1Dñ 1Eñ ïïñ 1Iñ ïï_ )
õìô _ 1Dñ 1Eñ ïïñ 1Iñ ïï²  1DIDD

õìô ò 1EIEE
õìô ò ïï ò 1III I

õìôïï õèïìíô

:H QRZ GHDO ZLWK QRQðGLDJRQDO PDWUL[ HOHPHQWV RI WKH VLQJOHðERVRQ RSHUDWRU
) õìôï $JDLQ ZH UHVWULFW WKH VLQJOH VWDWHV WR D DQG Eï :H EULQJ WKH WRWDO VWDWHV LQ
WKH IROORZLQJ VHTXHQFH LQ ZKLFK WKH RFFXSDWLRQ QXPEHUV 1D DQG 1E DUH
VWUHVVHG



ëê

RFFXSDWLRQ QXPEHUV
VWDWH D VWDWH E
í 1
ì 1 ð ì
ï ï
1D ð ì 1E ò ì õèïììô
1D 1E

1D ò ì 1E ð ì
ï ï
1 í

ZLWK 1  1D ò 1Eï ,W WXUQV RXW WKDW QRQðGLDJRQDO õ EHORQJLQJ WR WZR GLIIHUHQW OLQHV
LQ õèïììôô PDWUL[ HOHPHQWV DUH GLIIHUHQW IURP ]HUR RQO\ LI WKH RFFXSDWLRQ
QXPEHUV RI RQH VLQJOH VWDWH RQ ERWK VLGHV RI õèïéô GLIIHU LQ ìï ,Q RUGHU WR VKRZ
WKLV ZH WUHDW

¦ L  ì
1 ¢ 1Dñ 1E _ I

õìô õ[Lô _ 1D ò ìñ 1E ð ì ²ï õèïìëô

:H EHJLQ DOVR ZLWK L  ì DQG GHWHUPLQH WKH QXPEHU RI VXPPDQGV RQ WKH ULJKW
KDQG VLGH RI õèïìëô LQ ZKLFK WKH ILUVW ERVRQ RFFXSLHV WKH VWDWH Dï $JDLQ LW UHVXOWV
IURP WKH QXPEHU RI SHUPXWDWLRQV 3U© RI WKH UHVLGXDO 1 ð ì ERVRQV Lï Hï WKHUH DUH
õ1 ð ìôüîõ1Düõ1E ð ìôüô WHUPV RI WKLV NLQGï 2Q WKH OHIW KDQG VLGH RI õèïìëô WKH
QXPEHU RI WHUPV VKRZLQJ WKH ILUVW ERVRQ LQ WKH VLQJOH VWDWH E LV
õ1 ð ìôüîõ1Düõ1E ð ìôüô DV ZHOOï 7KHVH DUH WKH RQO\ WHUPV ZKLFK ZH KDYH WR WDNH
LQWR DFFRXQW LI ZH IRUP WKH LQWHJUDO LQ õèïìëô LQ GHPDQGLQJ L  ìï :H VHSDUDWH
WKH IDFWRUV \Eóõ[ìôñ \Dõ[ìô DQG I õìô IURP WKH UHVW DQG FDUU\ RXW WKH LQWHJUDO RYHU
[ìï $QDORJRXVO\ WR õèïçô WKH LQWHJUDWLRQ RI WKH UHVLGXDO IXQFWLRQ GHSHQGLQJ RQ [ëñ
[êïï [1 \LHOGV WKH YDOXH ì õ DSDUW IURP WKH QRUPDOLVDWLRQ FRQVWDQW ô LI ERWK IDFWRUV
DJUHH LQ WKH DOORFDWLRQ RI ERVRQV ZKLFK KDSSHQV õ1 ð ìôüîõ1Düõ1E ð ìôüô WLPHVï
7KH LQWHJUDO YDQLVKHV LI WKH UHVLGXHV GLVDJUHHï 7KHUHIRUH WKH SDUW RI WKH PDWUL[
HOHPHQW LQ ZKLFK WKH ILUVW ERVRQ LV RQ WKH OHIW KDQG VLGH LQ WKH VWDWH E DQG RQ
WKH ULJKW KDQG VLGH LQ D UHDGV DV IROORZV

¢ 1Dñ 1E _ I
õìô õ[ìô _ 1D òìñ 1E ðì ²  

�õ1Dü1Eüî1 üô��õõ1D òìôüõ1E ðìôüî1 üô ³\Eóõ[ìôI õìôõ[ìô\Dõ[ìô G[ì�õ1 ðìôüîõõ1Düõ1E ðìôüô  

�õ1D òìô�1Eî1�³ \Eóõ[ìôI õìôõ[ìô\Dõ[ìô G[ìï õèïìêô

:H WDNH LQWR DFFRXQW WKDW ) õìô FRQWDLQV D VXP RYHU DOO 1 ERVRQV DQG WKDW WKH
LQWHJUDO

³ \Eóõ[ìôI õìôõ[ìô\Dõ[ìô G[ì � IEDõìô õèïìéô

GRHV QRW GHSHQG RQ WKH ERVRQ QXPEHU Lï 7KXV ZH REWDLQ

¢ 1Dñ 1E _ )
õìô _ 1D òìñ 1E ðì ²  �õ1D òìô�1E �IED

õìô ï õèïìèô

7KH PDWUL[ HOHPHQWV RI D EDVLV DUH DUUDQJHG XVXDOO\ LQ D TXDGUDWLF PDWUL[ LQ
ZKLFK WKH [ðGLUHFWLRQ LQGLFDWHV WKH LQFUHDVLQJ RUGHU RI WKH ULJKW KDQG VLGH SDUW RI
õèïéô DQG WKH IDOOLQJ \ðGLUHFWLRQ LV DVVRFLDWHG ZLWK WKH OHIW KDQG VLGH VWDWHï ,Q WKLV



ëé

UHSUHVHQWDWLRQ WKH HOHPHQWV JLYHQ E\ õèïìèô OLH GLUHFWO\ EHVLGH WKH GLDJRQDO
ZKLFK LV ZK\ ZH QDPH WKHP RII GLDJRQDOï 7KH PDWUL[ HOHPHQWV O\LQJ GLUHFWO\ RQ
WKH RWKHU VLGH RI WKH GLDJRQDO DUH IRUPXODWHG DQDORJRXVO\ WR WKH HTXDWLRQ
õèïìèôï

0DWUL[ HOHPHQWV RI WKH W\SH ¢ 1Dñ 1E _ )
õìô _ 1D ò ëñ 1E ð ë ² DQG WKRVH ZKLFK DUH

PRUH GLVWDQW IURP WKH GLDJRQDO DOO YDQLVK EHFDXVH WKH UHVLGXDO IXQFWLRQV
PHQWLRQHG DERYH QHYHU DJUHH Lï Hï WKH\ FRQVWLWXWH DQ RUWKRJRQDO SDLUï 7KH UHVXOW
RI õèïìèô UHPDLQV WKH VDPH LI WKHUH DUH IXUWKHU VLQJOH VWDWHV Fñ Gñ ïï ñ Iñ ïï RQ ERWK
VLGHV RI WKH PDWUL[ HOHPHQW ZLWK FRUUHVSRQGLQJ RFFXSDWLRQ QXPEHUV DV IROORZV

¢ 1Dñ 1E ñ 1Fñ ïï ñ1Iñ ïï_ )
õìô _ 1D òìñ 1E ðì ñ 1Fñ ïï ñ1Iñ ïï²  �õ1D òìô�1E �IED

õìô

RU JHQHUDOO\ õèïìçô

¢ 1Dñ ïï ñ 1Gñ ïï ñ1Jñ ïï_ )
õìô _ 1Dñ ïï ñ1G òìñ ïï ñ1J ð ìñ ïï²  �õ1G òìô�1J �IJG

õìôï

7KXVñ LQ WKH QRQðYDQLVKLQJ PDWUL[ HOHPHQWV RI ) õìô DW PRVW RQH RFFXSDWLRQ
QXPEHU RQ HDFK VLGH PD\ H[FHHG WKH FRUUHVSRQGLQJ RQH DW PRVW E\ ìï

èïë &UHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV

:H HPSOR\ D WULFN ZKLFK SHUPLWV WR IRUPXODWH WKH PDWUL[ HOHPHQWV RI )õìô LQ D
VLPSOH ZD\ñ DQG WR WKLV HQGñ ZH LQWURGXFH WKH DQQLKLODWLRQ RSHUDWRU EI ZKLFK
UHGXFHV WKH ERVRQ QXPEHUï ,WV GHILQLWLRQ UHDGVã ,I WKH DQQLKLODWLRQ RSHUDWRU EI
DFWV RQ WKH ERVRQ VWDWH _ 1Dñ 1Eñ ïïñ 1Iñ ïï² WKLV RQH LV UHSODFHG E\ WKH QRUPDOLVHG
DQG FRPSOHWHO\ V\PPHWULF VWDWH _ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï² LQ ZKLFK WKH RFFXSDWLRQ
QXPEHU 1I LV UHGXFHG WR 1I ð ìï )XUWKHUPRUH WKH IDFWRU �1I KDV WR EH DWWDFKHG
Lï Hï

EI _ 1Dñ 1Eñ ïïñ 1Iñ ïï²  �1I _ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï²ï õèïìæô

:H IRUP WKH IROORZLQJ PDWUL[ HOHPHQW

¢ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï _ EI _ 1Dñ 1Eñ ïïñ 1Iñ ïï²  

¢ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï _ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï²��1I  �1I ï õèïìåô

,W LV NQRZQ WKDW WKH OHIW KDQG VLGH RI WKH ILUVW H[SUHVVLRQ LQ õèïìåô UHSUHVHQWV WKH
FRQMXJDWH FRPSOH[ IRUP RI WKH JLYHQ VWDWH IXQFWLRQï 1RZ ZH JR WR WKH FRQMXJDWH
FRPSOH[ RI WKH PDWUL[ HOHPHQW õèïìåôï :H SRVWXODWH WKDW WKHUH H[LVWV DQ
RSHUDWRUñ VD\ EI

ò ZKLFK JHQHUDWHV MXVW WKLV FRQMXJDWH PDWUL[ HOHPHQW LI LW LV
SODFHG EHWZHHQ WKH VWDWHV ¢ 1Dñ 1Eñ ïïñ 1I ñ ïï _ DQG _ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï² Lï Hï

�1I  ¢ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï _ EI _ 1Dñ 1Eñ ïïñ 1Iñ ïï²ó  

¢ 1Dñ 1Eñ ïïñ 1I ñ ïï _ EI
ò _ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï²ï õèïìäô

:H OHDUQ IURP õèïìäô WKDW WKH VRðFDOOHG DGMRLQW RSHUDWRU EI
ò KDV WKH IROORZLQJ

HIIHFWã



ëè

EI
ò _ 1Dñ 1Eñ ïïñ 1I ð ìñ ïï²  �1I _ 1Dñ 1Eñ ïïñ 1Iñ ïï²ï õèïëíô

7KH RSHUDWRU EI
ò UDLVHV WKH RFFXSDWLRQ QXPEHU E\ ì DQG DWWDFKHV WKH URRW RI WKH

QHZ RFFXSDWLRQ QXPEHU DV D IDFWRUï &RQVHTXHQWO\ñ EI
ò LV QDPHG FUHDWLRQ

RSHUDWRUï

/HW¨V DFW WKH RSHUDWRUV EI
ò DQG ES õ I � S ô RQH DIWHU WKH RWKHUã

EI
ò ES _ 1D ïï ñ 1Iñ ïïñ 1Sñ ïï²  

EI
ò �1S _ 1D ïï ñ 1Iñ ïïñ 1S ð ìñ ïï²  �õ1I ò ìô�1S _ 1D ïï ñ 1I ò ìñ ïïñ 1S ð ìñ ïï²ñ õèïëìô

RU ES EI
ò _ 1D ïï ñ 1Iñ ïïñ 1Sñ ïï²  �õ1I ò ìô�1S _ 1D ïï ñ 1I ò ìñ ïïñ 1S ð ìñ ïï²ï õèïëëô

,I ERWK RSHUDWRUV DFW RQ WKH VDPH VLQJOH ERVRQ VWDWH õ I  S ô ZH KDYH

EI
ò EI _ 1D ïï ñ 1Iñ ïï²  EI

ò �1I _ 1Dñ ïï ñ 1I ð ìñ ïï²  1I _ 1Dñ ïï ñ 1Iñ ïï²ï õèïëêô

,Q õèïëêô WKH WRWDO VWDWH UHPDLQV XQFKDQJHG EXW EI
ò EI DWWDFKHV WKH IDFWRU 1I Lï Hï

WKH HIIHFW RI WKH RSHUDWRU

1I � EIò EI õèïëéô

LV VLPSO\ PXOWLSOLFDWLYHï

èïê 6LQJOHð DQG WZRðERVRQ RSHUDWRUV UHSUHVHQWHG E\ FUHDWLRQ DQG
DQQLKLODWLRQ RSHUDWRUV

)LUVWñ ZH ZLOO VKRZ WKDW FDOFXODWLQJ D PDWUL[ HOHPHQW ZH FDQ UHSODFH WKH VLQJOHð
ERVRQ RSHUDWRU ) õìô E\ D FRPELQDWLRQ RI FUHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV LQ
WKH IROORZLQJ ZD\

) õìô  ¦SñT IST
õìô�ES

ò ETï õèïëèô

7KH LQWHJUDOV IST
õìô DUH GHILQHG LQ õèïåô DQG õèïìéôï )LUVWñ ZH FKHFN WKH UHODWLRQ

õèïëèô IRU D GLDJRQDO PDWUL[ HOHPHQWï )RU S  T  G ZH REWDLQ DFFRUGLQJ WR õèïëéô

¢ 1Dñ ïï 1Gñ ïï _ IGG
õìô�EG

ò EG _ 1Dñ ïï 1Gñ ïï ²  IGG
õìô�1Gï õèïëçô

7HUPV ZLWK S � T YDQLVK EHFDXVH LQ WKLV FDVH WKH UHVXOWLQJ VWDWH IXQFWLRQ
_1Dñïï ñ1S ò ìñ ïï ñ1T ð ìñ ïï ² LV RUWKRJRQDO WR ¢1Dñ ïï ñ1Sñ ïï ñ1Tñ ïï _ï &RQVHTXHQWO\ñ
LQ RUGHU WR IRUP WKH GLDJRQDO PDWUL[ HOHPHQW RI ) õìô ZH KDYH WR VXP XS WKH
WHUPV RI WKH W\SH õèïëçôï 7KH UHVXOW LV LQ DJUHHPHQW ZLWK WKH GLUHFWO\ FDOFXODWHG
H[SUHVVLRQ õèïìíôï

:H QRZ WXUQ WR WKH RII GLDJRQDO PDWUL[ HOHPHQWï ,W UHDGV

¦ST ¢1Dñ ïï ñ1Gñ ïï ñ1Jñ ïï _ IST
õìô�ES

ò ET _ 1Dñ ïï ñ1G ò ìñ ïï ñ1J ð ìñ ïï ² õèïëæô

2QO\ WKH WHUP ZLWK S  J DQG T  G GLIIHUV IURP ]HUR DQG \LHOGV WKH H[SUHVVLRQ
IGJ

õìô�õ1G òìô�1J LQ DJUHHPHQW ZLWK õèïìçôï 1DPHO\ñ LI EðRSHUDWRUV ZLWK RWKHU S



ëç

DQG T YDOXHV DFW RQ WKH ULJKW KDQG VLGH RI õèïëæô WKH UHVXOWLQJ VWDWH LV
RUWKRJRQDO WR WKH RQH RQ WKH OHIWðKDQG VLGHï

,Q PDWUL[ HOHPHQWV O\LQJ IDUWKHU IURP WKH GLDJRQDOñ WKH RSHUDWRU ES
ò ET LV QRW

DEOH WR EULQJ ERWK VLGHV LQ DJUHHPHQWï 7KHUHIRUHñ VXFK HOHPHQWV YDQLVK DV ZH
KDYH UHDOLVHG GLUHFWO\ LQ VHFWLRQ èïìï 7KXVñ WKH DVVHUWLRQ õèïëèô LV SURYHGï

&UHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV DUH DOVR HPSOR\HG LQ RUGHU WR UHSUHVHQW
PDWUL[ HOHPHQWV RI WZRðERVRQ RSHUDWRUVï 7KH RULJLQDO IRUP RI WKHVH RSHUDWRUV LV
JLYHQ E\ WKH HTXDWLRQ õèïëô

) õëô  ¦L !M ì
1 I õëôõ[Lñ[Môï

6LPLODU FRQVLGHUDWLRQ DV WKRVH IRU ) õìô OHDG WR WKH IROORZLQJ H[SUHVVLRQ IRU WKH
RSHUDWRU ) õëô

) õëô  ×�¦GJST I
õëô

GJST EG
ò EJ

ò ES ET õèïëåô

ZLWK I õëôGJST  ³ \óG õ[ô�\óJ õ]ô�I õëôõ[ñ]ô \Sõ[ô�\Tõ]ô G[ G]ï

&RUUHVSRQGLQJO\ WR õèïëèôñ LQ õèïëåô WKH VXP H[WHQGV RYHU WKH VLQJOH VWDWHVï
'LDJRQDO PDWUL[ HOHPHQWV UHDG QRZ

¢ 1Dñ ïï ñ1Sñ ïï ñ1Tñ ïï_ )
õëô _ 1Dñ ïï ñ1Sñ ïï ñ1Tñ ïï ²  × ¦STI

õëô
STST�1S�1T  

× ¦U I
õëô

U U U U 1U
ë ò ¦SáT I

õëô
STST 1S 1Tï õèïëäô

7KH UHPDLQLQJ QRW YDQLVKLQJ PDWUL[ HOHPHQWV RI WKH WZRðERVRQ RSHUDWRU KDYH
WKH IROORZLQJ IRUP

¢ 1Dñ ïïñ 1Gñ ïïñ1Jñ ïïñ1Sñ ïïñ1Tñ ïï_ )
õëô _ 1Dñ ïïñ 1G ðìñ ïïñ1Jðìñ ïïñ1Sòìñ ïïñ1Tòìñ ïï²  

× I õëôGJST �1G �1J �õ1S ò ìô �õ1T ò ìôï õèïêíô

,Q WKH EURDGHU VHQVH WKH\ FDQ EH QDPHG RII GLDJRQDOï

:H KDYH IRXQG PDWUL[ HOHPHQWV RI ) õìô DQG ) õëô RQ WKH ¦SULPLWLYH¦ EDVLV RI WRWDO
VWDWHV õéïìèôï %HFDXVH HYHU\ VWDWH RI WKH VHQLRULW\ VFKHPH õêïåô FDQ EH EXLOW
ZLWK ¦SULPLWLYH¦ VWDWHV õ VHFWLRQ éïì ô WKH RSHUDWRU UHSUHVHQWDWLRQV õèïëèô
DQG õèïëåô KROG DOVR LQ WKH VHQLRULW\ VFKHPHï $OWKRXJK WKH DQQLKLODWLRQ DQG
FUHDWLRQ RSHUDWRUV ZHUH LQWURGXFHG DV D IRUPDO DLGñ WKH\ KDYH D FHQWUDO
LPSRUWDQFH LQ WKH LQWHUDFWLQJ ERVRQ PRGHOï

:H SXW WRJHWKHU IXUWKHU SURSHUWLHV RI WKH RSHUDWRUV ES
ò DQG ETï $FFRUGLQJ WR

õèïëéô WKH HTXDWLRQ

ES
ò ES  1S KROGVï

$QDORJRXVO\ RQH ILQGV ES ES
ò  1S ò ìï õèïêìô

6XEWUDFWLQJ WKH HTXDWLRQ õèïëéô IURP õèïêìô RQH REWDLQV WKH FRPPXWDWLRQ UXOHV
IRU WKH RSHUDWRUV ES DQG ES

ò ã
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ES ES
ò ð ES

ò ES  ìï õèïêëô

,Q SDLUV RI RSHUDWRUV ZLWK GLIIHUHQW LQGLFHV S DQG T WKH RSHUDWRUV FDQ EH
LQWHUFKDQJHG DFFRUGLQJ WR õèïëìô DQG õèïëëô ZKLFK \LHOGV WKH IROORZLQJ UHODWLRQ

ES ET
ò ð ET

ò ES  íï õ S � T ô õèïêêô

:H VXP XS

ES ET
ò ð ET

ò ES  GSTï õèïêéô

,I WKHUH DUH RQO\ DQQLKLODWLRQ RU FUHDWLRQ RSHUDWRUV WKH IROORZLQJ UHODWLRQV KROG

ES ET ð ET ES  íñ

ES
ò ET

ò ð ET
ò ES

ò  íï õèïêèô

:H ZULWH WKH FRPPXWDWLRQ UXOHV IRU ERVRQ RSHUDWRUV HVSHFLDOO\ IRU Vð DQG Gð
RSHUDWRUV ã

>GPPPP ñ G
ò
QQQQ@ � GPPPP G òQQQQ ð G òQQQQ GPPPP  G P Q

>V ñ Vò@ � VVò ð Vò V  ì õèïêçô

$OO RWKHU FRPPXWDWRUV RI WKHVH RSHUDWRUV YDQLVKï

)ROORZLQJ WKH FRUUHVSRQGLQJ PHWKRGV RI WKH TXDQWXP HOHFWURG\QDPLFVñ WKH XVH
RI WKH FUHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV RFFDVLRQDOO\ LV QDPHG VHFRQG
TXDQWLVDWLRQï ,W LV DOVR XVHG IRU WKH GHVFULSWLRQ RI WKH KDUPRQLF RVFLOODWRU RU LQ
WKH VKHOO PRGHO RI WKH DWRPLF QXFOHXVï



ëå



ëä

ç $SSOLFDWLRQV RI WKH FUHDWLRQ DQG DQQLKLODWLRQ
RSHUDWRUV

,Q WKH ILUVW VHFWLRQ WKH IRUPDWLRQ RI ¦SULPLWLYH¦ PDQ\ðERVRQ VWDWHV DQG VWDWHV
ZLWK GHILQHG DQJXODU PRPHQWXP ZLOO EH GHVFULEHG LQ WHUPV RI FUHDWLRQ
RSHUDWRUVï ,Q WKH IROORZLQJ VHFWLRQ ZH ZLOO VKRZ KRZ WKH QXPEHU RI ERVRQV FDQ
EH LQFUHDVHG ZLWK WKH DLG RI RSHUDWRUV OHDYLQJ WKH VHQLRULW\ XQFKDQJHGï ,Q
VHFWLRQ çïê WKH DQQLKLODWLRQ RSHUDWRU LV PRGLILHG LQ RUGHU WR IXOILO WKH UXOHV RI
DQJXODU PRPHQWXP FRXSOLQJï 7KH LQYHUVH RI WKH SDLUðJHQHUDWLQJ RSHUDWRU LV
WUHDWHG LQ VHFWLRQ çïéï ,Q WKH HQG WKH ERVRQ FRXQWLQJ RSHUDWRUV DUH SXW WRJHWKHUï

çïì 0DQ\ðERVRQ FRQILJXUDWLRQV UHSUHVHQWHG E\ RSHUDWRUV

7KH FUHDWLRQ RSHUDWRUV FDQ DFW QRW RQO\ RQ IXOO\ V\PPHWULF PDQ\ðERVRQ VWDWHV
EXW DOVR RQ WKH VRðFDOOHG YDFXXP VWDWH _² ZKLFK LV UHDOLVHG LQ WKH FDVH WKH
SURWRQV DQG QHXWURQV ILOO FORVHG VKHOOV DQG WKHUH DUH QR DFWLYH ERVRQVï 6WDUWLQJ
IURP WKH YDFXXP VWDWH ZH QRZ FRQVWUXFW ¦SULPLWLYH¦ VWDWHV Lï Hï VWDWHV ZLWKRXW
GHILQHG DQJXODU PRPHQWXPï

:H HPSOR\ D FUHDWLRQ RSHUDWRU ED
ò ZKRVH LQGH[ D UHSUHVHQWV WKH DQJXODU

PRPHQWXP RI WKH VLQJOH VWDWH DQG LWV SURMHFWLRQï ,W UDLVHV WKH RFFXSDWLRQ
QXPEHU 1D RI WKLV VWDWH DFFRUGLQJ WR õèïëíô DV IROORZV

ED
ò_ 1D ð ì ²  � 1D _ 1D ²ï õçïìô

7KH HIIHFW RI ED
ò RQ WKH YDFXXP VWDWH _² LV GHILQHG OLNH WKLV

ED
ò_ ²  _ 1D  ì ²ï õçïëô

,I D QXPEHU 1D RI RSHUDWRUV ED
ò DFWV WRJHWKHU RQ _² RQH REWDLQV WKH IROORZLQJ

V\PPHWULF PDQ\ðERVRQ VWDWH

õED
òô1D _ ²  �õ1Düô _ 1D ²ï õçïêô

$ QRUPDOLVHGñ V\PPHWULF VWDWH ZLWK RFFXSDWLRQ QXPEHUV 1Dñ 1Eñ ïï ñ1I ñ ïï UHDGV
WKHUHIRUH

õ1Dü1Eü ïï 1I üô
ð× õED

òô1DõEE
òô1E ïï õEI

òô1I _ ²  _ 1D 1E ïï 1I ²ï õçïéô

7KH V\PPHWU\ RI WKH VWDWH õçïéô FRPHV IURP WKH GHILQLWLRQ RI WKH FUHDWLRQ
RSHUDWRU õ VHFWLRQ èïë ôï $Q\ VHTXHQFH RI WKH RSHUDWRUV RQ WKH OHIWðKDQG VLGH RI
õçïéô FDQ EH FKRVHQ EHFDXVH WKH\ FRPPXWH DFFRUGLQJ WR õèïêèôï

:H QRZ WXUQ WR PDQ\ðERVRQ VWDWHV ZLWK GHILQHG DQJXODU PRPHQWXPï )URP
VWDWHV ZLWK D IHZ ERVRQVñ ZH OHDUQ KRZ WKH FUHDWLRQ RSHUDWRUV KDYH WR EH
DUUDQJHGï



êí

)LUVWñ ZH ZLOO ORRN DW WZR GðERVRQV ZKLFK DUH FRXSOHG WR -ï $FFRUGLQJ WR õéïéô ZH
KDYH
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$JDLQñ WKH FUHDWLRQ RSHUDWRUV KDYH WR EH FRXSOHG LQ WKH VDPH ZD\ DV WKH VLQJOH
ERVRQ VWDWHVï +HUH WKH QRUPDOLVDWLRQ IDFWRU UHDGV $�õêîëôï 7KLV FRXSOLQJ UXOH
KROGV JHQHUDOO\ IRU V\PPHWULF VWDWHV ZLWK GHILQHG DQJXODU PRPHQWXPï
2SHUDWRUV OLNH Gò ZKLFK REH\ WKH DQJXODU FRXSOLQJ UXOHV DUH QDPHG WHQVRU
RSHUDWRUVï

çïë *HQHUDWLQJ ERVRQ SDLUV ZLWK WRWDO DQJXODU PRPHQWXP ]HUR

+HUH ZH GHDO DJDLQ ZLWK PDQ\ GðERVRQ VWDWHV LQ WKH VHQLRULW\ VFKHPH
LQWURGXFHG LQ õêïåôï 7KHVH VWDWHV DUH EXLOW ZLWK ERVRQ SDLUV KDYLQJ -  í ZKLFK
DUH FRXSOHG WR D VWDWH ZLWK W GðERVRQV ZKLFK LV FKDUDFWHULVHG E\ Q'ñ - DQG 0
õ VHFWLRQ êïê ôï :H LQYHVWLJDWH KRZ WKLV FRXSOLQJ SURFHGXUH IRUPLQJ V\PPHWULF
VWDWHV FDQ EH UHSUHVHQWHG E\ RSHUDWRUVï :H V\PEROLVH WKH RSHUDWRU ZKLFK
JHQHUDWHV WKH QRUPDOLVHG VWDWH RI W ERVRQ E\ >õG òôWQ'@õ
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$FFRUGLQJ WR WKH VWDWHPHQWV RI VHFWLRQ çïì D - íðERVRQ SDLU FRXSOHG XS WR WKH
VWDWH õçïìíô LV GHVFULEHG LQ WKH IROORZLQJ ZD\
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,Q WKH ODVW OLQH RI õçïììô WKH VRðFDOOHG SDLU FUHDWLRQ RSHUDWRU 3ò KDV EHHQ
LQWURGXFHG ZKLFK LV GHILQHG DV IROORZV
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6HYHUDO DXWKRUV DWWDFK WKH IDFWRU × WR WKH ULJKW KDQG VLGH RI õçïìëôï 6RPHWLPHV
WKH V\PERO 3ò  G òxG ò LV XVHGï

:H QRZ JHQHUDOLVH WKH UHODWLRQ õçïììô VWDUWLQJ IURP WKH VWDWH _QG ð ëñ W Q' - 0 ²
LQ ZKLFK WKH VHQLRULW\ W PD\ IDOO EHORZ LWV PD[LPDO YDOXH QG ¤ ë Lï Hï QG ð ë � Wñ RQ
FRQGLWLRQ WKDW QG ð ë ð W LV HYHQï ,Q FKDSWHU ìí WKH IROORZLQJ UHODWLRQ ZLOO EH
VKRZQ õ VHH ìíïìè ô
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5HSODFLQJ QG E\ WKH H[SUHVVLRQ W ò ë LQ õçïìêô DQG FRPSDULQJ ZLWK õçïììô ZH
REWDLQ $©  ìî�ëï $QDORJRXVO\ WR õçïìêô WKH UHODWLRQ
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KROGV ZKLFK ZH LQVHUW LQ õçïìêôï :H FRQWLQXH WKLV SURFHGXUH XQWLO WKH ERVRQ
QXPEHU LQ WKH VWDWH RQ WKH ULJKW KDQG VLGH LV W DQG WKLV VWDWH KDV WKH IRUP
õçïìíôï )LQDOO\ñ RQH REWDLQV
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òôõQG ð Wôîë _ W W Q' - 0 ² õçïìèô
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7KH V\PERO Qüü VWDQGV IRU QõQ ð ëôõQ ð éô�ïï� ë RU ìï

7R FRPSOHWH WKH SLFWXUH ZH ZULWH WKH VWDWHV RI WKH VHQLRULW\ VFKHPH LQFOXGLQJ
WKH VðERVRQV ZKRVH QXPEHU LV QVï $FFRUGLQJ WR õçïêô ZH KDYH
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:H OHW WKH RSHUDWRU õVòôQV î�õQVüô DFW RQ õçïìèô FUHDWLQJ D QRUPDOLVHG DQG
FRPSOHWHO\ V\PPHWULF VWDWH DV IROORZV
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7KH VWUXFWXUH RI WKH GðERVRQ VWDWHV _ W W Q' - 0 ² ZLWK PD[LPDO VHQLRULW\ PD\ EH
FRPSOH[ EXW VHOGRP WKH\ KDYH WR EH IRUPXODWHG H[SOLFLWO\ï )RU WKH PRVW SDUW LW LV
VXIILFLHQW WR JLYH WKH VRðFDOOHG ¦FRHIILFLHQWV RI IUDFWLRQDO SDUHQWDJH¦ ZKLFK SHUPLW
D UHSUHVHQWDWLRQ E\ VWDWHV ZLWK W ð ì GðERVRQVï ,Q WKLV UHSRUW ZH GRQ©W GHDO ZLWK
WKLV PHWKRGï

çïê 7HQVRU RSHUDWRUV DQQLKLODWLQJ ERVRQV

,Q VHFWLRQ çïì ZH KDYH VKRZQ WKDW WKH FUHDWLRQ RSHUDWRUV G òPPPP DUH FRPSRQHQWV
RI WKH WHQVRU RSHUDWRU G ò Lï Hï WKH\ REH\ WKH UXOHV RI DQJXODU PRPHQWXP
FRXSOLQJ XVLQJ &OHEVFKð*RUGDQ FRHIILFLHQWVï 7KLV SURSHUW\ñ ZKLFK FRUUHODWHV
ZLWK D VSHFLDO EHKDYLRXU RQ WKH RFFDVLRQ RI URWDWLRQV RI WKH FRðRUGLQDWH V\VWHP
LV YHU\ LPSRUWDQW IRU WUHDWLQJ PDWUL[ HOHPHQWVï 2ZLQJ WR WKH :LJQHUð(FNDUW
WKHRUHP õ DSSHQGL[ $è ô WKH PDWUL[ HOHPHQWV RI WHQVRU RSHUDWRUV FDQ EH
VLPSOLILHG KHDYLO\ E\ ZULWLQJ WKHP DV D SURGXFW RI D UHGXFHG PDWUL[ HOHPHQW DQG
D &OHEVFKð*RUGDQ FRHIILFLHQWï

,W FDQ EH VKRZQ WKDW WKH DQQLKLODWLRQ RSHUDWRUV GPPPP FDQQRW EH FRXSOHG YHFWRULDOO\
EXW RSHUDWRUV RI WKH IRUP
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PPPP  õðìô
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KDYH WKLV SURSHUW\ï 7KH\ DUH QDPHG PRGLILHG KHUPLWLDQ DGMRLQW RSHUDWRUVï 7KXVñ
ZH PDLQWDLQ WKDW WKH RSHUDWRU G aaaa ZKRVH FRPSRQHQWV DUH GHILQHG LQ õçïìäô LV D
WHQVRU RSHUDWRUï :H YHULI\ WKLV VWDWHPHQW RQ WZR VLPSOH H[DPSOHVï
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,I WKH FODLP KROGVñ DQ RSHUDWRU H[SUHVVLRQ VXFK DV >G a u Gò@õíô FDQ EH EXLOW ZKLFK
ZH OHW DFW RQ WKH YDFXXP VWDWH _²ï ,Q DQDORJ\ ZLWK WKH RSHUDWRU 3ò õõçïìëôô D
VWDWH ZLWK DQJXODU PRPHQWXP í PXVW UHVXOW ZKLFK FRQWDLQV QR ERVRQV EHFDXVH
WKH FUHDWLRQ DQG WKH DQQLKLODWLRQ RSHUDWRU FDQFHO RXW LQ HYHU\ WHUPï 6R ZH
H[SHFW
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FDQ EH DSSOLHG DOVR WR VWDWHV ZLWK GHILQHG WRWDO DQJXODU PRPHQWXP EHFDXVH
WKH\ FDQ EH ZULWWHQ DV D OLQHDU FRPELQDWLRQV RI ¦SULPLWLYH¦ VWDWHV ZLWK WKH VDPH
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QXPEHU RI GðERVRQV õ VHFWLRQ éïì ôï 7KLV QXPEHU RSHUDWRU LV FKDUDFWHUL]HG E\
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7KH QXPEHU RSHUDWRU IRU VðERVRQV LV EXLOW FRUUHVSRQGLQJO\ RI FUHDWLRQ DQG
DQQLKLODWLRQ RSHUDWRUV IRU VðERVRQVñ Vò DQG Vñ DV IROORZV

QV  V
ò Vï õçïêçô

,WV HLJHQYDOXH LV WKH QXPEHU RI VðERVRQVñ QVï 7KH RSHUDWRU

1  QG ò QV õçïêæô

KDV WKH HLJHQYDOXH QV ò QG ïLï Hï WKH WRWDO QXPEHU RI ERVRQV RI WKH FROOHFWLYH
VWDWHï

$V PHQWLRQHG DERYHñ WKH XVH RI FUHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV IRU ERVRQV
IUHTXHQWO\ LV QDPHG VHFRQG TXDQWLVDWLRQï $Q DGYDQWDJH RI WKLV PHWKRG FRQVLVWV
LQ WKH IDFW WKDW WKH PDWUL[ HOHPHQWV RI WKH +DPLOWRQ RSHUDWRU DQG RI WKH
RSHUDWRUV GHVFULELQJ WKH HOHFWURPDJQHWLF WUDQVLWLRQ FDQ EH ZULWWHQ FRPSOHWHO\
ZLWK WKH ERVRQ RSHUDWRUV GòPPPPñ G

aaaa
QQQQñ V

ò DQG V ï ,Q D ZRUGñ QRW RQO\ WKH RSHUDWRUV RI
WKH LQWHUDFWLRQV õèïëèô DQG õèïëåô EXW DOVR WKH ERVRQ VWDWHV DUH UHSUHVHQWHG E\
WKH VLQJOH ERVRQ RSHUDWRUVï )RU WKH DOJHEUDLF WUHDWPHQW RI WKHVH HOHPHQWV WKH
FRPPXWDWLRQ UXOHV õèïêçô DUH DSSOLHGï
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æ 7KH +DPLOWRQ RSHUDWRU RI WKH ,%0ì

,Q WKH ILUVW VHFWLRQ RI WKLV FKDSWHUñ WKH FRPSRQHQWV RI WKH +DPLOWRQ RSHUDWRU ZLOO
EH VNHWFKHG LQï 7KH SDUW ZLWK ERVRQðERVRQ LQWHUDFWLRQV LV WUDQVIRUPHG LQ WKH
VHFRQG VHFWLRQ E\ FRXSOLQJ WKH WHQVRU RSHUDWRUVï ,Q VHFWLRQ æïê WKH +DPLOWRQLDQ
LV ZULWWHQ H[SOLFLWO\ ZLWK Gð DQG VðRSHUDWRUVï ,W PXVW FRQVHUYH WKH QXPEHU RI
ERVRQV Lï Hï LW PXVW FRPPXWH ZLWK WKH QXPEHU RSHUDWRUñ ZKLFK LV YHULILHG LQ WKH
IRXUWK VHFWLRQï ,Q WKH ODVW RQH WKH +DPLOWRQLDQ ZLOO EH EURXJKW LQ D PRUH
FRPSDFW IRUPï

æïì 7KH FRPSRQHQWV RI WKH +DPLOWRQLDQ

,Q FKDSWHU ë WKH QXPEHU 1 RI DFWLYH ERVRQV LQ WKH LQWHUDFWLQJ ERVRQ PRGHO LV
GHWHUPLQHGï )RUPXODWLQJ WKH HQHUJ\ RI WKH V\VWHPñ ZH GRQ©W JR LQWR WKH
VWUXFWXUH DQG HLJHQHQHUJ\ RI WKH LQQHU SDUW RI WKH QXFOHXV Lï Hï RI WKH FORVHG
VKHOO õ FRUH ôï 7KH NLQHWLF HQHUJ\ 7õLô DQG WKH SRWHQWLDO HQHUJ\ 8õLô RI DQ DFWLYH
ERVRQ KDYH WKH FKDUDFWHU RI RSHUDWRUV DQG FRQVWLWXWH WRJHWKHU WKH +DPLOWRQ
RSHUDWRU + õìô RI D VLQJOH VWDWH _ EOP ² ï ,W JHQHUDWHV WKH HLJHQHQHUJ\ HOP RZLQJ WR
WKH HTXDWLRQ

õ7 õìô ò 8 õìôô_ EOP ²  +
õìô _ EOP ²  HOP _ EOP ² õæïìô

7KH VLQJHðERVRQ VWDWHV _ EOP ² KDYH D GHILQHG DQJXODU PRPHQWXP O ZLWK WKH
SURMHFWLRQ P Lï Hï ZH VXSSRVH WKDW WKH DQJXODU PRPHQWXP RSHUDWRU FRPPXWHV
ZLWK WKH +DPLOWRQLDQ + õìôï :H PHQWLRQHG WKDW WKHUH DUH RQO\ VL[ OPðVWDWHV LQ WKH
,%0ìï

%HFDXVH QR VSDWLDO D[LV SUHYDLOVñ WKH VLQJOHðERVRQ HQHUJ\ HOP GRHV QRW GHSHQG
RQ Pï 7KHUHIRUH WKHUH DUH RQO\ WZR HQHUJLHV RI WKLV NLQGñ QDPHO\ HV DQG HG ï ,I
WKH ERVRQV ZHUH LQGHSHQGHQW RI RQH DQRWKHUñ D V\VWHP RI QV VðERVRQV DQG QG
GðERVRQ ZRXOG KDYH WKH HQHUJ\ QVHV ò QGHG ï &RQVHTXHQWO\ WKH +DPLOWRQ
RSHUDWRU RI WKH ZKROH V\VWHP ZRXOG FRQWDLQ FRXQWLQJ RSHUDWRUV õ VHFWLRQ çïè ô LQ
WKH IROORZLQJ ZD\

HVQV ò HGQG ï õæïëô

)URP õçïêéô DQG õçïêçô ZH VHH WKDW WKLV RSHUDWRU KDV WKH VWUXFWXUH RI D VLQJOHð
ERVRQ RSHUDWRU õèïëèô ZLWK IïõìôS�T  í õ VHH VHFWLRQ èïêôï 2ZLQJ WR õçïêæô WKH IRUP

HV 1 ò õHG ð HVôQG ï õæïêô

FDQ EH XVHG DOVRï :H QRZ LQWURGXFH WKH LQWHUDFWLRQ EHWZHHQ WKH DFWLYH ERVRQV
IURP ZKLFK ZH DVVXPH WKDW LW WDNHV SODFH LQ WZRVï $FFRUGLQJ WR õèïëô ZH KDYH WR
DGG D WZRðERVRQ RSHUDWRU VXFK DV

×¦ ì L áM
1:õLM ô �: õæïéô

WR WKH +DPLOWRQLDQï )URP õèïëåôñ ZH WDNH WKH FRUUHVSRQGLQJ IRUP
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×¦LñM ì
1:õLM ô  ×¦I J SñT ì

ç ¢ I J _ Z _ S T ² EòI E
ò
J ES ET ï õæïèô

7KH LQGLFHV RQ WKH ULJKW KDQG VLGH RI õæïèô GHQRWH WKH Vð DQG ILYH GðVWDWHVï

æïë 7KH RSHUDWRU RI WKH ERVRQðERVRQ LQWHUDFWLRQ IRUPXODWHG ZLWK GHILQHG
DQJXODU PRPHQWXP

%HIRUH ZH ZULWH WKH H[SUHVVLRQ õæïèô GRZQ IRU WKH ,%0ñ ZH FRQYHUW LW LQWR D IRUP
FRQWDLQLQJ RSHUDWRU FRQILJXUDWLRQV DQG PDWUL[ HOHPHQWV ZLWK GHILQHG DQJXODU
PRPHQWDï ,Q õæïèô ZH UHSODFH WKH LQGLFHV Iñ Jñ ïï E\ SDLUV RI TXDQWXP QXPEHUV
OI PIñ OJ PJñ ïï DQG PDNH WKH IROORZLQJ FODLP

: � ×¦ OI PI OJ PJ OS PS OT PT ¢ OI PI OJ PJ _ Z _ OS PS OT PT ² E
ò
OI PIE

ò
OJ PJ EOS PS EOT PT  õæïçô

×¦OI OJ OS OTñ- HYHQ ¢ OI OJ - _ Z _ OS OT - ² �õë- ò ìô �>>E
ò
I u E

ò
J@
õ-ô u >E a

S u E a
T@
õ-ô@õíôï

:H VWDUW WKH SURRI E\ DGGLQJ WKH IDFWRU GPIPI© GPJPJ© GPSPS© GPT PT© RQ WKH OHIW KDQG
VLGH RI õæïçô DQG E\ VXPPLQJ RYHU PI©ñ PJ©ñ PS© DQG PT© ZKLFK \LHOGV WKH RULJLQDO
H[SUHVVLRQï ,W UHDGV

:  ×¦ OI OJ OS OT¦PI PJ PS PT PI© PJ© PS© PT© ¢ OI PI OJ PJ _ Z _ OS PS OT PT ² �

GPIPI© GPJPJ© GPSPS© GPT PT© E
ò
OI PI© E

ò
OJ PJ© EOS PS© EOT PT© ñ õæïæô

LQ ZKLFK WKH TXDQWXP QXPEHUV P RI WKH EðRSHUDWRUV KDYH EHHQ VXSSOLHG ZLWK
SULPHVï :LWK WKH KHOS RI õ$ìïìèôñ Lï Hï RI

¦-0 õOI PI OJ PJ _ - 0ôõOI PI© OJ PJ© _ - 0ô  GPI PI© GPJ PJ© õæïåô

DQG RI DQ DQDORJRXV H[SUHVVLRQ IRU S DQG T ZH REWDLQ

:  ×¦OI OJ OS OT¦- 0 -¦ 0¦¦PI PJ PS PT PI© PJ© PS© PT© ¢ OI PI OJ PJ _ Z _ OS PS OT PT ² �

õOI PI OJ PJ _ - 0ô õOS PS OT PT _ -¦ 0¦ô õOI PI© OJ PJ© _ - 0ô õOS PS© OT PT© _ -¦ 0¦ô

EòOI PI© E
ò
OJ PJ© EOS PS© EOT PT© ï õæïäô

:H PDNH XVH RI õ$ìïìô IRU WKH IROORZLQJ HTXDWLRQV

¦PI© PJ© õOI PI© OJ PJ© _- 0 ô EòOI PI© E
ò
OJ PJ©  >E

ò
I u E

ò
J@
õ-ô
0 õæïìíô

DQG ¦PS© PT© õOS PS© OT PT© _ -¦ 0¦ ô EOS PS© EOT PT©  

¦PS© PT© õOS PS© OT PT© _ -¦ 0¦ ô õðìô
ðOSðOTòPS©òPT©E a

OS ðPS© E
a
OT ðPT©  

¦PS© PT© õOSñðPS©ñ OTñðPT© _ -¦ñð0¦ ô õðìô
0¦ð-¦ E a

OS ðPS© E
a
OT ðPT©  

õðìô0¦ð-¦ >E a
S u E a

T@
õ-¦ô

ð0¦ ñ õæïììô

LQ ZKLFK õ$ìïèô LV XVHG DQG õçïìäô LV SXW LQ WKH RULJLQDO IRUP EOP  õðìô ðOòPE a
Oñ ðPï

:H REWDLQ
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:  ×¦ OI OJ OS OT¦- 0 -¦ 0¦ ¦PI PJ PS PT ¢ OI PI OJ PJ _ Z _ OS PS OT PT ² � õæïìëô

õOI PI OJ PJ _ - 0ô õOS PS OT PT _ -¦ 0¦ ô õðìô
0¦ð-¦ >EòI u E

ò
J@
õ-ô
0>E

a
S u E a

T@
õ-¦ô

ð0¦ ï

7KH VXP RYHU PIñ PJñ PS DQG PT \LHOGV

:  ×¦OI OJ OS OT¦- 0 -¦ 0¦ ¢ OI OJ - 0 _ Z _ OS OT -¦ 0¦ ² �

õðìô0¦ð-¦>EòI u E
ò
J@
õ-ô
0 >E

a
S u E a

T@
õ-¦ô

ð0¦ ï õæïìêô

7KH PDWUL[ HOHPHQW LQ õæïìêô LV FRQVWUXFWHG LQ WHUPV RI WZRðERVRQ VWDWHV ZLWK
GHILQHG WRWDO DQJXODU PRPHQWD - DQG -¦ ZKLFKñ KRZHYHUñ PXVW DJUHHï 1DPHO\ñ LI
ZH DVVXPH WKDW Z LV D WHQVRU RSHUDWRU ZLWK UDQN í õ VHH DSSHQGL[ $è ô WKH
&OHEVFKð*RUGDQ FRHIILFLHQW LQ õ$èïåô YDQLVKHV IRU õ-ñ0 ô � õ-¦ñ0¦ ôï 0RUHRYHUñ
RZLQJ WR õ$èïåôñ õ$ìïçô DQG õ$ìïìçô WKH PDWUL[ HOHPHQW LQ õæïìêô LV LQGHSHQGHQW
RI 0ï 8VLQJ õ$ìïìçô ZH REWDLQ

:  ×¦ OI OJ OS OT ñ- HYHQ ¢ OI OJ - _ Z _ OS OT - ² ��õë- ò ìô

>>EòI u E
ò
J@
õ-ô u >E a

S u E a
T@
õ-ô@õíô ï õæïìéô

1R RGG YDOXHV RFFXU IRU - LI WKH O öV DUH í RU ëñ XQGHU ZKLFK FRQGLWLRQ WKH
HTXDWLRQ õæïçô LV SURYHGï

æïê 7KH EDVLF IRUP RI WKH +DPLOWRQ RSHUDWRU

1RZ IRU WKH RSHUDWRUV RI WKH Iðñ Jðñ Sð DQG TðVWDWHV LQ õæïçô VSHFLDOO\ ZH SXW LQ
WKH Vð DQG GðRSHUDWRUV UHVSHFWLYHO\ DQG PDNH XVH RI WKH V\PPHWU\ SURSHUWLHV RI
WKH PDWUL[ HOHPHQWVï 7KH ERVRQðERVRQ LQWHUDFWLRQ RSHUDWRU REWDLQV WKH
IROORZLQJ IRUP

:  ×¦- íñëñé ¢ G G - _ Z _ G G - ² �õë- ò ìô >>G ò u G ò@õ-ô u >G a u G a@õ-ô@õíô ò

× ¢ G Gñ-  ë _ Z _ G Vñ-  ë ²�è�ëõ>>G ò u G ò@õëô u G aV@õíô ò >VòG ò u >G a u G a@õëô@õíôôò

× ¢ G Gñ-  í _ Z _ V Vñ-  í ²õ>>G ò u G ò@õíô u VV@õíô ò >VòV ò u >G a u G a@õíô@õíôô ò

× ¢ G Vñ-  ë _ Z _ G Vñ-  ë ² �è é>G òVò u G aV@õíô ò õæïìèô

× ¢ V Vñ-  í _ Z _ V Vñ-  í ² >VòVò u VV@õíô ï

:H LQWURGXFH XVXDO V\PEROV IRU WKH PDWUL[ HOHPHQWV DV IROORZV

¢ G G - _ Z _ G G - ²  F-

¢ G Gñ-  ë _ Z _ G Vñ-  ë ²�õë �èô  Yë

¢ G Gñ-  í _ Z _ V Vñ-  í ²  Yí õæïìçô

¢ G Vñ-  ë _ Z _ G Vñ-  ë ²ë�è  Xë

¢ V Vñ-  í _ Z _ V Vñ-  í ²  Xí ï
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,Q WKH IROORZLQJ WKH TXDQWLWLHV F- ñ YL DQG XL ZLOO SOD\ WKH UROH RI SDUDPHWHUVï
)LQDOO\ñ ZH SXW WKH +DPLOWRQ RSHUDWRU WRJHWKHU IURP õæïêôñ õæïìèô DQG õæïìçô

+  HV 1 ò õ HG ð HV ô QG ò × ¦- íñëñé F- �õë- ò ìô >>G
ò u G ò@õ-ô u >G a u G a@õ-ô@õíô ò

�õ×ô Yë õ>>G
ò u G ò@õëô u G aV@õíô ò >VòG ò u >G a u G a@õëô@õíôô ò

× Yí õ>>G
ò u G ò@õíô u VV@õíô ò >VòV ò u >G a u G a@õíô@õíôô ò

Xë >G
òVò u G aV@õíô ò õæïìæô

× Xí >V
òVò u VV@õíô ï

:H QDPH WKH UHSUHVHQWDWLRQ õæïìæô WKH EDVLF IRUP RI WKH +DPLOWRQ RSHUDWRU LQ
WKH ,%0ìï ,Q WKH QH[W VHFWLRQ EXW RQH ZH ZLOO VHH WKDW WKH ä SDUDPHWHUV FDQ EH
EURXJKW WR ç E\ UHGXFLQJ WKH ILHOG RI DSSOLFDELOLW\ï

æïé 7KH FRQVHUYDWLRQ RI ERVRQ QXPEHU

:H H[SHFW WKDW FROOHFWLYH VWDWHV ZLWK GHILQLWH HQHUJ\ KDYH DOVR D GHILQLWH
QXPEHU 1 RI ERVRQVï ,Q TXDQWXP PHFKDQLFDO WHUPV WKLV PHDQV WKDW WKH
+DPLOWRQ RSHUDWRU + DQG WKH ERVRQ QXPEHU RSHUDWRUñ 1  VòV ò ¦P G

ò
P GP

õçïêæôñ FRPPXWH

> +ñ 1 @  íï õæïìåô

,Q RUGHU WR SURYH õæïìåô ZH IDOO EDFN XSRQ WKH UHSUHVHQWDWLRQ õæïèô DQG ZULWH WKH
+DPLOWRQ RSHUDWRU WKLV ZD\

+  HV1 ò õHG ð HVô QG ò ×¦I J S T ì
ç ¢ I J _ Z _ S T ² EòI E

ò
J ES ETï õæïìäô

)URP õçïêéô XS WR õçïêæô ZH WDNH WKDW WKH QXPEHU RSHUDWRU UHDGV

1  ¦ Q ì
ç EòQ EQ ï õæïëíô

,Q RUGHU WR VHH LI 1 FRPPXWHV ZLWK WKH JURXS RI WKH IRXU EðRSHUDWRUV LQ õæïìäô
ZH SXVK 1 VWHS E\ VWHS IURP WKH OHIW WR WKH ULJKW KDQG VLGH RI WKLV JURXS DV
IROORZV

1 EòI E
ò
J ES ET  ¦Q E

ò
Q EQ E

ò
I E

ò
J ES ET  ¦Q E

ò
Q õ GQñI ò E

ò
I EQôE

ò
J ES ET  

EòI E
ò
J ES ET ò ¦Q E

ò
I E
ò
Q EQE

ò
J ES ET  ë E

ò
I E

ò
J ES ET ò ¦Q E

ò
I E

ò
J E

ò
Q EQ ES ET  

ë EòI E
ò
J ES ET ò ¦Q E

ò
I E

ò
J õðGQñS ò ES E

ò
Q ô EQ ET  õæïëìô

EòI E
ò
J ES ET ò ¦Q E

ò
I E

ò
J ES E

ò
Q ET EQ  ¦Q E

ò
I E

ò
J ES ET E

ò
Q EQ  E

ò
I E

ò
J ES ET 1ï

,W LV QRW GLIILFXOW WR H[WHQG WKH SURRI RI õæïìåô RQ WKH RWKHU WHUPV LQ õæïìäôï 7KXVñ
1 FRPPXWHV ZLWK +ñ Lï Hï 1 LV D VRðFDOOHG FRQVWDQW RI PRWLRQï 3URYLGHG WKDW WKH
+DPLOWRQLDQ GRHV QRW FRQWDLQ VðRSHUDWRUV õ VHH FKDSWHU ìí ôñ LPSO\LQJ WKH
FRQGLWLRQ Yë  Yí  Xë  Xí  íñ WKH GðQXPEHU RSHUDWRU QG  ¦PG

ò
PPPP GPPPP FRPPXWHV

ZLWK + ï 7KHQ WKH QXPEHU RI GðERVRQV LV GHILQLWHï
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æïè $ VLPSOLILHG IRUP RI WKH +DPLOWRQ RSHUDWRU

6LQFH WKH ERVRQ QXPEHU 1 LV D JRRG TXDQWXP QXPEHUñ LW©V REYLRXV WR UHSODFH
WKH RSHUDWRUV V DQG Vò DV IDU DV SRVVLEOH E\ 1ï 0DNLQJ XVH RI õèïêéô ZH ZULWH

>VòVò u VV@õíô  VòVòVV  VòV VòV ð VòV  QVõQV ð ìô  õ1 ð QGôõ1 ð QG ð ìôï õæïëëô

,Q DGGLWLRQñ RZLQJ WR õçïêèô ZH REWDLQ

>G òVò u G aV@õíô  >G ò u G a@õíô VòV  �õìîèô QG QV  �õìîèô QG õ1 ð QGôï õæïëêô

,Q õæïëëô DQG õæïëêô WKH RSHUDWRU QG
ë DSSHDUVñ IRU ZKLFK ZH JLYH WKH H[SUHVVLRQ

QG
ë  QG ò ¦- íñëñé �õë- ò ìô>>G

ò u Gò@õ-ô u >G a u G a@õ-ô@õíôï õæïëéô

1DPHO\ñ DFFRUGLQJ WR õçïêèô ZH ZULWH

QG
ë  è>G ò u G a@õíô� >G ò u G a@õíô  è>>G ò u G a@õíô u >G ò u G a@õíô@õíôï õæïëèô

)URP õ$éïêô ZH OHDUQ WKDW õæïëèô FDQ EH UHEXLOW DV IROORZV

QG
ë  è¦- õë- ò ìô ^

ë
ë-

ë
ë-

í
íí`�¦0õ- 0 -ñ ð0 _ í íô � õæïëçô

¦P õë P ëñ 0 ð P _ - 0 ô�¦P¨ õë P¨ ëñ ð0 ð P¨ _ -ñ ð0ô�GòPG a
P¨ G

ò
0ðP G

a
ð0ðP¨ï

:H HPSOR\ õçïìäô DQG WKH FRPPXWDWLRQ UXOHV õèïêçô DQG REWDLQ

G ò
PG

a
P¨ G

ò
0ðP G

a
ð0ðP¨  õðìô

P¨ GðP¨ñ0ðPG
ò
PG

a
ð0ðP© ò G

ò
PG

ò
0ðP G

a
P¨ G

a
ð0ðP¨ ï õæïëæô

7KLV OHDGV WKH H[SUHVVLRQ õæïëçô WR IDOO LQWR WZR SDUWVï %HFDXVH - LV DQ LQWHJHUñ
IURP õ$éïëôñ õ$êïìëô DQG õ$ìïìçô ZH REWDLQ

^ëë-
ë
ë-

í
íí`  õìîèôî�õë- ò ìô DQG õ- 0 -ñ ð0 _ í íô  õðìô-ð0î�õë- ò ìô ï õæïëåô

7KH ILUVW H[SUHVVLRQ RI õæïëçô UHDGV QRZ

¦- í
é õðìô-¦PG

ò
PPPP GPPPP ¦0 õë P ëñ 0 ð P _ - 0 ôë  õæïëäô

¦- í
é õðìô-¦PG

ò
PPPP GPPPP õë- ò ìôîè  ¦PG

ò
PPPP GPPPP õì ð ê ò è ð æ ò äôîè  QG

ZKHUH õ$ìïììô KDV EHHQ DSSOLHGï :LWK WKH DLG RI õ$éïìô DQG õ$ìïêôñ ZH EULQJ WKH
VHFRQG H[SUHVVLRQ RI õæïëçô LQ WKH IROORZLQJ IRUP

¦- íñëñé �õë- ò ìô>>G
ò u G ò@õ-ô u >G a u G a@õ-ô@õíôï õæïêíô

2ZLQJ WR õçïçôñ WKH TXDQWLW\ - LV HYHQï :LWK WKDWñ WKH HTXDWLRQ õæïëéô LV SURYHQï
:H QRZ LQVHUW õæïëëô XS WR õæïëéô LQ õæïìæô DQG REWDLQ
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+  HV 1 ò ×Xí1õ1 ð ìô ò H QG ò

× ¦- íñëñé F-© �õë- ò ìô >>G
ò u G ò@õ-ô u >G a u G a@õ-ô@õíô ò

�õ×ô Yë õ>>G
ò u G ò@õëô u G aV@õíô ò >VòG ò u >G a u G a@õëô@õíôô ò õæïêìô

× Yí õ>>G
ò u G ò@õíô u VV@õíô ò >VòV ò u >G a u G a@õíô@õíôô

ZLWK H  HG ð HV ò õXë î�è ð Xíôõ1 ð ìôñ

F-©  F- ò Xí ð ëXë î�èï õæïêëô

6LQFH WKH RSHUDWRUV + DQG 1 FRPPXWH õæïëìôñ WKH RSHUDWRU 1 KDV EHHQ
UHSODFHG E\ WKH QXPEHU 1ï 7KH VLPSOLILHG IRUP õæïêìô RI WKH +DPLOWRQ RSHUDWRU
FRQWDLQV RQH IUHH SDUDPHWHU OHVV WKDQ WKH EDVLF IRUP õæïìæôï +RZHYHUñ LI RQO\
WKH VSHFWUXP RI D VLQJOH QXFOHXV KDV WR EH LQYHVWLJDWHG QHJOHFWLQJ WKH ELQGLQJ
HQHUJ\ UHODWLYH WR RWKHU QXFOHL RQH FDQ GLVUHJDUG WKH ILUVW WZR WHUPV LQ + õæïêìôï
7KH\ FRQWULEXWH WKH VDPH DPRXQW WR HYHU\ HQHUJ\ OHYHOï 7KH IROORZLQJ ç
SDUDPHWHUV DUH OHIW RYHU

Hñ Fí©ñ Fë©ñ Fé©ñ Yí DQG Yëï õæïêêô

)URP õæïêëô ZH VHH WKDW WKHVH SDUDPHWHUV GRQ©W GHSHQG GLUHFWO\ IURP RQH
DQRWKHU EHFDXVH WKHUH DUH HQRXJK SDUDPHWHUV LQ õæïìæôï

$OO Gð DQG VðRSHUDWRUV LQ õæïìæô DQG õæïêìô FRXSOH WR WKH DQJXODU PRPHQWXP íï
7KHUHIRUH WKH\ GRQ©W SUHIHU D VSDWLDO D[LV DQG DUH LQVHQVLWLYH WR URWDWLRQV RI WKH
FRðRUGLQDWH V\VWHPï &RQVHTXHQWO\ñ ZH H[SHFW WKDW + FRPPXWHV ZLWK WKH
FRPSRQHQWV RI WKH DQJXODU PRPHQWXP RSHUDWRU - ZKLFK ZLOO EH WUHDWHG LQ WKH
QH[W FKDSWHUï



éê

å 7KH DQJXODU PRPHQWXP RSHUDWRU RI WKH ,%0ì

,Q WKH ILUVW VHFWLRQ WKH FRPPXWDWLRQ SURSHUWLHV RI WKH TXDQWXP PHFKDQLFDO
DQJXODU PRPHQWXP RSHUDWRUV DQG WKHLU HLJHQYDOXHV ZLOO EH SXW WRJHWKHUï ,Q WKH
VHFRQG VHFWLRQ WKH DQJXODU PRPHQWXP RSHUDWRU RI WKH ,%0ì LV LQWURGXFHG DQG
LWV SURSHUWLHV DUH FKHFNHGï )LQDOO\ñ WKH FRPPXWDWRU RI WKH +DPLOWRQLDQ DQG WKH
DQJXODU PRPHQWXP RSHUDWRU LV LQYHVWLJDWHGï

åïì 7KH DQJXODU PRPHQWXP RSHUDWRU LQ TXDQWXP PHFKDQLFV

,QWURGXFLQJ WKH VSLQ RI SDUWLFOHV TXDQWXP PHFKDQLFV SRVWXODWHV VSLQ RSHUDWRUV
-[ñ -\ DQG -] ZKLFK VDWLVI\ WKH VDPH FRPPXWDWLRQ UHODWLRQV DV WKH DQJXODU
PRPHQWXP RSHUDWRUV /[  \ S] ð ] S\ñ /\ DQG /]ï 7KHLU FRPPXWDWLRQ UXOHV UHDG

> -[ ñ -\ @  L!-] ZLWK F\FOLF SHUPXWDWLRQVï õåïìô

)URP WKHVH RQH GHULYHV WKH H[LVWHQFH RI TXDQWXP VWDWHV _ M P ² ZKHUH M LV DQ
LQWHJHU RU KDOI LQWHJHU DQG P LV LWV ]ðFRPSRQHQWï 7KH IROORZLQJ HLJHQYDOXH
HTXDWLRQV KROG

-] _ M P ²  !P _ M P ²ñ

- ë _ M P ²  õ-[
ë ò -\

ë ò -]
ëô _ M P ²  !ë MõM ò ìô _ M P ² ï õåïëô

:H GHILQH QHZ VSLQð RU DQJXODU PRPHQWXP RSHUDWRUV ZKLFK GLIIHU LQ WKH IDFWRU
ìî! DV IROORZV

-[õQHZô  -[õROGôî! HWFï õåïêô

:H UHZULWH HTXDWLRQV õåïìô DQG õåïëô LQ WHUPV RI WKH QHZ RSHUDWRUV OLNH WKLV

> -[ ñ -\ @  L-] ZLWK F\FOLF SHUPXWDWLRQVñ õåïéô

-] _ M P ²  P _ M P ²ñ õåïèô

- ë _ M P ²  õ-[
ë ò -\

ë ò -]
ëô _ M P ²  M õM ò ìô _ M P ²ï

)URP QRZ RQñ ZH NHHS WKH QHZ -ðRSHUDWRUVï 7KH IUHTXHQWO\ XVHG ¦ODGGHU¦
RSHUDWRUV UHDG

-ì  ðõ-[ ò L-\ôî�ëñ

-ðì  õ-[ ð L-\ôî�ëñ õåïçô

-í  -] ï

7KH\ VDWLVI\ WKH IROORZLQJ FRPPXWDWLRQ UHODWLRQV



éé

> -ðìñ -í @  -ðìñ

> -ðìñ -ì @  -íñ õåïæô

> -íñ -ì @  -ì ï

7KH\ DUH SURYHG E\ LQVHUWLQJ õåïçô DQG FRPSDULQJ ZLWK õåïéôï 0DNLQJ XVH RI
õåïçô DQG õåïæô WKH RSHUDWRU - ë FDQ EH ZULWWHQ WKLV ZD\

- ë  -[
ë ò -\

ë ò -]
ë  ð-ì -ðì ð -ðì -ì ò -í

ë � ¦P õðìô
P-PPPP-ðPPPP  -í

ë ð -í ð ë-ì-ðì ï õåïåô
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õæïëëô DQG õæïëêô ZH KDYH

>VòVò u VV@õíô  õ1 ð QGôõ1 ð QG ð ìôñ õäïëèô

>G òVò u G aV@õíô  õìî�èôõ1 ð QGôQG ï õäïëçô

7KH SUHFHGLQJ WHUP LQ õæïìæô UHDGV

>>G ò u G ò@õíô u VV@õíô ò >VòVò u >G a u G a@õíô@õíô  

>G ò u G ò@õíôVV ò VòVò>G a u G a@õíô  

ðõìî�èôõð5 ë ò 1õ1 ò éô ò 7 ë ðQG õQG ò êô ð V
òVòVVô  õäïëæô

ðõìî�èôõð5 ë ò 7 ë ò 1 ò õ1 ð QGôõëQG ò éôô

ZKHUH õäïëôñ õäïêô DQG õäïëèô KDYH EHHQ HPSOR\HGï ,Q RUGHU WR ZRUN RQ WKH
UHPDLQLQJ WHUP LQ + õæïìæô ZH ZULWH õäïéô WKLV ZD\

4 ëî�è  >õG òV ò VòG a ð õ�æîëô>G ò u G a@õëôô u õG òV ò VòG a ð õ�æîëô>G ò u G a@õëôô@õíô

ZKLFK ZH WUDQVIRUP WR

4 ëî�è  >G ò u G ò@õíôVV ò VòVò>G a u G a@õíô ò õæîéô>>G ò u G a@õëô u >G ò u G a@õëô@õíô ò

VVò>G ò u G a@õíô ò >G a u G ò@õíôVòV ð

õ�æîëôVõ>G ò u >G ò u G a@õëô@õíô ò >>G ò u G a@õëô u G ò@õíôô ð õäïëåô

õ�æîëôVòõ>G a u >G ò u G a@õëô@õíô ò >>G ò u G a@õëô u G a@õíôôï



èì

7KH ILUVW OLQH LQ õäïëåô FRQWDLQV WKH UHODWLRQ õäïëæôï :H ZULWH WKH IROORZLQJ WHUP
E\ PHDQV RI õäïëëô DV

õæîéô>>G ò u G a@õëô u >G ò u G a@õëô@õíô  õë�èôðìõQG
ë ò èQG ð 7

ë ò õìîéô- ëôï õäïëäô

7KH VHFRQG OLQH LQ õäïëåô LV UHSUHVHQWHG ZLWK WKH KHOS RI õäïìçô DQG RI WKH
UHODWLRQ VVò  ì ò VòV OLNH WKLV

VVò>G ò u G a@õíô ò >G a u G ò@õíôVòV  

>G ò u G a@õíô ò >G ò u G a@õíô VòV ò �è VòV ò >G ò u G a@õíô VòV  

õìî�èôQG ò �èõ1 ð QGô ò õëî�èôQG õ1 ð QGô  õäïêíô

õìî�èôõQG ò õè ò ëQGôõ1 ð QGôôï

7KH WKLUG OLQH LQ õäïëåô FRQWDLQV WKH H[SUHVVLRQ

>>G ò u G a@õëô u G ò@õíô  ¦Pë P¨ Pí õë Pë ë P¨ _ ë Píôõë Pí ëñ ðPí _ í íô G
ò
Pë G

a
P¨G

ò
ðPí ï

:LWK WKH DLG RI G ò
Pë G

a
P¨ G

ò
ðPí  õðìôP¨ õG ò

Pë GP¨ Pí ò G ò
ðPí G

ò
Pë GðP¨ôñ

õë Pí ëñ ðPí _ í íô  õðìôðPí î�èñ õë Pë ë Pí _ ë Píô  GPë í õPí
ë ð ëôî�ìé DQG RI

õ$ìïìçô ZH REWDLQ

>>G ò u G a@õëô u G ò@õíô  

¦Pí  ðë
ë¦Pë õë Pë ë Pí _ ë Píôõìî�èôG

ò
Pë ò >G

ò u >G ò u G a@õëô@õíô  

í ò >G ò u >G ò u G a@õëô@õíô õäïêìô

DQG UHFRXSOH DFFRUGLQJ WR õ$êïèô WKLV ZD\

>>G ò u G a@õëô u G ò@õíô  >G ò u >G ò u G a@õëô@õíô  õäïêëô

¦-ë�è �õë-ë ò ìô^
ë
ë
ë
í
ë
-ë `>>G

ò u G ò@õ-ë ôG a@õíô  >>G ò u G ò@õëô u G a@õíôï

7KH YDOXH RI WKH çðM V\PERO IRU -ë  ë KDV EHHQ WDNHQ IURP õ$êïìëôï $QDORJRXVO\
WKH UHODWLRQ

>G a u >G ò u G a@õëô@õíô  >>G ò u G a@õëô u G a@õíô  >G ò u >G a u G a@õëô@õíô õäïêêô

KROGV VR WKDW WKH WKLUG DQG WKH IRXUWK OLQH LQ õäïëåô FDQ EH ZULWWHQ DV IROORZV

ðõ�æîëôõëV>>G ò u G ò@õëô u G a@õíô ò ëVò>G ò u >G a u G a@õëô@õíôô  

ð�æõ>>G ò u G ò@õëô u G aV@õíô ò >VòG ò u >G a u G a@õëô@õíôôï õäïêéô

$SDUW IURP D IDFWRUñ WKH H[SUHVVLRQ õäïêéô LV MXVW WKH UHPDLQLQJ WHUP LQ + õæïìæôï
%\ PHDQV RI õäïëæô XS WR õäïêíô DQG õäïêéôñ ZH FDQ ZULWH LW WKLV ZD\



èë

ð�õ×ô Yë õ>>G
ò u G ò@õëô u G aV@õíô ò >VòG ò u >G a u G a@õëô@õíôô  

õìî�ìéô Yë õõìî�èô4
ë ò õìî�èôõð5 ë ò 7 ë ò 1 ò õ1 ð QGôõëQG ò éôô ð

õìî�ëíôõQG
ë ò èQG ð 7

ë ò õìîéô- ëô ð

õìî�èôõQG ò õè ò ëQGôõ1 ð QGôôô  õäïêèô

Yë õìî�æíôõ4
ë ò õêîëô7 ë ð 5 ë ð õìîåô- ë ð õìîëôQG

ë ð õèîëô QGôï

1RZ ZH DUH DEOH WR UHSUHVHQW WKH +DPLOWRQ RSHUDWRU õæïìæô E\ WKH RSHUDWRUV
FLWHG LQ õäïìô XS WR õäïéô PDNLQJ XVH RI õçïêèôñ õçïêæôñ õäïçôñ õäïëêô XS WR õäïëèôñ
õäïëæô DQG õäïêèô OLNH WKLV

+  HV1 ò õHG ð HVôQG ò Fí õìîìíôõð7
ë ò QG õQG ò êôô ò

Fë õìîìéôõëQG
ë ò ë7 ë ð éQG ð -

ëô ò

FéõêîìéôõõçîèôQG
ë ð õìëîèôQG ð õìîèô7

ë ò õìîêô- ë ô ð

Yë õìî�æíôõ4
ë ò õêîëô7 ë ð 5 ë ð õìîåô- ë ð õìîëôQG

ë ð õèîëôQGô ð

YR õìî�ëíôõð5
ë ò 7 ë ò è1 ò ë1QG ð ëQG

ë ð éQGô ò õäïêçô

Xë õìî�èôõ1QG ð QG
ëô ò Xíõìîëôõ1

ë ð ë1QG ð 1 ò QG
ë ò QGôï

:H VXPPDULVH

+  HQ1 ò HG© QG ò YQ1 ë ò YQ G1QG ò YG QG
ë ò YU5

ë ò YW7
ë ò YM -

ë ò YT4
ë õäïêæô

ZLWK

H Q  H V ð õ�èîëôYí ð õìîëôXí ñ

H G©  H G ð H V ò õêîìíôFí ð õëîæôFë ð õìåîêèôFé ò õèî�ëåíôYë ò õëî�èôYí ò õìîëôXí ñ

YQ  õìîëôXí ñ õäïêåô

YQG  ð õìî�èôYí ò õìî�èôXë ð Xí ñ

YG  õìîìíôFí ò õìîæôFë ò õäîêèôFé ò �õìî�ëåíôYë ò õìî�èôYí ð õìî�èôXë ò õìîëôXí ñ

YU  õìî�æíôYë ò õìî�ëíôYí ñ

YW  ð õìîìíôFí ò õìîæôFë ð õêîæíôFé ð õêî�ëåíôYë ð õìî�ëíôYí ñ

YM  ð õìîìéôFë ò õìîìéôFé ò õìî�ééåíôYëñ

YT  ð õìî�æíôYë ï

$OO VXPPDQGV ZLWK D FRHIILFLHQW Yë FKDQJH WKHLU VLJQ LI 4 PPPP LV GHILQHG ZLWK D SOXV
VLJQ LQ IURQW RI WKH ODVW WHUP LQ õäïéôï



èê

,Q õäïêæô WKH +DPLOWRQ RSHUDWRU RI WKH ,%0ì LV UHSUHVHQWHG E\ WKH &DVLPLU
RSHUDWRUV õäïìô XS WR õäïéôï 7KLV LV WKH VRðFDOOHG PXOWLSROH IRUPï ,Q WKH VDPH ZD\
DV LQ õæïëìô ZH UHSODFH WKH RSHUDWRU 1 E\ LWV HLJHQYDOXH 1 DQG REWDLQ

+  HQ 1 ò YQ 1
ë ò õHG© ò YQG 1ôQG ò YG QG

ë ò YU5
ë ò YW7

ë ò YM -
ë ò YT4

ëï õäïêäô

,I RQO\ D VLQJOH QXFOHXV LV LQYHVWLJDWHG WKH WHUP HQ1 ò YQ1
ë LV RPLWWHGï 7KHQ WKH

HLJHQVWDWHV GHSHQG VROHO\ RQ WKH IROORZLQJ VL[ SDUDPHWHUV

HG¦  HG© ò YQG 1 ñ YG ñ YU ñ YW ñ YM DQG YT õäïéíô

DQDORJRXVO\ WR õæïêêôï

,Q RUGHU WR VROYH HLJHQYDOXH SUREOHPV XVXDOO\ WKH +DPLOWRQ PDWUL[ LV
GLDJRQDOLVHG õ FKDSWHU ìë ôï +RZHYHUñ WKH LQWHUDFWLQJ ERVRQ PRGHO KDV WKH
SHFXOLDULW\ WKDW IRU VSHFLDO FDVHV õOLPLWVô WKH HLJHQHQHUJLHV FDQ EH JLYHQ
DQDO\WLFDOO\ï 7KHVH FDVHV DUH IRXQG E\ DOORFDWLQJ WKH YDOXH ]HUR WR VHYHUDO
FRHIILFLHQWV LQ õäïêäôï ,Q FKDSWHUV ìí DQG ìé ZH ZLOO GHDO ZLWK WKH SK\VLFDO
VLJQLILFDQFH RI WKLV PHDVXUH DQG RI WKH RSHUDWRUV õäïìô XS WR õäïéô DQG ORRN DW
WKH DQDO\WLFDO VROXWLRQVï



èé



èè

ìí 7KH Xõèôð RU YLEUDWLRQDO OLPLW

$W WKH HQG RI WKH ODVW FKDSWHU WKH IDFW ZDV PHQWLRQHG EULHIO\ WKDW WKH
HLJHQYDOXHV RI WKH +DPLOWRQ RSHUDWRU + õäïêäô FDQ EH ZULWWHQ LQ D FORVHG IRUP LI
FHUWDLQ FRHIILFLHQWV RI WKLV RSHUDWRU DUH ]HURï :H GHDO KHUH ZLWK D VSHFLDO FDVH
FKDUDFWHULVHG E\ YDQLVKLQJ FRHIILFLHQWV YU DQG YT ñ ZKLFK LV UHDOLVHG DSSUR[Lð
PDWHO\ E\ D JURXS RI UHDO QXFOHLï

,Q WKH ILUVW VHFWLRQ ZH ZLOO ZULWH GRZQ WKLV VSHFLDO RSHUDWRU DQG UHPHPEHU WKH
VSKHULFDO EDVLV RI WKH ERVRQ PRGHOï 7KH VHFRQG VHFWLRQ UHYHDOV WKDW WKLV EDVLV
FRQWDLQV WKH HLJHQIXQFWLRQV RI WKH VHQLRULW\ RSHUDWRU 7 ëï ,Q VHFWLRQ ìíïê
FDOFXODWHG QXFOHDU VSHFWUD RI WKH UHOHYDQW VSHFLDO FDVH ZLOO EH FRPSDUHG ZLWK
PHDVXUHG RQHVï

ìíïì 7KH +DPLOWRQLDQ RI WKH YLEUDWLRQDO OLPLWï 7KH VSKHULFDO EDVLV

:H ZLOO IRUPXODWH QRZ WKH ILUVW VSHFLDO FDVH RI WKH +DPLOWRQLDQ E\ SXWWLQJ YU  YT
 íï 7KLV KDV WKH FRQVHTXHQFH WKDW Yí DQG Yë YDQLVK õVHH äïêåô DQG WKDW LQ +
õæïìæô UHPDLQ RQO\ WKH WHUPV ZKLFK FRQVHUYH ERWK WKH QXPEHU RI GðERVRQV DQG
WKH RQH RI WKH VðERVRQV õG ò LV FRXSOHG WR G a DQG Vò LV FRQQHFWHG ZLWK Vôï 7KH
+DPLOWRQ RSHUDWRU RI WKLV DSSUR[LPDWLRQ UHDGV DFFRUGLQJ WR õäïêäô

+ õ,ô  HQ 1 ò YQ 1
ë ò õHG© ò YQG 1ôQG ò YG QG

ë ò YW7
ë ò YM -

ë õìíïìô

ZLWK HQ  HV ð õìîëôXí ñ

HG©  HG ð HV ò õêîìíôFí ð õëîæôFë ð õìåîêèôFé ò õìîëôXí ñ

YQ  õìîëôXí ñ

YQG  õìî�èôXë ð Xí ñ õìíïëô

YG  õìîìíôFí ò õìîæôFë ò õäîêèôFé ð õìî�èôXë ò õìîëôXí ñ

YW  ðõìîìíôFí ò õìîæôFë ð õêîæíôFé ñ

YM  ðõìîìéôFë ò õìîìéôFé ï

7KH FRHIILFLHQWV LQ õìíïëô UHVXOW IURP WKH HTXDWLRQV õäïêåô WDNLQJ LQWR DFFRXQW
WKH FRQGLWLRQ Yí  Yë  íï %HFDXVH WKH RSHUDWRUV LQ õìíïìô DFW RQO\ RQ GðERVRQ
VWDWHVñ WKH HLJHQIXQFWLRQV RI + õ,ô DUH SURGXFWV RI SXUH VðERVRQ VWDWHV DQG Gð
ERVRQ VWDWHV XQGHUJRLQJ WKH V\PPHWULVDWLRQ SURFHGXUHï 7KH VWDWHV RI WKH
VSKHULFDO EDVLV õêïåô DQG õçïìåô KDYH WKLV VWUXFWXUH DQG ZH ZLOO VKRZ LQ WKLV
FKDSWHU WKDW WKH\ DUH UHDOO\ HLJHQIXQFWLRQV RI + õ,ôï 7KH\ DUH FKDUDFWHULVHG E\ WKH
LQWHJHUV 1 õ QXPEHU RI ERVRQV ôñ QG õ QXPEHU RI GðERVRQV ôñ W õ VHQLRULW\ ôñ Q'
õQXPEHU RI GðERVRQ WULSOHV UHVXOWLQJ LQ WKH DQJXODU PRPHQWXP ]HUR ô DQG -
õ DQJXODU PRPHQWXP ô DQG DUH ZULWWHQ OLNH WKLV

_1 QG W Q' - ²ï õìíïêô



èç

,Q WKLV FKDSWHU ZH GURS WKH SURMHFWLRQ 0 RI -ï $FFRUGLQJ WR õçïêêôñ õçïêéô DQG WR
WKH VHFWLRQ åïë WKH IROORZLQJ HLJHQYDOXH HTXDWLRQV KROG

QG _1 QG W Q' - ²  QG _1 QG W Q' - ² õìíïéô

- ë _1 QG W Q' - ²  -õ- ò ìô _1 QG W Q' - ²ï

2ZLQJ WR õêïåô DQG õêïäô IRU - RQO\ WKH IROORZLQJ YDOXHV DUH DOORZHG

-  Oñ O ò ìñ ïïï ñëO ð êñ ëO ð ëñ ëO ZLWK O  W ð êQ' DQG W x QGï õìíïèô

ìíïë (LJHQYDOXHV RI WKH VHQLRULW\ RSHUDWRU

:H QRZ LQYHVWLJDWH WKH HIIHFW RI WKH RSHUDWRU 7 ë õäïëô RQ D VWDWH RI WKH
VSKHULFDO EDVLV õìíïêôï %\ PHDQV RI õäïëôñ õçïìëô DQG õçïëåô ZH ZULWH

7 ë  QG õQG ò êô ð 3
ò3 ¤ ZLWK WKH IROORZLQJ GHWDLOV õìíïèDô

QG  ¦PG
ò
PGPPPP ñ 3

ò  ¦P õðìô
PG ò

PG
ò
ðP ñ 3

ð  ¦P õðìô
PGPPPP GðPPPP ï

:H ORRN LQWR VHYHUDO FRPPXWDWRUV RI WKHVH RSHUDWRUVï )LUVW ZH FODLP

>QG ñ 3
ò@  ë3 òñ õìíïçô

ZKLFK ZH SURYH ZLWK WKH KHOS RI õèïêçô

> ¦PG
ò
PGPPPP ñ ëG

ò
ë G

ò
ðë ð ëG

ò
ì G

ò
ðì ò G

ò
í
ë@  >G ò

ë Gë ò G
ò
ðë Gðë ñ ëG

ò
ë G

ò
ðë@ ð

>G ò
ì Gì ò G

ò
ðì Gðì ñ ëG

ò
ì Gðì@ ò >G

ò
í Gí ñ G

ò
í
ë@  

ëõëG ò
ë G

ò
ðë ð ëG

ò
ì G

ò
ðì ò G

ò
í
ëô  ë3 òï

7KH YDOLGLW\ RI WKH UHODWLRQ

>3 ð ñ 3 ò@  ëõëQG ò èô õìíïæô

LV VKRZQ WKLV ZD\

> ¦P õðìô
PGPGðP ñ ¦P õðìô

PG ò
PG

ò
ðP @  

é>G ë Gðë ñ G
ò
ë G

ò
ðë@ ò é>Gì Gðì ñ G

ò
ìG

ò
ðì@ ò >G í

ë ñG ò
í
ë@  

éõì ò G ò
ë Gë ò G

ò
ðë Gðëô ò éõì ò G

ò
ì Gì ò G

ò
ðì Gðìô ò ëõì ò ëG

ò
í Gíô  

ìí ò éQG  ëõëQG ò èôï

7KH WKLUG FRPPXWDWRU UHDGV >3 ð ñ õ3 òôQ @ï 2ZLQJ WR õìíïæô WKH UHODWLRQ

3 ð õ3 òôQ  ëõëQG ò èôõ3
òôQðì ò 3 ò3 ð õ3 òôQðì õìíïåô

KROGVï :H FDUU\ WKH SURFHGXUH RQ OLNH WKLV

3 ðõ3 òôQ  ëõëQG ò èôõ3
òôQðì ò 3 ò ëõëQG ò èôõ3

òôQðë ò õ3 òôë3 ðõ3 òôQðëï



èæ

*RLQJ RQ LQ WKLV ZD\ ZH REWDLQ

3 ðõ3 òôQ  ¦Q© í
Qðì õ3 òôQ©ëõëQG ò èôõ3

òôQðQ©ðì ò õ3 òôQ3 ð 

¦Q© í
Qðì éõ3 òôQ©QG õ3

òôQðQ©ðì ò ìíQ õ3 òôQðì ò õ3 òôQ3 ðï õìíïäô

:LWK WKH KHOS RI õìíïçô RQH VKRZV WKH UHODWLRQ

õ3 òôQ©QG õ3
òôQðQ©ðì  õ3 òôQ©òìQG õ3

òôQðQ©ðë òëõ3 òôQðì  õìíïìíô

õ3 òôQðì QG ò ëõQ ð ì ð Q© ô õ3
òôQðì ZKLFK ZH LQVHUW LQ õìíïäôï

3 ðõ3 òôQ  ¦Q© í
Qðì éõ3 òôQðìQG ò ¦Q© í

Qðì åõQ ð ìôõ3 òôQðì ð ¦Q© í
Qðì åQ©õ3 òôQðì ò

ìíQ õ3 òôQðì ò õ3 òôQ3 ð  

éQ õ3 òôQðìQG ò åQõQ ð ìôõ3
òôQðì ð åõìîëôõQ ð ìôQõ3 òôQðì ò ìíQ õ3 òôQðì ò õ3 òôQ3 ð  

õ3 òôQðìõé QGQ ò éQ
ë ò çQô ò õ3 òôQ3 ð RU

>3 ð ñ õ3 òôQ@  ëQõ3 òôQðì�õëõQG ò Qô ò êôï õìíïììô

1RZ ZH DUH DEOH WR ORRN LQWR WKH HIIHFW RI 7 ë RQ D VWDWH RI WKH VSKHULFDO EDVLVï
2ZLQJ WR õçïìèô DQG õìíïèDô ZH ZULWH

7 ë _ 1 QG W Q' - ²  

QGõQG ò êô _ 1 QG W Q' - ² ð 3
ò3 ð$QGW õ3

òôõQG ð W ôîë _ 1ñ QG  Wñ W Q' - ²ï

,Q WKH ODVW NHW VWDWH WKH QXPEHU RI GðERVRQV DJUHHV ZLWK WKH VHQLRULW\ Wï 1RWH
WKDW QR XVH KDV EHHQ PDGH RI WKH H[SOLFLW IRUP RI $QGW ï :H SXW

õQG ð Wôîë  QS ñ õìíïìëô

UHEXLOG RXU UHVXOW ZLWK WKH KHOS RI õìíïììô DQG WDNH WKH UHODWLRQ
3 ð _ 1ñ QG  Wñ W Q' - ²  í õçïêìô LQWR DFFRXQW DV IROORZV

7 ë _ 1 QG W Q' - ²  QGõQG òêô _ 1 QG W Q' - ² ð

$QGW 3
òõ>3 ð

ñ õ3
òôQS @ ò õ3 ò ôQS3 ð ô _ 1ñ QG  Wñ W Q' - ²  

QGõQG ò êô _ 1 QG W Q' - ² ð $QGW3
òëQS õ3

òôQSðìõëõW ò QSô ò êô ô _1 W W Q' -²  

õQGõQG ò êô ð ëQS õëõW ò QSô ò êô _ 1 QG W Q' - ²  W õW ò êô _ 1 QG W Q' - ²

ZKHUH õçïìèô KDV EHHQ LQVHUWHG DJDLQï 7KXVñ ZH KDYH

7 ë _ 1 QG W Q' - ²  W õW ò êô _ 1 QG W Q' - ² õìíïìêô

Lï Hï WKH VWDWHV RI WKH VSKHULFDO EDVLV DUH HLJHQIXQFWLRQV RI WKH VHQLRULW\ RSHUDWRU
ZLWK WKH HLJHQYDOXHV W õW ò êôï



èå

)URP WKH FRPPXWDWLRQ EHKDYLRXU RI 7 ëñ ZH FDQ VHH DOVR GLUHFWO\ WKDW
HLJHQIXQFWLRQV RI + õ,ô õìíïìô DUH VLPXOWDQHRXVO\ HLJHQIXQFWLRQV RI 7 ëï ,Q
FKDSWHUV æ DQG å LW ZDV VKRZQ WKDW 1 DQG - ë FRPPXWH ZLWK + DQG WKHUHIRUH
ZLWK + õ,ôï 1DWXUDOO\ñ QG DQG + õ,ô FRPPXWH ZLWK + õ,ôï $FFRUGLQJ WR õìíïìô WKLV
RSHUDWRU FRQVLVWV HVVHQWLDOO\ RI WKH RSHUDWRUV 1ñ QGñ -

ë DQG 7 ëï &RQVHTXHQWO\ñ
7 ë FRPPXWHV ZLWK + õ,ôï 0RUHRYHUñ - ë FRPPXWHV ZLWK 7 ë ZKLFK UHVXOWV LQ D
FRPPRQ HLJHQIXQFWLRQ RI WKH RSHUDWRUV + õ,ôñ - ë DQG 7 ëï

'HULYLQJ WKH HLJHQYDOXH RI 7 ë õìíïìêôñ QRW DOO SURSHUWLHV RI WKH PDQ\ðGðERVRQ
VWDWH DUH HPSOR\HGï )URP WKH HLJHQIXQFWLRQñ RQO\ WKH QXPEHU RI GðERVRQ SDLUV
ZLWK -  í RU WKH QXPEHU RI XQSDLUHG GðERVRQV KDV WR EH NQRZQï 2Q WKH RWKHU
KDQG (ï &KDFRQ HW DOï õìäæçñ ìäææô VXFFHHGHG LQ FRQVWUXFWLQJ WKH VSKHULFDO
EDVLV VWDUWLQJ IURP WKH HLJHQYDOXH HTXDWLRQV RI 7 ëñ - ë DQG -] õ VHH DOVR )UDQN
õìääéôñ Sï êììôï

$W WKH HQG RI WKLV VHFWLRQñ ZH WUHDW WKH VWDWH

3 ò _ 1ñ QG ð ëñ W Q' - ²ñ

RI ZKLFK ZH PDGH XVH LQ VHFWLRQ çïëï %\ PHDQV RI õìíïçô DQG õìíïæô ZH ZULWH

3 ð3 ò  >3 ð ñ 3 ò@ ò 3 ò3 ð  >3 ð ñ 3 ò@ ò QG õQG ò êô ð 7
ë  

ëõëQG ò èô ò QG õQG ò êô ð 7
ë  QG

ë ò æQG ò ìí ð 7
ëï

%HFDXVH RI õìíïìêô ZH KDYH

3 ð3 ò _ 1ñ QG ð ëñ W Q' - ²  

õõQG ð ëô
ë ò æõQG ð ëô ò ìí ð W õW ò êôô _ 1ñ QG ð ëñ W Q' - ²  

õQG õQG ò êô ð W õW ò êôô _ 1ñ QG ð ëñ W Q' - ²ï

7KH FRUUHVSRQGLQJ GLDJRQDO PDWUL[ HOHPHQW UHDGV

¢1ñ QG ð ëñ W Q' - _ 3
ð3 ò _ 1ñ QG ð ëñ W Q' - ²  QG õQG ò êô ð W õW ò êôï õìíïìéô

7KH RSHUDWRU 3 ¤ LV DGMRLQW WR 3 ò DQDORJRXVO\ WR WKH RSHUDWRUV G PPPP DQG G
ò
P õ VHH

VHFWLRQ èïë ôï &RQVHTXHQWO\ ¢1ñ QG ð ëñ W Q' - _ 3 ¤ LV FRQMXJDWH FRPSOH[ ZLWK
UHJDUG WR WKH ULJKW KDQG VLGH RI WKH PDWUL[ HOHPHQW õìíïìéôï 6LQFH 3 ò UDLVHV QG
E\ ë WKH H[SUHVVLRQ

õQG õQG ò êô ð W õW ò êôôð× 3 ò _ 1ñ QG ð ëñ W Q' - ²  _ 1 QG W Q' - ²
õìíïìèô

LV D QRUPDOLVHG VWDWH ZLWK QG GðERVRQVï ,Q DQ DQDORJRXV ZD\ ZH REWDLQ

¢1 QG W Q' - _ 3
ò3 ð _ 1 QG W Q' - ²  QG õQG ò êô ð W õW ò êô õìíïìçô

DQG õQG õQG ò êô ð W õW ò êôôð×3 ð _ 1 QG W Q' - ²  _ 1ñ QG ð ëñ W Q' - ²ï
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ìíïê (QHUJ\ HLJHQYDOXHVï &RPSDULVRQ ZLWK H[SHULPHQWDO GDWD

,I WKH +DPLOWRQ RSHUDWRU + õ,ô õìíïìô DFWV RQ D VWDWH RI WKH VSKHULFDO EDVLV õìíïêô
DFFRUGLQJ WR õìíïéô DQG õìíïìêô WKH IROORZLQJ HLJHQHQHUJ\ UHVXOWV

(õ,ô
1 QG W -  HQ1 ò YQ1

ë ò õHG¨ ò YQG 1ôQG ò YGQGë ò YW W õW ò êô ò YM -õ- ò ìôï õìíïìæô

,QGHSHQGHQWO\ RI WKH FRPSOH[LW\ RI WKH VWDWHñ WKH HLJHQYDOXH KDV D VLPSOHñ
FORVHG IRUPï 1HLWKHU WKH SURMHFWLRQ 0 QRU WKH RUGHULQJ QXPEHU Q' LQIOXHQFH WKH
HQHUJ\ EXW WKH ODWWHU UHVWULFWV WKH UDQJH RI WKH DQJXODU PRPHQWXP - DFFRUGLQJ
WR õìíïèôï

&RPSDULQJ FDOFXODWHG ZLWK PHDVXUHG VSHFWUD RI QXFOHDU OHYHOV PRVWO\ RQH
VLQJOH QXFOHXV LV LQYHVWLJDWHG QHJOHFWLQJ WKH ELQGLQJ HQHUJ\ UHODWLYH WR RWKHU
QXFOHLï 7KH ORZHVW OHYHO LV FKDUDFWHULVHG E\ QG  í DQG WKHUHIRUH W  -  íï ,I ZH
SXW HQ  YQ  í WKH HQHUJ\ RI WKLV VWDWH LV ]HURï 0RUHRYHU DW WKH EHJLQQLQJ RI WKLV
FKDSWHU Yí  Yë  í KDV EHHQ FKRVHQ DQG VR ZH REWDLQ Xí  HV  í õìíïëô DQG WKH
FRHIILFLHQWV õìíïìæô UHDG OLNH WKLV

HG©  H ò õêîìíôFí ð õëîæôFë ð õìåîêèôFéñ

YQG  õìî�èôXëñ

YG  õìîìíôFí ò õìîæôFë òõäîêèôFé ð õìî�èôXëñ õìíïìåô

YW  ðõìîìíôFí ò õìîæôFë ð õêîæíôFéñ

YM  ðõìîìéôFë ò õìîìéôFéï

+HUH ZH KDYH ZULWWHQ H LQVWHDG RI HGñ DV LV XVXDOï ,Q PRVW SXEOLVKHG
FRPSDULVRQV ZLWK UHDO QXFOHDU VSHFWUDñ WKH TXDQWLW\ Xë LV SXW HTXDO WR ]HUR DQG
WKH HQHUJLHV DUH JLYHQ DV IROORZV

(õ,ô
QG W -  HG¨QG ò YGQG

ë ò YW W õW ò êô ò YM -õ- ò ìôï õìíïìäô

)LWWLQJ WKHRUHWLFDO RQ H[SHULPHQWDO YDOXHV RQH ILQGV WKDW IRU WKH PRVW SDUW YW DQG
YM DUH SRVLWLYH DQG VPDOO UHODWLYH WR HG ¨ï 7KH OHYHOV ZLWK JUHDWHVW SRVVLEOH YDOXHV
IRU W DQG - IRU JLYHQ QG Lï Hï ZLWK W  QG DQG -  ëQGñ FRQVWLWXWH D FRQVSLFXRXV
VHULHV VKRZLQJ WKH DQJXODU PRPHQWD -  íñ ëñ éñ ç DQG VR IRUWK DQG VOLJKWO\
LQFUHDVLQJ VWHSV LQ HQHUJ\ñ ZKLFK LV QDPHG <ðVHULHVï (YHU\ OHYHO RI WKLV NLQG LV
WKH ORZHVW RQH RI WKH SDUWLDO VSHFWUXP ZLWK WKH VDPH DQJXODU PRPHQWXPï 7KXVñ
OHYHOV RI WKH<ðVHULHV VKRZ WKH IROORZLQJ HQHUJLHV

(õ<ô
- � (õ,ô

QG W -îë  õìîëôHG©- ò õìîéôYG -
ë ò õìîëôYW -õ-îë ò êô ò YM -õ- ò ìô  

õìîåô>õéH ð ëFéô- ò Fé- ë@ õìíïëíô

ZKHUH õìíïìåô DQG Xë  í KDYH EHHQ HPSOR\HGï $SDUW IURP WKH IHHEOH TXDGUDWLF
WHUPñ WKH HQHUJ\ JURZV LQ õìíïëíô SURSRUWLRQDO WR - Lï Hï LQ WKH VDPH ZD\ DV WKH
HLJHQHQHUJLHV RI WKH KDUPRQLF RVFLOODWRUï 7KLV PDWKHPDWLFDO IRUP DSSHDUV DOVR



çí

LI WKH DWRPLF QXFOHXV LV LQWHUSUHWHG DV D YLEUDWLQJ GURSOHW IRU ZKLFK UHDVRQ WKH
VSHFLDO FDVH GHDOW ZLWK LQ WKLV FKDSWHU LV QDPHG ¦YLEUDWLRQDO OLPLW¦ï 2Q WKH RWKHU
KDQGñ ZH ZLOO VKRZ WKDW WKH +DPLOWRQ RSHUDWRU KDV IHDWXUHV RI WKH /LH DOJHEUD
Xõèôñ ZKLFK LV ZK\ WKH QDPH ¦Xõèô OLPLW§ LV DOVR XVHGï
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)LJXUH ìíïìï 0HDVXUHG VSHFWUXP RI ìíë5Xï 7KH HQHUJLHV RI WKH <ðVHULHV
DUH JLYHQ õ$ULPD DQG ,DFKHOORñ ìäæçDñ Sï ëæêôï
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,Q ILJXUH ìíïì WKH OHYHOV RI WKH <ðVHULHV RI WKH QXFOHXV ìíë
éé5Xèå DUH PDUNHG DQG

WKH HQHUJLHV DUH JLYHQï 7KH HQHUJ\ GLIIHUHQFH EHWZHHQ WZR OHYHOV RI WKH <ð
VHULHV IROORZLQJ HDFK RWKHU UHDGV DFFRUGLQJ WR õìíïëíô

'(õ<ô
-  (

õ<ô
- ð (

õ<ô
-ðë  H ð Fé ò õìîëôFé-ï õìíïëìô

''''(õ<ô-
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ë é ç å -

)LJXUH ìíïëï (QHUJ\ GLIIHUHQFHV '(õ<ô
-  (õ<ô

- ð (
õ<ô

-ðë EHWZHHQ OHYHOV
RI WKH <ðVHULHV IROORZLQJ HDFK RWKHU RI WKH QXFOHXV ìíë

éé5Xèå
DFFRUGLQJ WR ILJXUH ìíïìï 7KH VWUDLJKW OLQH ILWWHG LQ E\ H\H \LHOGV WKH
YDOXHV Fé  ìëè NH9 DQG H  éåè NH9 IRU WKH FRHIILFLHQWV LQ õìíïëìôï
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)LJXUH ìíïêï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH WKHRUHWLFDO
VSHFWUXP RI ìíë5Xï 7KH VSHFWUXP LV FDOFXODWHG E\ PHDQV RI õìíïìäô DQG
õìíïìåô ZLWK WKH SDUDPHWHUV H  éåì NH9ñ Fí  ðìå NH9ñ Fë  ìéì NH9ñ Fé  
ìéé NH9 DQG Xë  í õ$ULPD DQG ,DFKHOORñ ìäæçDñ Sï ëæêôï 7KH QXPEHUV
DERYH RU EHORZ WKH OLQHV LQGLFDWH WKH QXPEHUV RI GðERVRQVï
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7KH PHDVXUHG YDOXHV RI '(õ<ô
- RI WKH VDPH QXFOHXV DUH SORWWHG DJDLQVW - LQ

ILJXUH ìíïëï 0DNLQJ XVH RI õìíïëìô DQG RI D JUDSKLFDO SURFHGXUH WKH FRHIILFLHQWV
Fé DQG H DUH IRXQGï ,Q ILJXUH ìíïê DERXW D GR]HQ OHYHOV DUH JLYHQ ZKLFK KDYH
EHHQ FDOFXODWHG E\ PHDQV RI õìíïìäô DQG õìíïìåô DGMXVWLQJ WKH FRHIILFLHQWV Fíñ
Fëñ Fé DQG H ï 7KH YDOXHV RI WKH ODVW WZR TXDQWLWLHV DJUHH UHDVRQDEO\ ZLWK WKRVH
RI ILJXUH ìíïëï 7KH OHYHOV DUH VXEGLYLGHG LQ WKH VHULHV <ñ ;ñ =ñ E DQG ' ZKLFK
KDYH WKH IROORZLQJ FKDUDFWHULVWLFV

VHULHV W Q' -

< QG í ëQG
; QG í ëQG ð ë
= QG í ëQG ð ê

RWKHUV QG í ëQG ð é õìíïëëô
ëQG ð è

E QG ðë í ë W  ëQG ð é
' QG ì ëQG ð ç

7KH UXOH õìíïèô H[FOXGHV D IXUWKHU VHULHV ZLWK -  ëQG ð ì EHWZHHQ WKH VHULHV <
DQG ;ï $V LQ RWKHU QXFOHDU PRGHOV KHUH LW LV LPSRVVLEOH WR UHSURGXFH DOO
PHDVXUHG OHYHOVï (YHU\ PRGHO LV EDVHG RQ DSSUR[LPDWLRQVñ ZKLFK UHVWULFW WKH
ILHOG RI DSSOLFDELOLW\ï

)LJXUHV ìíïé DQG ìíïè VKRZ WKH VSHFWUD RI ììí
éç&Gçë DQG ìåå

æå3Wììí ZLWK WKH
FRUUHVSRQGLQJ OHYHOV FDOFXODWHG E\ PHDQV RI õìíïìäôï &RPSDULQJ WKHVH WKUHH
PHDVXUHG õ RU FDOFXODWHG ô VSHFWUD UHYHDOV D FOHDU DJUHHPHQW RI WKH HQHUJ\
VWUXFWXUHVñ ZKLFK LV H[SHFWHG EHFDXVH õìíïìäô GRHV QRW FRQWDLQ WKH ERVRQ
QXPEHU 1ï

)LJXUH ìíïç GHSLFWV WKH VHULHV < DQG ; IRU ìíí
éç3Wèé õ 1  é ôï $SSDUHQWO\ñ KHUH

WKH ERVRQ QXPEHU KDV EHHQ H[WUDSRODWHG RYHU WKH YDOXH é RWKHUZLVH - x å
ZRXOG KROGï
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)LJXUH ìíïéï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH WKHRUHWLFDO VSHFWUXP
RI ììí&Gï 7KH VSHFWUXP LV FDOFXODWHG E\ PHDQV RI õìíïìäô DQG õìíïìåô ZLWK WKH
SDUDPHWHUV H  æëë NH9ñ Fí  ëä NH9ñ Fë  ð éë NH9ñ Fé  äå NH9 DQG Xë  í
õ$ULPD DQG ,DFKHOORñ ìäæçDñ Sï ëæéôï
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ìåå
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)LJXUH ìíïèï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH WKHRUHWLFDO
VSHFWUXP RI ìåå3Wï 7KH VSHFWUXP LV FDOFXODWHG E\ PHDQV RI õìíïìäô DQG
õìíïìåô ZLWK WKH SDUDPHWHUV H  ëåì NH9ñ Fí  ìéå NH9ñ Fë  êí NH9ñ Fé  
ììí NH9 DQG Xë  í õ$ULPD DQG ,DFKHOORñ ìäæçDñ Sï ëæéôï
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)LJXUH ìíïçï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH FDOFXODWHG HQHUJLHV
RI WKH <ðVHULHV DQG WKH ;ðVHULHV LQ ìíí3Gï 7KH SDUDPHWHUV HPSOR\HG DUH
H  çåí NH9ñ Fë  ðìçí NH9 XQG Fé  éè NH9 õ$ULPD DQG ,DFKHOORñ ìäæçDñ Sï
ëæèôï
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$FFRUGLQJ WR õæïìçô WKH TXDQWLWLHV Fíñ Fëñ Fé DQG H VWDQG IRU PDWUL[ HOHPHQWV RI
LQWHUDFWLRQ RSHUDWRUV DQG WKH\ VKRXOG EH LQGLYLGXDOO\ HTXDO IRU HYHU\ QXFOHXV
FRQWUDU\ WR WKH UHDOLW\ï 7KH GLVFUHSDQF\ FDQ EH H[SODLQHG LQ WKH IROORZLQJ ZD\

õLô WKH LQWHUDFWLRQ EHWZHHQ Vð DQG GðERVRQV LV QHJOHFWHG LQ WKLV OLPLWñ
õLLô WKH HIIHFWLYH ERVRQðERVRQ LQWHUDFWLRQ FDQ GHSHQG RQ WKH WRWDO QXPEHU RI

ERVRQVñ
õLLLô QR GLIIHUHQFH LV PDGH EHWZHHQ ERVRQV DWWULEXWHG WR SURWRQV DQG WKRVH

EHORQJLQJ WR QHXWURQVï

7KH OLPLWDWLRQ õLô ZLOO EH GURSSHG ODWHU IRU WKH ,%0ì DQG WKH DSSUR[LPDWLRQ õLLLô LV
DEROLVKHV LQ WKH PRGHO ,%0ëï

$VVLJQLQJ PHDVXUHG WR FDOFXODWHG OHYHOV LV XQFHUWDLQ LI QR RWKHU FULWHULRQ WKDQ
WKH HQHUJ\ LV FRQVLGHUHGï 7KH UDWHV RI HOHFWURPDJQHWLF WUDQVLWLRQV IURP OHYHO WR
OHYHO DUH ZHOOðNQRZQ TXDQWLWLHVñ ZKLFK FDQ KHOS WR LPSURYH WKH LGHQWLILFDWLRQ RI
VWDWHVï :H ZLOO GHDO ZLWK WKHP LQ WKH QH[W FKDSWHUï

2QO\ D UHVWULFWHG QXPEHU RI QXFOHL EHKDYH DFFRUGLQJ WR WKH YLEUDWLRQDO OLPLWï
6\VWHPDWLF LQYHVWLJDWLRQV VKRZHG WKDW QXFOHL ZLWK QHXWURQð DQGîRU SURWRQ
QXPEHUV QHDU WKH PDJLF QXPEHUV èíñ åë DQG ìëç EHORQJ WR WKLV OLPLW õ VHH
ILJXUH ìíïæ ôï
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)LJXUH ìíïæï 5HJLRQ RI WKH SHULRGLF WDEOH RI WKH HYHQðHYHQ QXFOHLï =  
QXPEHU RI SURWRQVñ 1  QXPEHU RI QHXWURQVï 7KH FLUFOHV GHQRWH QXFOHL RI
WKH XõèôðOLPLW õ,DFKHOOR DQG $ULPDñ ìäåæñ Sï éëôï
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ìì (OHFWURPDJQHWLF WUDQVLWLRQV LQ WKH XõèôðOLPLW

([FLWHG QXFOHL FDQ UHDFK ORZHU HQHUJ\ OHYHOV E\ HPLWWLQJ HOHFWURPDJQHWLF
UDGLDWLRQï ,Q WKLV FKDSWHU PDLQO\ WKH HOHFWULF TXDGUXSROH UDGLDWLRQ ZLOO EH WUHDWHG
DQG WKH WUDQVLWLRQ SUREDELOLWLHV ZLOO EH IRUPXODWHG IRU WKH ,%0ï )LUVWñ D VKRUW
LQWURGXFWLRQ ZLOO EH JLYHQ DQG LQ WKH VHFRQG VHFWLRQ WKH GHILQLWLRQ RI WKH
LQWHUDFWLRQ RSHUDWRU DQG LWV UHSUHVHQWDWLRQ E\ FUHDWLRQð DQG DQQLKLODWLRQ
RSHUDWRUV IRU ERVRQV IROORZVï ,Q WKH WKLUG VHFWLRQ WKH FRQQHFWLRQ EHWZHHQ WKH
PDWUL[ HOHPHQWV RI WKH LQWHUDFWLRQ RSHUDWRU DQG WKH WUDQVLWLRQ SUREDELOLWLHV ZLOO
EH GHVFULEHGï 7KH GHULYDWLRQ RI FORVHG H[SUHVVLRQV IRU WKHVH PDWUL[ HOHPHQWV õ
VHFWLRQ ììïé ô DQG D FRPSDULVRQ ZLWK H[SHULPHQWDO GDWD IROORZï ,Q WKH VHFWLRQ
ììïç DQG ììïæ VSHFLDO WUDQVLWLRQV DQG OHYHOV DUH WUHDWHG DQG ILQDOO\ ZH ORRN LQWR
WKH TXDGUXSROH PRPHQWï

ììïì 0XOWLSROH UDGLDWLRQ

7KH HOHFWURPDJQHWLF ILHOG RI D UDGLDWLQJ QXFOHXV LV UHSUHVHQWHG E\ D YHFWRU
SRWHQWLDO $õUôï ,W LV FKDUDFWHULVHG E\ D VSKHULFDO KDUPRQLF </0 õUô ZLWK U  UîU
õ%UXVVDDUG DQG *ODXGHPDQVñ ìäææñ Sï ìæäôï ,W GHVFULEHV WKH PXOWLSROH UDGLDWLRQ
RI WKH RUGHU ë/ SRVVHVVLQJ WKH DQJXODU PRPHQWXP /ï :KHQ D QXFOHXV HPLWV D
SKRWRQñ WKLV DQJXODU PRPHQWXP LV FDUULHG DZD\ IURP WKH LQLWLDO QXFOHDU VWDWH
KDYLQJ VSLQ -L ZKLFK UHVXOWV LQ D ILQDO VWDWH ZLWK VSLQ -I ï 7KXVñ WKH WULDQJOH
FRQGLWLRQ

-L ò / � -I � _ -L ð / _ õììïìô

LV VDWLVILHGï 7KHUH DUH WZR W\SHV RI PXOWLSROH UDGLDWLRQñ WKH HOHFWULF DQG WKH
PDJQHWLFï 7KH\ GLIIHU QRW RQO\ LQ WKHLU VSDWLDO VKDSH EXW DOVR LQ WKH SDULW\ RI WKH
ILHOGï )RU H[DPSOHñ SRVLWLYH SDULW\ PHDQV WKDW WZR SRLQWV RI WKH ILHOG IXQFWLRQ
O\LQJ GLDPHWULFDOO\ ZLWK UHVSHFW WR WKH RULJLQ VKRZ WKH VDPH IXQFWLRQ YDOXHï )RU
QHJDWLYH SDULW\ñ WKHVH YDOXHV GLIIHU RQO\ LQ VLJQï

(OHFWULF PXOWLSROH UDGLDWLRQ KDV SRVLWLYH SDULW\ IRU HYHQ /ðYDOXHV DQG QHJDWLYH
SDULW\ IRU RGG RQHVï 7KH PDJQHWLF PXOWLSROH UDGLDWLRQ VKRZV MXVW WKH RSSRVLWH
EHKDYLRXUï ,I WZR ILHOGV DUH FRXSOHG ZKLFK SRVVHVV WKH VDPH SDULW\ WKH
FRPELQDWLRQ VKRZV SRVLWLYH SDULW\ DQG QHJDWLYH SDULW\ UHVXOWV LI WKH FRPSRQHQWV
KDYH GLIIHUHQW SDULW\ï

,Q WKH LQWHUDFWLQJ ERVRQ PRGHO ì DQG ëñ VLQJOH ERVRQ VWDWHV õ DFWXDOO\ PDWHULDO
ZDYHV ô DUH FRXSOHG ZKLFK KDYH DOO SRVLWLYH SDULW\ õ HYHQ DQJXODU PRPHQWD /  
íñ ë UHVXOW LQ SRVLWLYH SDULW\ñ ZKLFK LV FRQQHFWHG ZLWK WKH EHKDYLRXU RI WKH
VSKHULFDO KDUPRQLFV ôï 7KXVñ DOO FROOHFWLYH VWDWHV RI WKHVH PRGHOV KDYH SRVLWLYH
SDULW\ï %HFDXVH WKH HPLVVLRQ RI D SKRWRQ OHDGV IURP D VWDWH RI SRVLWLYH SDULW\ WR
DQRWKHU ZLWK WKH VDPH SDULW\ DOO W\SHV RI UDGLDWLRQ PXVW VKRZ SRVLWLYH SDULW\ï
&RQVHTXHQWO\ñ IRU PXOWLSROH UDGLDWLRQ WKH IROORZLQJ /ðYDOXHV DUH SRVVLEOH

HOHFWULF ã /  ëñ éñ çñ ïïï õììïëô
PDJQHWLF ã /  ìñ êñ èñ ïïï ï



æí

,Q RUGHU WR IRUPXODWH WKH SUREDELOLW\ RI D UDGLDWLYH WUDQVLWLRQ WR D ORZHU OHYHO ZH
ZLOO ORRNH LQWR WKH HQHUJ\ H[SHULHQFHG E\ WKH H[FLWHG QXFOHXV LQ WKH ILHOG RI
UDGLDWLRQ Lï Hï LQWR WKH LQWHUDFWLRQ HQHUJ\ RI WKH UDGLDWLRQ ILHOG ZLWK WKH FKDUJHV RU
PDJQHWLF PRPHQWV RI WKH QXFOHXVï

ììïë 7KH RSHUDWRU RI WKH HOHFWURPDJQHWLF LQWHUDFWLRQ

,Q TXDQWXP PHFKDQLFVñ WKH FODVVLFDO H[SUHVVLRQ RI WKH LQWHUDFWLRQ HQHUJ\ LV
UHSODFHG E\ DQ RSHUDWRUï )RU WKH HOHFWULF PXOWLSROH UDGLDWLRQñ WKLV RSHUDWRU RI WKH
HOHFWURPDJQHWLF LQWHUDFWLRQ FDQ EH ZULWWHQ HPSOR\LQJ WKH ORQJðZDYHOHQJWK
DSSUR[LPDWLRQ õ %UXVVDDUG DQG *ODXGHPDQVñ ìäææñ Sï ìåë ô OLNH WKLV

2õ(ñ /ñ 0ô  ¦ N  ì
$ HõNô UõNô/ </0 õUõNôôï õììïêô

7KH VXP FRYHUV DOO QXFOHRQV RI WKH QXFOHXV DQG HõNô LV WKH FKDUJH RI WKH NWK
QXFOHRQï 2EYLRXVO\ 2õ(ñ /ñ 0ô LV D VLQJOH QXFOHRQ RSHUDWRU DQG LW FRUUHVSRQGV
IRUPDOO\ WR WKH VLQJOHðERVRQ RSHUDWRU õèïìôï 7KH RSHUDWRU IRU PDJQHWLF PXOWLSROH
UDGLDWLRQ LV RI WKLV W\SH DV ZHOOï 'XH WR WKH VSKHULFDO KDUPRQLFVñ ERWK NLQGV RI
LQWHUDFWLRQ RSHUDWRUV DUH WHQVRU RSHUDWRUV õ VHFWLRQ çïê ôï :H WUDQVIHU ERWK
SURSHUWLHV RI WKLV RSHUDWRU ð LW LV D WHQVRU DQG LW UHSUHVHQWV WKH VLQJOH SDUWLFOH
W\SH ð WR WKH FRUUHVSRQGLQJ LQWHUDFWLRQ RSHUDWRU RI WKH LQWHUDFWLQJ ERVRQ PRGHOñ
ZKLFK ZH ZULWH DQDORJRXVO\ WR õììïêô DV IROORZV

2õ(ñ /ñ 0ô  ¦ L  ì
1 Rõ(ñ /ñ 0ñ [Lôï õììïéô

7KH VXP H[WHQG RYHU DOO DFWLYH ERVRQV DQG Rõ(ñ /ñ 0ñ [Lô LV D WHQVRU RSHUDWRU RI
WKH UDQN /ï 3URYLVLRQDOO\ ZH DUH DWWULEXWLQJ WR WKH LWK ERVRQ WKH VHW RI YDULDEOHV
[Lï )RU WKH PDJQHWLF UDGLDWLRQ DQ DQDORJRXV UHODWLRQ LV WUXHï 7KH H[SUHVVLRQ
õììïéô FDQQRW EH GHGXFHG FRPSOHWHO\ RU EH GHVFULEHG PRUH LQ GHWDLOï ,Q IDFWñ LW
EHORQJV WR WKH EDVLF SRVWXODWHV RI WKH ,%0ï $FFRUGLQJ WR õèïëèô DQG õèïìéô WKH
RSHUDWRU 2õ(ñ /ñ 0ô FDQ EH ZULWWHQ LQ WKH VHFRQG TXDQWLVDWLRQ DV

2õ(ñ /ñ 0ô  ¦ OSñ OTñ PSñ PT ¢Sñ OSñ PS _ Rõ(ñ /ñ 0ô _ Tñ OTñ PT ² E
ò
OS PS EOT PT ï õììïèô

0DWUL[ HOHPHQWV RI WHQVRU RSHUDWRUV FDQ EH VSOLW LQ WZR IDFWRUV ZLWK WKH DLG RI
WKH :LJQHU ð (FNDUW WKHRUHP õ$èïåô DV IROORZV

¢Sñ OSñ PS _ Rõ(ñ /ñ 0ô _Tñ OTñ PT ²  

õOT PT / 0 _ OS PSô õëOS ò ìô
ðìîë ¢Sñ OS __ Rõ(ñ/ô __Tñ OT ²ï õììïçô

7KH ULJKW KDQG VLGH RI õììïçô FRQWDLQV D &OHEVFKð*RUGDQ FRHIILFLHQW DQG WKH
UHGXFHG PDWUL[ HOHPHQWñ ZKLFK LV LQGHSHQGHQW RI WKH SURMHFWLRQ TXDQWXP
QXPEHUV PSñ PT DQG 0ï $FFRUGLQJ WR õçïìäô DQG õ$ìïìéô ZH ZULWH

EòOSñ PS EOTñ PT  õðìô
ðPT EòOS PS EaaaaOT PT  

õðìôðPT¦ /© 0© õOS PS OTñ ðPT _ /© 0©ô >E
ò
OS u EaaaaOT @

õ/© ô
0© ï õììïæô

:H LQVHUW õììïçô DQG õììïæô LQ õììïèô DQG REWDLQ
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2õ(ñ /ñ 0ô  ¦ /© 0© OS OT ¦PS PT õðìô
ðPT õOT PT / 0 _ OS PSô õOS PS OTñ ðPT _ /© 0©ô �

õëOS ò ìô
ðìîë ¢Sñ OS __ Rõ(ñ/ô __Tñ OT ² >EòOS u EaaaaOT @

õ/© ô
0©ï õììïåô

'XH WR õ$ìïéô XS WR õ$ìïçô WKH UHODWLRQ

õðìôðPT õOT PT / 0 _ OS PSô  õðìô
OT õõëOS ò ìôîõë/ ò ìôô

ìîë õOT PT OSñ ðPS _ /ñ ð0ô

 õðìôOT õõëOS ò ìôîõë/ òìôô
ìîë õOS PS OT ðPT _ / 0ô õììïäô

KROGVñ ZKLFK ZH LQVHUW LQ õììïåôï 6LQFH OT LV HYHQ DQG EHFDXVH RI

¦PS PT õOS PS OTñ ðPT _/ 0ô õOS PS OTñ ðPT _ /© 0©ô  G //© G 00© õ$ìïìíô ZH KDYH

2õ(ñ /ñ 0ô  ¦ /© 0© OS OT G //© G 00© õë/ ò ìô
ðìîë ¢Sñ OS __ Rõ(ñ/ô __Tñ OT ² >EòOS u EaaaaOT @

õ/© ô
0©

 ¦ OS OT õë/ ò ìô
ðìîë ¢Sñ OS __ Rõ(ñ/ô __ Tñ OT ² >EòOS u EaaaaOT @

õ/© ô
0©ï õììïìíô

$PRQJ WKH UDGLDWLYH WUDQVLWLRQV WKH HOHFWULF TXDGUXSROH WUDQVLWLRQ LV PRVW
VXLWDEOH IRU GHPRQVWUDWLQJ WKH QDWXUH RI D FROOHFWLYH VWDWH õ7DOPLñ ìääêñ Sï æéç ôï
,Q WKLV FDVH õ /  ëñ OS DQG OT  íñ ë ô WKH H[SUHVVLRQ õììïìíô UHGXFHV WR WKUHH
WHUPV

2õ(ñ ëñ Pô  Dë G òPPPP V ò Dë© V
ò G aaaa

PPPP ò Eë >G
ò u G aaaa@õ ë ôP

ZLWK Dë  ¢ G __ Rõ(ñëô __ V ²î�è ñ

Dë©  ¢ V __ Rõ(ñëô __ G ²î�è ñ

Eë  ¢ G __ Rõ(ñëô __ G ²î�è ï õììïììô

%HFDXVH Rõ(ñëô LV D WHQVRU RSHUDWRU RQH FDQ VKRZ WKDW Dë  Dë© ó KROGV õ7DOPLñ
ìääêñ Sï ììëôï ,WöV XVXDO WR DVVXPH WKDW Dë LV UHDO Lï Hï Dë  Dë© DQG ZH FDQ ZULWH

2õ(ñ ëñ Pô  Dë õG òPPPP V ò V
ò G aaaa

PPPPô ò Eë >G
ò u G aaaa@õ ë ôPï õììïìëô

7KLV LV WKH RSHUDWRU RI WKH HOHFWULF TXDGUXSROH WUDQVLWLRQV RI WKH ,%0ï ,W LV QRW
OLPLWHG WR D VSHFLDO FDVH õ OLPLW ôï

:H QRZ FDUU\ RXW D URXJK HVWLPDWH RI WKH TXRWLHQW Eë îDë ï $V D PRGHO ZH
FRQVLGHU D FORVHG FRUH ZLWK D VLQJOH ERVRQ PRYLQJ OLNH D SDUWLFOH LQ WKH SRWHQWLDO
RI WKH KDUPRQLF RVFLOODWRUï ,W LV UHSUHVHQWHG E\ WKH IXQFWLRQ 5 O õUô <O PõUô ZLWK U  
UîUñ ZKLFK FRQVLVWV RI WKH VSKHULFDO KDUPRQLFV <O P õUô DQG RI WKH UðGHSHQGHQW
SDUW 5 O õUô õ VHH /DZVRQñ ìäåíñ Sï æ ôï :H GHQRWH WKH VLQJOH SDUWLFOH RSHUDWRU RI
WKH TXDGUXSROH UDGLDWLRQ DFFRUGLQJ WR õììïêô E\ 2õ(ñ ëñ 0ô  Rõ(ñ ëñ 0ô  H Uë

<ë0 õUôï 7KXVñ ZH ZULWH

¢ G __ Rõ(ñëô __ V ²  H ¢ <ë __ <ë __ <í ² ³5 ëõUô 5 íõUô U
é GU DQG

¢ G __ Rõ(ñëô __ G ²  H ¢ <ë __ <ë __ <ë ² ³õ5 ëõUôô
ë Ué GUï õììïìêô

)URP %UXVVDDUG DQG *ODXGHPDQV õìäææñ Sï éìäô ZH WDNH
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¢ <ë __ <ë __ <í ²  õëèîõéSôô
ìîë õëí

ë
í
í
íô  õèîõéSôô

ìîë DQG

¢ <ë __ <ë __ <ë ²  õëèîõéSôô
ìîë �è õëí

ë
í
ë
íô  ð èîõìéSô

ìîëï õììïìéô

/DZVRQ õìäåíñ Sïæô JLYHV WKH IROORZLQJ UHODWLRQV

³5 ëñ Q  í õD Uô 5 íñ Q  í õD Uô Ué GU  ê�ìèîõëDëô DQG

³õ5 ëñ Q  í õD Uôôë Ué GU  æîõëDëôï õììïìèô

)URP õììïììô XS WR õììïìèô IROORZV

Eë îDë  ¢ G __ Rõ(ñëô __ G ²î¢ G __ Rõ(ñëô __ V ²  ð �õìéîëæô  ð íïæëï õììïìçô

)RU ¦SK\VLFDO VROXWLRQV¦ 2ï 6FKROWHQ õìääìñ Sï ääô IRUPXODWHV WKH FRQGLWLRQ
í ! Eë îDë ! ð �æîë  ð ìïêëêñ ZKLFK LV VDWLVILHG E\ õììïìçôï ,Q SUDFWLFH WKH
FRHIILFLHQWV Dë DQG Eë VHUYH DV SDUDPHWHUVñ ZLWK ZKLFK PHDVXUHG GHFD\ UDWHV
DUH ILWWHGï

ììïê 7UDQVLWLRQ SUREDELOLWLHV

7KH WKHRU\ RI WKH HOHFWURPDJQHWLF UDGLDWLRQ FRQQHFWHG ZLWK TXDQWXP PHFKDQLFV
\LHOGV WKH IROORZLQJ IRUPXOD IRU WKH SUREDELOLW\ SHU WLPH XQLW RI D UDGLDWLYH
WUDQVLWLRQ IURP WKH LQLWLDO VWDWH L ZLWK VSLQ -L WR WKH ILQDO VWDWH I ZLWK -I õ %UXVVDDUG
DQG *ODXGHPDQVñ ìäææñ Sï ìåäô

7õ/ñ -L�-I ô  åSõ/ ò ìô/
ðìõõë/ ò ìôüüôðë õT ë/òìî!ô %õ/ñ -L�-I ôï õììïìæô

/ LV WKH DQJXODU PRPHQWXP RI WKH UDGLDWLRQ ILHOG DQG õë/ ò ìôüü VWDQGV IRU
õë/ ò ìôõë/ ð ìôõë/ ð êô� ïïï �ê�ìï 7KH TXDQWLW\ T GHSHQGV GLUHFWO\ RQ WKH HQHUJ\
GLIIHUHQFH '(  (L ð(I RI WKH VWDWHV LQYROYHG LQ WKH WUDQVLWLRQ OLNH WKLV

T  '( îõ!Fôï õììïìåô

(TXDWLRQ õììïìæô KROGV ERWK IRU HOHFWULF DQG PDJQHWLF PXOWLSROH UDGLDWLRQï $
PXOWLWXGH RI QXFOHL EHLQJ LQ WKH VWDWH L GHFD\V H[SRQHQWLDOO\ ZLWK WKH PHDQ
OLIHWLPH WP ZKLFK LV FRQQHFWHG ZLWK 7õ/ñ -L�-I ô DV IROORZV

WP õ/ñ -L�-I ô  ìî 7õ/ñ -L�-Iôï õììïìäô

8VLQJ WKH XQFHUWDLQW\ UHODWLRQ '(� 'W � ! RQH FDQ GHILQH WKH ZLGWK RI D OHYHO

*  !îWP  !7 ï õììïëíô

7KH TXDQWLW\ %õ/ñ -L �-I ô LQ õììïìæô LV WKH UHGXFHG WUDQVLWLRQ SUREDELOLW\ï
$FFRUGLQJ WR õììïìæô XS WR õììïëíô LW LV UHODWHG LQ D VLPSOH ZD\ WR WKH PHDQ
OLIHWLPH RU WKH ZLGWK RI WKH LQLWLDO OHYHO DQG WKHUHIRUH ZH FDQ UHJDUG LW DV D
PHDVXUDEOH TXDQWLW\ï
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)URP TXDQWXP PHFKDQLFV ZH OHDUQ WKDW %õ/ñ -L �-I ô LV FRQQHFWHG ZLWK WKH
UHGXFHG PDWUL[ HOHPHQW RI WKH RSHUDWRU 2õ/ñ 0ô RI WKH LQWHUDFWLRQ EHWZHHQ WKH
PXOWLSROH UDGLDWLRQ ILHOG DQG WKH QXFOHXV DV IROORZV

%õ/ñ -L�-I ô  ¢ -I __ 2õ/ô __ -L ²
ëîõë-L ò ìôï õììïëìô

7KLV UHODWLRQ KROGV IRU HOHFWULF DQG PDJQHWLF WUDQVLWLRQVï 7KH UHGXFHG PDWUL[
HOHPHQW ¢ -I __ 2õ/ô __ -L ² LV UHODWHG WR WKH QRUPDO PDWUL[ HOHPHQW GXH WR WKH
:LJQHU ð (FNDUW WKHRUHP õ DSSHQGL[ è ô OLNH WKLV

¢ -I 0I _ 2õ/ 0ô _ -L 0L ²  õ-L 0L / 0 _ -I 0Iô õë-I ò ìô
ðìîë¢ -I __ 2õ/ô __ -L ²ï õììïëëô

)RU HOHFWULF UDGLDWLYH WUDQVLWLRQV ZLWK /  ë ZH LQVHUW WKH H[SUHVVLRQ õììïìëô LQ
WKH QRUPDO PDWUL[ HOHPHQW RI õììïëëô DQG REWDLQ

¢ -I 0I _ 2õ(ñ ëñ 0ô _ -L 0I ²  õììïëêô

¢ QVI QGI WI Q'I -I 0I _ Dë õG òPPPPV ò V
òG aaaa

PPPPô ò Eë >G
ò u G aaaa@õ ë ôPPPP _ QVL QGL WL Q'L -L 0L ²ï

7KLV PDWUL[ HOHPHQW RI WKH HOHFWULF TXDGUXSROH WUDQVLWLRQ FRQWDLQV WKUHH WHUPVï
7KH ILUVW EHFRPHV DFWLYH õ LV GLIIHUHQW IURP ]HUR ô LI WKH ILQDO VWDWH I KDV RQH Gð
ERVRQ PRUH WKDQ WKH LQLWLDO RQH õ L ôñ WKH VHFRQG LV DWWULEXWHG WR WKH LQYHUVH
VLWXDWLRQ DQG WKH WKLUG LV LPSRUWDQWñ LI ERWK VWDWHV FRQWDLQ WKH VDPH QXPEHU RI Gð
ERVRQVï ,Q õììïëêô VWDWHV RI WKH VSKHULFDO EDVLV Lï Hï RI WKH YLEUDWLRQDO OLPLW DUH
FKRVHQ ZKLFK KDYH D GHILQLWH QXPEHU QG RI GðERVRQVï ,Q WKLV OLPLW UDGLDWLYH
TXDGUXSROH WUDQVLWLRQV RFFXU RQO\ EHWZHHQ VWDWHV ZKLFK GLIIHU LQ WKH QXPEHU RI
GðERVRQV E\ 'QG  í ñ ò ì RU ¤ ìï

ììïé 5HGXFHG PDWUL[ HOHPHQWV IRU ¨̈̈̈''''QG ¨̈̈̈  ì

1RZ ZH ZLOO ZRUN RQ WKH ILUVW WHUP RI WKH PDWUL[ HOHPHQW õììïëêô DQG IRUPXODWH
MXVW WKH UHGXFHG PDWUL[ HOHPHQW RI WKH HOHFWULF TXDGUXSROH UDGLDWLRQ PDNLQJ XVH
RI õììïëëô DQG GURSSLQJ Q'ï :H KDYH

¢ QVI  QVL ð ìñ QGI  QGL ò ìñ WI -I __ G òV __ QVL QGL WL -L ²  

õë-I ò ìô
ìîë õ-L 0L ë P _ -I 0I ô

ðì �

¢ QVI  QVL ð ìñ QGI  QGL ò ìñ WI -I 0I _ G
ò
PPPPV _ QVL QGL WL -L 0L ²ï õììïëéô

'XH WR õèïìæôñ V _QVL QGL WL -L 0L ²  �QVL _QVL ð ìñQGL WL -L 0L ² KROGVï %HFDXVH WKH
VWDWHV DUH IDFWRULVHG LQ D SDUW ZLWK Vð DQG D SDUW ZLWK GðERVRQV õçïìåô WKH
¦LQWHJUDWLRQ¦ RYHU WKH VðSDUW LQ õììïëéô \LHOGV RQO\ WKH IDFWRU �QVï 7KHUHIRUHñ ZH
KDYH

¢ QVI  QVL ð ìñ QGI  QGL ò ìñ WI -I __ G òV __ QVL QGL WL -L ²  

�QVL ¢ QGI  QGL ò ìñ WI -I __ G ò __ QGL WL -L ²ï õììïëèô

7HPSRUDULO\ ZH DUH FRQFHQWUDWLQJ RQ UHGXFHG PDWUL[ HOHPHQWV DQG OHDYH QV RXW
DFFRUGLQJ WR WKH HOHPHQW RQ WKH ULJKW KDQG VLGH RI õììïëèôï :H LQFUHDVH QG E\
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VWHSV RI ì DQG EHJLQ ZLWK QGL  íï ,Q RUGHU WR REWDLQ ¢ QGI  ìñ -I  ë __ G ò __ ² ZH
IRUP

¢ QGI  ìñ -I  ëñ 0I _ G
ò
PPPP _ QGL  íñ -L  íñ í ²  G 0I P ñ

ZKLFK UHVXOWV IURP WKH IDFW WKDW WKH RSHUDWRU G ò
PPPP JHQHUDWHV WKH VWDWH

_ QG  ìñ -  ëñ P ² RQ WKH ULJKW KDQG VLGHï 2ZLQJ WR õììïëëôñ WKH UHODWLRQV

ì  ¢ QGI  ìñ -I  ëñ P _ G òPPPP _ QGL  íñ -L  íñ í ²  

õí í ë P _ ë Pô èðìîë ¢ QGI  ìñ -I  ë __ G ò __ QGL  í ²ñ Lï Hï

¢ QGI  ìñ -I  ë __ G
ò __ QGL  í ²  �è õììïëçô

KROG EHFDXVH WKH &OHEVFKð*RUGDQ FRHIILFLHQW LV ìï

:H QRZ WXUQ WR QGL  ì DQG QGI  ëï )LUVW ZH FDOFXODWH WKH QRUPDO PDWUL[ HOHPHQW
RI G ò OLNH WKLV

¢ QGI  ëñ -I 0I _ G
ò
PPPP _ QGL  ìñ -L  ëñ 0L ²  ¢ QGI  ëñ -I 0I _ G

ò
PPPP G

ò
0L _²ï õììïëæô

8VLQJ õ$ìïìéô DQG õçïèôñ ZH ZULWH

¢ QGI  ëñ -I 0I _ G
ò
PPPP _ QGL  ìñ -L  ëñ 0L ²  

¦-0 õë P ë 0L _ - 0ô ¢ QGI  ëñ -I 0I _> G
òu G ò @õ-ô0 _²  

¦-0 õë P ë 0L _ - 0ô �ë ¢ QGI  ëñ -I 0I _ QG  ëñ - 0 ²ï

$FFRUGLQJ WR WKH RUWKRQRUPDOLW\ RI WKH QG ëðVWDWHV DQG RI õ$ìïéô ZH REWDLQ

¢ QGI  ëñ -I 0I _ G
ò
PPPP _ QGL  ìñ -L  ëñ 0L ²  

�ë õë 0L ë P _ -I 0Iôñ -I HYHQï õììïëäô

0RUHRYHUñ DFFRUGLQJ WR õììïëëô ZH KDYH

¢ QGI  ëñ -I 0I _ G
ò
PPPP _ QGL  ìñ -L  ëñ 0L ²  

õë 0L ë P _ -I 0I ôõë-I ò ìôðìîë¢ QGI  ëñ -I __ G ò __ QGL  ìñ -L  ë ² ñ ZKLFK
\LHOGV

¢ QGI  ëñ -I __ G
ò __ QGL  ìñ -L  ë ²  �ë �õë-I ò ìôï õììïêíô

:H QRZ WDNH QGI  ê DQG QGL  ë Lï Hï ZH ZLOO FDOFXODWH ¢ QGI  êñ -I __ G
ò __ QGL  ëñ

-L ²ï :H UHVWULFW RXUVHOYHV WR ILQDO VWDWHV ZLWK WKH KLJKHVW VHQLRULW\ WI  QGI  êï
$FFRUGLQJ WR õêïäô RU õìíïèô WKLV PHDQV WKDW ZH DUH LQWHUHVWHG LQ YDOXHV -I  êñ é
DQG çï )LUVWñ ZH ZRUN RQ WKH ILQDO VWDWH HPSOR\LQJ õçïäô DQG õêïæô
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_ QGI  êñ -© -I 0I ²  $ �õêîëô õðìô-I >G ò u >G ò u G ò@õ -© ô @õ -I ô0I _²  

>ì ò ëõë-© ò ìô^ëë
ë
-I

-©
-©`@

ðìîë�õìîëô õðìô-I >G ò u >G ò u G ò@õ -© ô @õ -I ô0I _²ï õììïêìô

0DNLQJ XVH RI õ$êïçô DQG RI WKH V\PPHWULHV RI WKH çðM V\PEROñ ZH ZULWH

_ QGI  êñ -© -I 0I ²  

>ì ò ëõë-© ò ìôõðìô-I :õ-© -I ë -© â ë ëô@
ðìîë�õìîëô õðìô-I >G ò u >G ò u G ò@õ -© ô @õ -I ô0I _²ï

:H UHVWULFW RXUVHOYHV WR -©  éñ EHFDXVH ZLWK WKLV FKRLFH DOO YDOXHV IRU -I
PHQWLRQHG DERYH FDQ EH UHDFKHGï 0RUHRYHUñ ZH HPSOR\ õ$ìïìô DQG õçïèô OLNH
WKLV

_ QGI  êñ -©  éñ -I 0I ²  

>ì ò ë�ä õðìô-I :õé -I ë é â ë ëô@
ðìîë õðìô-I �¦P© õë P©ñ -©  éñ 0I ð P© _ -I 0Iô �

G ò
PPPP© _QG  ëñ -©  éñ 0I ð P© ²ï õììïêëô

1RZ ZH FDOFXODWH WKH QRUPDO õ QRW UHGXFHG ô PDWUL[ HOHPHQW DQG UHSUHVHQW WKH
EUD SDUW ZLWK WKH KHOS RI õììïêëô HPSOR\LQJ WKH KHUPLWLDQ DGMRLQW RSHUDWRU GPPPP©
WKLV ZD\

¢ QGI  êñ -©  éñ -I 0I _ G
ò
PPPP _ QGL  ëñ -L 0L ²  

>ì ò ë�ä õðìô-I :õé -I ë é â ë ëô@
ðìîë õðìô-I �¦P© õë P©ñ -©  éñ 0I ð P© _ -I 0Iô �

¢ QG  ëñ -©  éñ -Iñ 0I ð P¨ _ G PPPP¨ G
ò
PPPP_ QGL  ëñ -Lñ 0L ² õììïêêô

0DNLQJ XVH RI G PPPP¨ G
ò
PPPP  GPPPP¨ PPPP ò G

ò
PPPP G PPPP¨ DQG RI WKH RUWKRQRUPDOLW\ RI WKH VWDWHV

_ QG  ëñ -ñ 0 ² ZH REWDLQ

¢ QGI  êñ -©  éñ -I 0I _ G
ò
PPPP _ QGL  ëñ -L 0L ²  

>ì ò ë�ä õðìô-I :õé -I ë é â ë ëô@
ðìîë õðìô-I �

>õë Pñ éñ 0I ð P _ -I 0Iô G-Lñé ò ¦P© õë P©ñ éñ 0I ð P© _ -I 0Iô �

¢ QG  ëñ -©  éñ -I ñ 0I ð P¨ _ G òPPPPG PPPP¨ _ QGL  ëñ -Lñ 0L ²@ õììïêéô

:H ORRN LQWR WKH ULJKW KDQG VLGH RI WKH ODVW PDWUL[ HOHPHQW PDNLQJ XVH RI õçïèô
DQG õ$ìïìô DV IROORZV

G PPPP© _ QGL  ëñ -Lñ0L²  

ëðìîë ¦ P¦ õë P§ ëñ 0L ð P§ _ -L 0Lô G PPPP¨ G
ò
PPPP§ G

ò
0L ðPPPP¦ _²ï õììïêèô

%HFDXVH RI G PPPP¨ G
ò
PPPP§ G

ò
0L ðPPPP¦  G PPPP¨PPPP§ G

ò
0L ðPPPP¦ ò G

ò
PPPP§ G PPPP¨ñ 0L ðPPPP¦ ò G

ò
PPPP§ G

ò
0L ðPPPP¦ G PPPP¨ ZH

KDYH
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G PPPP© _ QGL  ëñ -Lñ0L²  ë
ðìîë õë P© ëñ 0L ð P© _ -L 0Lô _ G0 L ðPPPP© ² ò

ëðìîë õëñ 0L ð P©ñ ë P© _ -L 0Lô _ G0 L ðPPPP© ² ò íï õììïêçô

7KH VXPPDQG ]HUR UHVXOWV IURP WKH DQQLKLODWLRQ RSHUDWRU DFWLQJ RQ WKH YDFXXP
VWDWHï %HFDXVH -L LV HYHQñ ZH FDQ ZULWH

G PPPP© _ QGL  ëñ -Lñ0L²  ë
ìîë õë P© ëñ 0L ð P© _ -L 0Lô _ G0 L ðPPPP© ²ï õììïêæô

1RZ ZH LQVHUW õììïêæô LQ õììïêéô DQG REWDLQ

¢ QGI  êñ -©  éñ -I 0I _ G
ò
PPPP _ QGL  ëñ -L 0L ²  

>ì ò ë�ä õðìô-I :õé -I ë é â ë ëô@
ðìîë õðìô-I �

>õë Pñ éñ 0I ð P _ -I 0Iô G-Lñé ò ¦P© õë P©ñ éñ 0I ð P© _ -I 0Iô �

�ë õë P© ëñ 0L ð P© _ -L 0Lô ¢ QG  ëñ -©  éñ -I ñ 0I ð P¨ _ G òPPPP _ G0 L ðPPPP© ² õììïêåô

)RU WKH ODVW PDWUL[ HOHPHQWñ ZH WDNH WKH H[SUHVVLRQ õììïëäôï 0RUHRYHUñ ZH
PDNH XVH RI WKH :LJQHUð(FNDUW WKHRUHP õ$èïåô WKLV ZD\

¢ QGI  êñ -©  éñ -I 0I _ G
ò
PPPP _ QGL  ëñ -L 0L ²  

>ì ò ë�ä õðìô-I :õé -I ë é â ë ëô@
ðìîë õðìô-I �

>õë Pñ éñ 0I ð P _ -I 0Iô G-Lñé ò ¦P© õë P©ñ éñ 0I ð P© _ -I 0Iô �

�ë õë P© ëñ 0L ð P© _ -L 0Lô �ë õëñ 0L ð P©ñ ë P _ -©  éñ 0I ð P© ô@  

õ-L 0L ë P _ -I 0Iô õë-I ò ìô
ðìîë ¢ QGI  êñ -I __ G

ò __ QGL  ëñ -L ²ï õììïêäô

:H PXOWLSO\ ERWK VLGHV RI WKH ODVW HTXDWLRQ ZLWK õ-L 0L ë P _ -I 0Iô DQG VXP
RYHU P DQG 0Lï 0DNLQJ XVH RI õ$ìïìíôñ õ$ìïéô DQG õ$êïéô ZH REWDLQï

¢ QGI  êñ -I __ G
ò __ QGL  ëñ -L ²  >ì ò õðìô

-I�ë�ä�:õé -I ë é â ë ëô@
ðìîë �

õðìô-Iõë-I ò ìô
ìîë >õðìô-I G-Lñ é ò ç�õë-L ò ìô:õ-L ë -I éâ ë ëô@ñ õ-L HYHQôï õììïéíô

7KXVñ ZH KDYH UHSUHVHQWHG WKH UHGXFHG PDWUL[ HOHPHQW RI G ò RQ WKH EDVLV RI
WKH YLEUDWLRQDO OLPLW ZLWK PD[LPDO VHQLRULW\ XS WR QGL  ë õ QGI  ê ôï $ULPD DQG
,DFKHOOR õìäæçDñ Sï ëçäô KDYH FDUULHG RQ WKH SURFHGXUH XS WR QGL  ê DQG KDYH
HODERUDWHG D FORVHG DOJHEUDLF H[SUHVVLRQ GHSHQGLQJ IURP QGL ï )RU QGL  íñ ì RU ë
LW DJUHHV ZLWK RXU UHODWLRQV õììïëçôñ õììïêíô DQG õììïéíôï

7KH UHGXFHG PDWUL[ HOHPHQW RI WKH VHFRQG RSHUDWRU RI WKH HOHFWULF TXDGUXSROH
WUDQVLWLRQ õììïëêô FDQ EH ZULWWHQ DQDORJRXVO\ WR õììïëèô DV

¢ QVI  QVL ò ìñ QGI  QGL ð ìñ -I __ V
ò G aaaa __ QVL QGL -L ²  

�õQVL ò ìô ¢ QGI  QGL ð ìñ -I __ G aaaa __ QGL -L ²ï õììïéìô

:LWK WKH KHOS RI õ$èïåô DQG õ$ìïéô XS WR õ$ìïçô RQH REWDLQV
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¢ QG ð ìñ - © __ G aaaa __ QG - ²  

�õë-© ò ìô õ- 0 ë P _ -© 0© ôðì ¢ QG ð ìñ - © 0© _ G aaaa
PPPP _ QG - 0 ²  

�õë-© ò ìô õ- 0 ë P _ -© 0© ôðì õðìôP ¢ QG ñ - 0 _ G òðPPPP _ QG ð ìñ -© 0© ²  

�õë- ò ìô õ-© 0© ë ðP _ - 0 ôðì õðìô- ð -© ¢ QG ñ - 0 _ G òðPPPP _ QG ð ìñ -© 0© ²  

õðìô- ð -© ¢ QG ñ - __ G
ò __ QG ðìñ -© ²ï õììïéëô

,Q WKH HTXDWLRQV õììïéìô DQG õììïéëôñ QG LV QRW OLPLWHGï 7KH\ DUH WUXH DV ZHOO LI
WKH VHQLRULW\ W GRHV QRW DJUHH ZLWK QG ï

,I WKH UDGLDWLYH WUDQVLWLRQ RI WKH W\SH QGL � QGI  QGL ò ìñ ZKLFK DSSHDUV LQ õììïëéô
XS WR õììïéíôñ LV HQHUJHWLFDOO\ IRUELGGHQ WKH LQYHUVH SURFHVV QGL � QGI  QGL ð ì
PD\ EH SRVVLEOH ZKLFK LV GHVFULEHG LQ õììïéëô GRZQ WR õììïéíôï

7KH UHGXFHG SUREDELOLW\ IRU WUDQVLWLRQV EHWZHHQ VWDWHV RI WKH <ðVHULHV LQ WKH
YLEUDWLRQDO OLPLW õ VHFWLRQ ìíïê ô FDQ EH ZULWWHQ QRZ IRU DQ DUELWUDU\ ERVRQ
QXPEHU QGï (PLWWLQJ (ëðUDGLDWLRQ WKH VWDWH _ QV QGñ -L  ëQG  0L ² WXUQV LQWR
_ QV ò ìñ QG ð ìñ -I  ëõQG ð ìô  0I ²ï 7KH UHGXFHG PDWUL[ HOHPHQW UHDGV DFFRUGLQJ
WR õììïéìôñ õììïéëô DQG õ$èïåô DV IROORZV

¢ QVI  QVL ò ìñ QGI  QGL ð ìñ -I __ V
ò G aaaa __ QVL QGL -L ²  

�õQVL ò ìô �õë-I ò ìô õ-L -L ëñ ðë _ -I -I ô
ðì �

¢ QGL ð ìñ -Iñ 0I  -I _ G ë _ QGL -L 0L  -L ² õðìô
ðëï

%HFDXVH RI -I  -L ð ë ZH KDYH

õ-L -L ëñ ðë _ -I -I ô  �õë-I ò ìô õë ë -I -I _ -L -Lô î �õë-L ò ìô  

�õë-I ò ìô î �õë-L ò ìôï

7KH LQLWLDO VWDWH LV ¦VWUHWFKHG¦ DQG ZH KDYH VHW LW LQ WKH ]ðGLUHFWLRQ DQG VR LW
FRQVLVWV RQO\ RQ GëðVLQJOH VWDWHVï 7KHUHIRUH WKH RSHUDWRU G ëñ ZKLFK DSSHDUV
DERYHñ WUDQVIRUPV WKH LQLWLDO VWDWH GLUHFWO\ LQ WKH ILQDO RQH DQG DGGV WKH
IDFWRU �QGñ IURP ZKLFK IROORZV

¢ QVL ò ìñ QGL ð ìñ -I __ V
ò G aaaa __ QVL QGL -L ²  �õQVL ò ìô �õë-L ò ìô �QGL ï õììïéêô

2ZLQJ WR õììïëìô DQG õììïëêô ZH FDQ ZULWH

%õ(ëñ -L�-I ô  õD ëô
ë ¢ QVL ò ìñ QGL ð ìñ -I __ V

ò G aaaa __ QVL QGL -L ² î õë-L ò ìô  

õD ëô
ë õQVL ò ìô QGL ï õììïééô

(VSHFLDOO\ IRU WKH ORZHVW WUDQVLWLRQ LQ WKH <ðVHULHV WKH IROORZLQJ UHODWLRQ KROGV

%õ(ëñ ë ò
ì� í ò

ì ô  õD ëô
ëõ1 ð ì ò ìô �ì  õD ëô

ë1ï õììïéèô
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ììïè &RPSDULVRQ ZLWK H[SHULPHQWDO GDWD RI HOHFWULF TXDGUXSROH WUDQVLWLRQV

,Q ILJXUHV ìíïê XS WR ìíïç WKH YDOXHV IRU QG DUH íñ ìñ ëñ ïï ï 2Q WKH ULJKW KDQG VLGH
RI HDFK <ðOHYHO WKHUH DUH OHYHOV ZLWK DERXW WKH VDPH HQHUJ\ ZKLFK DJUHH LQ
QXPEHU QG ZLWK WKH FRUUHVSRQGLQJ <ðOHYHO õ VHH DOVR ìíïëë ôï &RQVHTXHQWO\ IRU
HQHUJ\ UHDVRQV WUDQVLWLRQV IURP QG WR QG ¤ ì SUHYDLOï 0HDVXUHPHQWV UHYHDO WKDW
WUDQVLWLRQV ZLWK 'QG  í DUH PXFK ZHDNHU DQG DQ DVFHQW IURP QG WR QG ò ì LV
SUDFWLFDOO\ H[FOXGHGï )RU WUDQVLWLRQV LQ WKH <ðVHULHV WKH H[SUHVVLRQVñ õììïéêô DQG
õììïééô FDQ EH DSSOLHGï $FFRUGLQJ WR õììïéìô DQG õììïéëô JHQHUDOO\ KROGV

¢ QVI  QVL ò ìñ QGI  QGL ð ìñ -I __ V
ò G aaaa __ QVL QGL -L ²  

�õQVL ò ìô õðìô
-L ð -I ¢ QGL -L __ G

ò __ QGL ðìñ -I ²

ZKHUH WKH ODVW UHGXFHG PDWUL[ HOHPHQW LV FDOFXODWHG E\ PHDQV RI õììïëçôñ
õììïêíô RU õììïéíô DFFRUGLQJ WR WKH QXPEHU QGL ï 'RLQJ VR WKH LQGLFHV L DQG I
KDYH WR EH LQWHUFKDQJHGï )URP õììïëìôñ RQH REWDLQV WKH UHGXFHG WUDQVLWLRQ
SUREDELOLW\ï

,Q WDEOH ììïì WUDQVLWLRQV RI WKH W\SH QG� QG ¤ ì DUH OLVWHGï 7KH UHGXFHG PDWUL[
HOHPHQWV 0( DQG WKH WUDQVLWLRQ SUREDELOLWLHV % DUH JLYHQï 7KH\ DUH FRPSDUHG
ZLWK PHDVXUHG YDOXHV RI ììí

éå&Gçë ï 7KH PRGHO QXFOHXV FRQWDLQV æ DFWLYH
ERVRQVï ,Q YLHZ RI WKH VHQVLWLYLW\ RI WKH TXDQWLW\ % õ TXDGUDWLF H[SUHVVLRQ ô WKHVH
UHVXOWV FRUURERUDWH WKH WKHRU\ DQG WKH LQWHUSUHWDWLRQV RI WKH LQYROYHG OHYHOVï
0HDVXUHG UHGXFHG SUREDELOLWLHV % IRU WUDQVLWLRQV ZLWK _ QG _ ! ì DUH WZR RUGHUV RI
PDJQLWXGH VPDOOHU WKDQ WKH YDOXHV RI WDEOH ììïìï ,Q RXU PRGHO WKHVH WUDQVLWLRQV
DUH LQDGPLVVLEOHï )RU WKH WUDQVLWLRQ (ëñ ëì � íì 0LOQHU õìäçäô JLYHV WKH
PHDVXUHG YDOXH %õ(ëñ ëì� íìô  äêé õòîð êåô H

ë IPé ZKLFK \LHOGV XVLQJ õììïéèô

D ë  ììñç H IP
ëï õììïéçô
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7DEOH ììïìï &RPSDULVRQ EHWZHHQ FDOFXODWHG DQG PHDVXUHG %õ(ëô YDOXHV IRU
WKH QXFOHXV ììí&G ï

,QLWLDO ð ILQDO 0( ë %îõDëôë LQð TXRWLHQWV RI UHGXFHG
VWDWH VWDWH GH[ WUDQVLWLRQ SUREDELOLWLHV
VSLQó QG VHULHV VSLQó QG VHULHV FDOFXOï H[SHUïóó

ëì
ò ì < íì

ò í < è æ D
éì

ò ë < ëì
ò ì < ìå ìë E %õEôî%õDô ìïæì ìïèê õïìäô

ëë
ò ë ; ëì

ò ì < ìí ìë F %õFôî%õDô ìïæì ìïíå õïëäô
êì

ò ê = ëë
ò ë ; ìè è�ìèîæ G

êì
ò ê = éì

ò ë < ç è�çîæ H %õHôî%õGô íïé íïéæ õïëô
éë

ò ê ; ëë
ò ë ; ìì è�ììîæ I

éë
ò ê ; éì

ò ë < ìí è�ìíîæ J %õJôî%õIô íïäì íïëê õïêô

7KH VHULHV DQG WKH OHYHOV FRUUHVSRQG WR ILJXUH ìíïéï 7KH TXDQWLW\ 0( LV WKH
UHGXFHG PDWUL[ HOHPHQW RI WKH GðERVRQ VWDWHV DFFRUGLQJ WR õììïéëôï
ó 7KH LQGLFHV EHVLGH WKH VSLQ YDOXH VHUYHV DV VSHFWURVFRSLF LGHQWLILFDWLRQï
óó 7KH HVWLPDWHG HUURUV õ $ULPD DQG ,DFKHOORñ ìäæçDñ Sï ëåæ ô DUH SXW LQ
SDUHQWKHVHVï 7KH GDWD D XS WR F VWHP IURP 0LOQHU õìäçäô DQG G XS WR J DUH
WDNHQ IURP .UDQH DQG 6WHIIHQ õìäæíôï

7DEOH ììïë VKRZV IXUWKHU TXRWLHQWV RI UHGXFHG WUDQVLWLRQ SUREDELOLWLHV FRPSDUHG
ZLWK PHDVXUHPHQWVï

7DEOH ììïëï 5HGXFHG WUDQVLWLRQ SUREDELOLWLHV IRU TXDGUXSROH UDGLDWLRQ RI ;Hð
LVRWRSHV õ$ULPD DQG ,DFKHOORñ ìäæçDñ Sï ëæçôï

4XRWLHQWV RI WKH % ©V FDOFXODWHG PHDVXUHG YDOXHV

ìêë
èé;Hæå

ìêí
èé;Hæç

ìëç
èé;Hæë

ìëé
èé;Hæé

%õêì
ò� éì

òô î %õêì
ò�ëë

òô íïé íïèì íïëéðíïëè íïéçðíïæë íïìç
%õéë

ò� éì
òô î %õéë

ò�ëë
òô íïäì íïäèðìïíè íïäé íïäí

7KH PHDVXUHG YDOXHV RI WUDQVLWLRQ SUREDELOLWLHV ZKLFK DUH IRUELGGHQ LQ WKH ,%0ì
DUH WZR RUGHUV RI PDJQLWXGH VPDOOHUï

ììïç 7UDQVLWLRQV ZLWK ¨̈̈̈''''QG ¨̈̈̈ í

,Q RXU WUHDWPHQW RI WKH TXDGUXSROH UDGLDWLRQ WKH WUDQVLWLRQV ZLWK XQFKDQJHG
QXPEHUV RI GðERVRQV õ 'QG  íñ Lï Hï QGL  QGI ô ZHUH OHIW RYHUï ,Q RUGHU WR PDNH
WKHP XSñ ILUVW ZH ORRN LQWR WKH QRUPDO PDWUL[ HOHPHQW RI WKH SDUW RI WKH WUDQVLWLRQ
RSHUDWRU LQ TXHVWLRQ LQ õììïëêô DQG ZULWH ZLWK WKH DLG RI õììïëëô



åí

õ-L 0L ë P _ -I 0I ô õë-I ò ìô
ðìîë ¢ QG D I -I __ >G

ò u G aaaa @õ ë ô __ QG D L -L ²  

¢ QG D I -I 0I _ >G
ò u G aaaa @õ ë ôP _ QG D L -L 0L ²  

¦ P Pö õë P ë Pö _ ë Pô ¢ QG D I -I 0I _ G
ò
PPPP G

aaaa
PPPPö _ QG D L -L 0L ²ï õììïéæô

7KH VSHFLILFDWLRQ D FRPSULVHV Q' DQG WKH VHQLRULW\ Wï :H QRZ XVH WKH FRQFHSW
RI WKH FRPSOHWHQHVV RI VWDWH IXQFWLRQV RI D TXDQWXP PHFKDQLFDO V\VWHPï )RU
VSDWLDO IXQFWLRQV MEõUô RI WKLV NLQG WKH IROORZLQJ HTXDWLRQ KROGV

¦ E ME õUô ME óõUöô  G õ U ð Uö ôï

&RQVHTXHQWO\ WKH IXQFWLRQV ) L DQG ) I ZKLFK EHORQJ WR WKH VDPH V\VWHP REH\
WKH UHODWLRQ

³ ) Ió õUô ) L õUô GU � ³³ ) Ió õUô G õ U ð Uö ô) L õUöô GU GUö  

¦ E ³ ) Ió õUô ME õUô GU � ³ME óõUöô ) L õUöô GUöï

7KXVñ ZH FDQ ZULWH GRZQ WKH ODVW PDWUL[ HOHPHQW RI õììïéæô WKLV ZD\

¢ QG D I -I 0I _ G
ò
PPPP G

aaaa
PPPPö _ QG D L -L 0L ²  

¦ D - 0 ¢ QG D I -I 0I _ G
ò
PPPP _ QG ð ìñ D - 0 ² ¢ QG ð ìñ D - 0 _ G aaaa

PPPPö _ QG D L -L 0L ²  

¦ D - 0 õ- 0 ë P _ -I 0I ô õë-I ò ìô
ðìîë õ-L 0L ë Pö _ - 0ô õë- ò ìôðìîë �

¢ QG DI -I __ G ò __ QG ð ìñ D - ² ¢ QG ð ìñ D - __ G aaaa __ QG DL -L ²ï õììïéåô

,Q WKH ODVW OLQH WKH :LJQHUð(FNDUW WKHRUHP õ$èïåô RU õììïëëô KDV EHHQ DSSOLHG
WZLFHï :H QRZ LQVHUW õììïéåô LQ õììïéæôñ PXOWLSO\ E\ õ-L 0L ë P _ -I 0Iôñ VXP RYHU
P õ DQG 0L ô DQG REWDLQ E\ PHDQV RI õ$ìïìíôñ õ$êïéô DQG õ$êïçô WKH UHODWLRQ

¢ QG D I -I __ >G
ò u G aaaa @õ ë ô __ QG D L -L ²  

¦ P P Pö õ-L 0L ë P _ -I 0Iô õë P ë Pö _ ë Pô �

¦ D - 0 õ- 0 ë P _ -I 0I ô õ-L 0L ë Pö _ - 0ô õë- ò ìôðìîë � õììïéäô

¢ QG DI -I __ G ò __ QG ð ìñ D - ² ¢ QG ð ìñ D - __ G aaaa __ QG DL -L ²  

õðìô-L ð -I �è ¦ D - ^
ë
-L

ë
-
ë
-I `¢ QG DI -I __ G ò __ QG ð ìñ D - ² ¢ QG ð ìñ D - __ G aaaa__ QG DL -L ²ï

$V DQ H[DPSOHñ ZH FDOFXODWH WKH PDWUL[ HOHPHQW RI WKH (ëðWUDQVLWLRQ IURP WKH
OHYHO éì WR ëëï $FFRUGLQJ WR ILJXUHV ìíïê XS WR ìíïè WKHVH VWDWHV DUH WKH ORZHVW
RQH ZLWK QG  ë DQG PD[LPDO VHQLRULW\ï 6LQFH WKHUH LV RQO\ RQH OHYHO ZLWK QG  ì
õëìðOHYHO ô WKH H[SUHVVLRQ õììïéäô FRQWDLQV KHUH PHUHO\ RQH VXPPDQG DV IROORZV

¢ QG  ëñ -I  ë __ >G
ò u G aaaa @õ ë ô __ QG -L  é ²  

�è ^ëé
ë
ë
ë
ë` ¢ QG  ëñ -I  ë __ G

ò __ QG  ìñ -  ë ² �

¢ QG  ìñ -  ë __ G aaaa __ QG  ëñ -L  é ²  �è õëîêèô �ìí �ìå  ìëîæï õììïèíô



åì

7KH YDOXHV RI WKH ODVW PDWUL[ HOHPHQWV DUH WDNHQ IURP WDEOH ììïì DQG WKH çðM
V\PERO FRPHV IURP õ$êïìéôï

7KH VXP LQ õììïéäô H[WHQGV RYHU DOO VWDWHV ZLWK QG ð ì LQFOXGLQJ SRVVLEO\ KLJKHU
OHYHOV WKDQ õ QGñ DLñ -L ô RU ORZHU RQHV WKDQ õ QGñ DIñ -I ôï 7KHUHIRUHñ WKH VXP FDQ
FRPSULVH OHYHOV QRW KDYLQJ PD[LPDO VHQLRULW\ñ ZKLFK PHDQV WKDW WKH SUHUHTXLVLWH
RI õììïéíô LV QRW PHWï

ììïæ &RQILJXUDWLRQV ZLWK QG ! WWWW

:LWK WKDWñ ZH WXUQ WR TXDGUXSROH WUDQVLWLRQV ZKRVH VWDWHV KDYH QRW PD[LPDO
VHQLRULW\ DQG EHORQJ WKHUHIRUH WR WKH VHULHV E RU RWKHU DFFRUGLQJ WR õìíïëëôï
6XFK WUDQVLWLRQV KDYH UHODWLYHO\ ORZ SUREDELOLWLHV LQ QXFOHL RI WKH YLEUDWLRQDO OLPLW
EXW DQ\ZD\ ZH ZLOO QHHG WKH DIILOLDWHG PDWUL[ HOHPHQW IRU WKH WUHDWPHQW RI WKH
JHQHUDO +DPLOWRQ RSHUDWRU RI WKH ,%0ì õ FKDSWHU ìë ôï

,ï 7DOPL õìääêñ Sï æçç ð ææèô KDV VKRZQ LQ DQ HDVLO\ UHDGDEOH IDVKLRQ WKDW
PDWUL[ HOHPHQWV RI WKH NLQG

¢ QGöñ Wö x QGöñ Q'öñ -ö __ G ò__ QG  QGö ð ìñ W x QGñ Q'ñ - ² õììïèìô

DUH FRQQHFWHG E\ VLPSOH IDFWRUV ZLWK PDWUL[ HOHPHQWV KDYLQJ PD[LPDO VHQLRULW\
LQ ERWK LQFOXGHG VWDWHV õ WKH HIIHFW RI G ò RQ WKH VWDWH RQ WKH ULJKW KDQG VLGH
LQFUHDVHV W E\ ì RU ORZHUV LW E\ ì EHFDXVH DQ - íðSDLU FDQ DULVH ôï 7KH
FRUUHVSRQGLQJ PDWUL[ HOHPHQW RI WKH RSHUDWRU G aaaa LV IRUPXODWHG E\ PHDQV RI
õììïéëôï

,Q DQ DQDORJRXV PDQQHUñ ,ï7DOPL KDV WUHDWHG WKH PDWUL[ HOHPHQW

¢ QGñ Wö x QGñ Q'öñ -ö __ >G ò u G aaaa@õ ë ô__ QGñ W x QGñ Q'ñ - ²

ZKHUH W  Wö ð ëñ Wö RU W¨ ò ë KROGVï

ììïå 4XDGUXSROH PRPHQWV

(OHFWULF PXOWLSOH PRPHQWV DUH PHDVXUHV RI WKH FKDUJH GLVWULEXWLRQ RI QXFOHDU
VWDWHV DQG HVSHFLDOO\ RI WKHLU GHYLDWLRQ IURP VSKHULFDO V\PPHWU\ï 7KH
TXDGUXSROH PRPHQW 4] FRQYH\V KRZ WKH FKDUJH LV DUUDQJHG DORQJ WKH ]ðD[LVï
&ODVVLFDOO\ 4] LV GHILQHG OLNH WKLV

4]  ¦ N  ì
$ HõNô õê] õNôë ð U õNôëôï õììïèëô

$ LV WKH QXPEHU RI QXFOHRQV DQG HõNô LV WKH FKDUJH RI WKH NWK QXFOHRQï 7KH
VSKHULFDO KDUPRQLFV RI WKH VHFRQG RUGHU UHDG

Uë <ë í õUô  �õèîìçSô õê]
ë ð U ëôï

:H LQVHUW WKHP LQ õììïèëô DQG REWDLQ

4]  �õìçSîèô ¦ N  ì
$ HõNô U õNôë <ë í õU õNôôï õììïèêô



åë

,Q TXDQWXP PHFKDQLFV WKLV IXQFWLRQ DFW DV DQ RSHUDWRUñ ZKLFK ZH QDPH 4 õëô

õ�4]ôï )URP õììïêô ZH VHH WKDW 4 õëô DJUHHV ODUJHO\ ZLWK WKH RSHUDWRU 2õ(ñ ëñ íô
Lï Hï

4 õëô  �õìçSîèô 2õ(ñ ëñ íôï õììïèéô

$FFRUGLQJ WR õììïéô WKLV RSHUDWRU UHVXOWV LQ D VLQJOHðERVRQ RSHUDWRUï
$QDORJRXVO\ WR õììïìëô LW LV ZULWWHQ E\ PHDQV RI FUHDWLRQð DQG DQQLKLODWLRQ
RSHUDWRUV OLNH WKLV

4 õëô  �õìçSîèô õ Dë õG òí V ò V ò G aaaa
íô ò Eë >G ò u G aaaa@õ ë ôí ôï õììïèèô

,Q WKH YLEUDWLRQ OLPLW WKH RSHUDWRU G ò
í V ò V ò G aaaa

í GRHV QRW FRQWULEXWH WR WKH
H[SHFWDWLRQ YDOXH RI 4õëô EHFDXVH WKLV RSHUDWRU FRPELQHV RQO\ ERVRQ VWDWHV
ZLWK GLIIHUHQW QXPEHUV QG õ 'QG  ò ì RU ð ì ôï 7KH TXDGUXSROH PRPHQW 4õëô RI
WKH QXFOHDU VWDWH _ QG D - 0 ² LV GHILQHG DV WKH H[SHFWDWLRQ YDOXH RI 4 õëô ZKHUH
WKH QXFOHDU VSLQ LV SXW LQ WKH ]ðD[LV Lï Hï 0  -ï 7KHUHIRUH WKLV PRPHQW UHDGV

4õëô  �õìçSîèô Eë ¢ QG D -ñ 0  - _ >G ò u G aaaa@õëôí _ QG D -ñ 0  - ²ï õììïèçô

7KH VSHFLILFDWLRQ D LV WKH VDPH DV LQ õììïéæôï ,Q RUGHU WR REWDLQ FRQVLVWHQW
H[SUHVVLRQV ZH JHQHUDOLVH WKH FRQFHSW RI WKH UHGXFHG SUREDELOLW\ RI WKH HOHFWULF
TXDGUXSROH UDGLDWLRQ õììïëêñ ììïëìôï 6WDUWLQJ IURP õììïëìôñ õììïìëô DQG õììïëëôñ
ZH GHILQH

õ%õ(ëñ õQG D -ô�õQG D -ôôôìîë  õë- ò ìôðìîë Eë ¢ QG D - __>G ò u G aaaa@õëô__ QG D - ²  

õ- - ë í _ - -ôðì Eë ¢ QG D -ñ 0  - _ >G ò u G aaaa@õëôí _ QG D -ñ 0  - ²ï õììïèæô

%HFDXVH RI õ- - ë í _ - -ô  �- õë- ð ìôìîëõ- ò ìôðìîë õë- ò êôðìîë DQG IURP õììïèçô
DQG õììïèæô ZH KDYH WKH IROORZLQJ UHODWLRQ

4õëô  õììïèåô

�õìçSîèô �- õë- ð ìôìîëõ- ò ìôðìîë õë- ò êôðìîë õ%õ(ëñ õQG D -ô�õQG D -ôôôìîëï

7KLV H[SUHVVLRQ VKRZV WKDW FDOFXODWLQJ 4õëôñ RQH FDQ XVH WKH IRUPDOLVP
GHYHORSHG IRU %ï

1RZ ZH FDOFXODWH TXDQWLWDWLYHO\ WKH TXDGUXSROH PRPHQW RI WKH OHYHO ëì LQ WKH
YLEUDWLRQDO OLPLW RI WKH ,%0ìï $FFRUGLQJ WR õììïèåôñ õììïèæô DQG õììïëìô ZH ZULWH

4õëôõëìô  �õìçSîèô �õëîæô �õìîèô ¢ QG  ìñ -  ë __> G
ò u G a@õëô__ QG  ìñ -  ë ²ï

:LWK WKH KHOS RI õììïéäôñ õììïëçôñ õììïéëô DQG õ$êïìéô ZH FRQWLQXH OLNH WKLV

4õëôõëìô  �õìçSîèô �õëîæô �õìîèô Eë �è ^
ë
ë
ë
í
ë
ë` �

¢ QG  ìñ -  ë __ G
ò __ ² ¢ __ G aaaa __ QG  ìñ -  ë ²  

�õìçSîèô �õëîæô Eë  ìïçäè Eëï õììïèäô
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2QH REWDLQV WKH VDPH UHVXOW IURP õììïèçô XVLQJ WKH UHODWLRQ

> G ò u G a@õëôí  ¦ P õë P ë ðP _ ë íô G òPPPP G aaaa
ðPPPP  ¦ P õP

ë ð ëôî�ìé G òPPPP G PPPP ï õììïçíô
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ìë 7KH WUHDWPHQW RI WKH FRPSOHWH +DPLOWRQLDQ RI
WKH ,%0ì

,Q FKDSWHU ìí WKH +DPLOWRQLDQ KDV EHHQ UHGXFHG WR WKH IRUP RI WKH YLEUDWLRQDO
OLPLWï ,Q WKLV FKDSWHU ZH JR EDFN WR WKH FRPSOHWH +DPLOWRQLDQ RI WKH ,%0ì õæïìæ
RU äïêäôï ,Q WKH QH[W VHFWLRQ WKH HLJHQVWDWHV RI WKLV +DPLOWRQ RSHUDWRU ZLOO EH
GHYHORSHG RQ WKH EDVLV RI WKH HLJHQIXQFWLRQV RI WKH YLEUDWLRQDO OLPLW Lï Hï RQ WKH
VSKHULFDO EDVLVï 7KH ZHOOðNQRZQ GLDJRQDOLVDWLRQ SURFHGXUH LV RXWOLQHGï 7R WKLV
HQGñ WKH PDWUL[ HOHPHQWV RI WKH +DPLOWRQLDQ KDYH WR EH IRUPHG RQ WKH VSKHULFDO
EDVLVñ ZKLFK LV EURXJKW XS LQ WKH VHFRQG VHFWLRQï ,Q WKH IROORZLQJ VHFWLRQ WKH
HOHFWULF TXDGUXSROH UDGLDWLRQ LV WUHDWHG LQ WKLV PRGHOï )LQDOO\ FRPSDULVRQV ZLWK
PHDVXUHG QXFOHDU VWDWHV DQG D KLQW IRU D URXJKO\ VLPSOLILHG PRGHO ZLOO EH JLYHQï

ìëïì (LJHQVWDWHV

$FFRUGLQJ WR õäïêäô DQG õìíïìô WKH +DPLOWRQ RSHUDWRU RI WKH ,%0ì FDQ EH ZULWWHQ
DV

+  + õ,ô ò YU5
ë ò YT4

ë ZLWK

+ õ,ô  HQ 1 ò YQ 1
ë ò õHG© ò YQG 1ôQG ò YG QG

ë ò YW7
ë ò YM -

ëï õìëïìô

,Q VHFWLRQ ìíïë ZH KDYH VKRZQ WKDW WKH VWDWHV RI WKH VSKHULFDO EDVLVñ
_ 1 QG W Q' - 0 ²ñ DUH HLJHQIXQFWLRQV RI WKH RSHUDWRU + õ,ô ZLWK WKH HLJHQYDOXHV
( õ, ô

1 QG W - õìíïìæôï 7KH RUWKRJRQDOLW\ DQG WKH FRPSOHWHQHVV RI WKLV EDVLVñ ZKLFK
KDYH EHHQ XVHG LQ VHFWLRQ ììïçñ PDNH LW SRVVLEOH WR UHSUHVHQW IXQFWLRQV
VDWLVI\LQJ WKH VDPH ERXQGDU\ FRQGLWLRQV E\ H[SDQGLQJ WKHP LQ VHULHV RI EDVLV
IXQFWLRQVï 7KHUHIRUHñ WKH HLJHQIXQFWLRQV RI +ñ ZKLFK DUH QXPEHUHG E\ WKH LQGH[
O õ VPDOO OHWWHU RI / ôñ FDQ EH ZULWWHQ OLNH WKLV

_ O 1 - 0 ²²  ¦ L ì
= FõO ô1 - õL ô _ L 1 - 0 ²ï õìëïëô

7KH LQGH[ L UHSUHVHQWV WKH WULSOH RI WKH RUGHULQJ QXPEHUV QGñ W DQG Q' RI WKH
EDVLV VWDWHVï 7KH VXP FRPSULVHV = VWDWHV RI WKLV NLQGï 7KH FRHIILFLHQWV FõO ô1 - õLô
QRUPDOLVH WKH VWDWH _ O 1 - 0 ²² WR ìï

7KH HLJHQHQHUJ\ RI WKH O WK VWDWH õìëïëô LV FKDUDFWHUL]HG E\ (õO ô
1 - DQG VDWLVILHV

WKH UHODWLRQ

+ _ O 1 - 0 ²²  (õO ô
1 - _ O 1 - 0 ²² ï õìëïêô

+HUH ZH LQVHUW õìëïëô DQG KDYH

¦ L ì
= FõO ô1 - õL ô + _ L 1 - 0 ²  (õO ô

1 -¦ L ì
= FõO ô1 - õL ô _ L 1 - 0 ²ï õìëïéô

%\ PXOWLSO\LQJ ZLWK ¢ N 1 - 0 _ DQG E\ LQWHJUDWLQJ ZH REWDLQ

¦ L ì
= FõO ô1 - õL ô ¢ N 1 - 0 _ + _ L 1 - 0 ²  (õO ô

1 - F
õO ô
1 - õNôï õìëïèô
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:H QDPH WKH PDWUL[ HOHPHQW DERYH + 1 - 0 õN L ôï ,W ZLOO EH WUHDWHG LQ VHFWLRQ
ìëïëï 7KH V\VWHP RI = OLQHDUñ KRPRJHQHRXV HTXDWLRQV

¦ L ì
= + 1 - 0 õN L ô F

õO ô
1 - õL ô  (

õO ô
1 - F

õO ô
1 - õNôñ N  ìñ ïïï ñ= õìëïçô

LV VROXEOH RQO\ LI WKH GHWHUPLQDQW RI WKH PDWUL[ RI WKLV V\VWHP YDQLVKHV Lï Hï

_+ 1 - 0 ð ì � (õO ô
1 - _  íï õìëïæô

7KH PDWUL[ + 1 - 0 FRQWDLQV WKH HOHPHQWV + 1 - 0 õN L ô DQG WKH PDWUL[ ì LV WKH
XQLW PDWUL[ï 7KH VHFXODU HTXDWLRQ õìëïæô \LHOGV = URRWV (õO ô

1 - õ O  ìñ ïïï ñ =ôñ
ZKLFK DUH WKH HQHUJ\ HLJHQYDOXHV RI WKH FRPSOHWH +DPLOWRQ RSHUDWRU IRU 1
ERVRQV ZLWK WKH WRWDO DQJXODU PRPHQWXP -ï %\ LQVHUWLQJ (õO ô

1 - LQ õìëïçô RQH
REWDLQV WKH DIILOLDWHG HLJHQYHFWRU õFõO ô1 - õìôñ ïïï ñ F

õO ô
1 - õ=ôôñ ZKLFK SURGXFHV WKH

VWDWH _ O 1 - 0 ²² DFFRUGLQJ WR õìëïëôï ,W FDQ EH VKRZQ WKDW WKH PDWUL[ + 1 - 0 RI
WKH +DPLOWRQ RSHUDWRU LV GLDJRQDOLVHG E\ WKH PDWUL[ RI WKH HLJHQYHFWRUVñ IRU
ZKLFK UHDVRQ WKLV PHWKRG LV QDPHG GLDJRQDOLVDWLRQ SURFHGXUHï

ìëïë 0DWUL[ HOHPHQWV RI WKH +DPLOWRQLDQ

1RZ ZH VKDOO FDOFXODWH WKH PDWUL[ HOHPHQWV RI õìëïèôñ ZKLFK DUH FRQVWLWXWHG E\
VWDWHV RI WKH VSKHULFDO EDVLVï 5HPHPEHU WKDW WKH LQGLFHV L DQG N GHQRWH WULSOHV
RI TXDQWXP QXPEHUVï &RQVHTXHQWO\ñ L õRU N ô FDQ EH ZULWWHQ DV D IXQFWLRQ LõQGñ Wñ
Q'ôï $FFRUGLQJ WR õìëïèôñ õìëïìô DQG õìíïìæô ZH ZULWH

¢ N 1 - 0 _ + _ L 1 - 0 ²  ¢ N 1 - 0 _ + õ,ô ò YU5
ë ò YT4

ë _ L 1 - 0 ²  

>HQ1 ò YQ1
ë ò õHG¨ ò YQG 1ôQG ò YGQGë ò YW W õW ò êô ò YM -õ- ò ìô@ G L N ò

YU ¢ N 1 - 0 _ 5 ë _ L 1 - 0 ² ò YT ¢ N 1 - 0 _ 4 ë _ L 1 - 0 ²ï õìëïåô

:H WXUQ WR WKH ODVW WHUP LQ õìëïåô EXW RQHñ Lï Hï WR WKH PDWUL[ HOHPHQW RI WKH
RSHUDWRU 5 ë õäïêôñ ZKLFK UHDGV

5 ë  1õ1 ò éô ð õ�è�>G ò u G ò@õíô ð VòVòôõ�è>G a u G a@õíô ð VVôï

0DNLQJ XVH RI õäïëô ZH FDQ ZULWH

5 ë  õìëïäô

1õ1 ò éô ò 7 ë ð QGõQG ò êôð �è>G
ò u G ò@õíôVV ð �è VòVò>G aaaa u G aaaa@õíô ð VòVòVVï

:LWK WKH DLG RI WKH FRPPXWDWLRQ UXOHV IRU WKH VðERVRQVñ RI WKH QXPEHU RSHUDWRU
QV  V

òV DQG õìíïìêô ZH REWDLQ
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¢ NõQGö Wö Q'ö ô 1 - 0 _ 5 ë _ LõQG W Q' ô 1 - 0 ²  

>1õQ ò éô ò WõW ò êô ðQGõQG ò êô ð QV
ë ò QV @ G L N ð

�è> ¢ N 1 - 0 _ >G ò u G ò@õíô_ L 1 - 0 ² �QV�õQV ð ìô GQG öñQG ò ë ò

¢ N 1 - 0 _ >G aaaa u G aaaa@õí _ L 1 - 0 ² �õQV ò ìô�õQV ò ëô GQG öñQG ð ë@ï õìëïìíô

:H SXW WKH UHODWLRQ QV  1 ð QG DQG �è >G ò u G ò@õíô  ¦ P õðìô
P G ò

PPPP G
ò
ðPPPP LQ

õìëïìíôñ ZKLFK \LHOGV

¢ NõQGö Wö Q'ö ô 1 - 0 _ 5 ë _ LõQG W Q' ô 1 - 0 ²  

>õ1 ð QGô õëQG ò èô ò QG ò WõW ò êô@ G L N ð õìëïììô

¦ P õðìô
P > ¢ NõQGö Wö Q'ö ô 1 - 0 _ G òPPPP G

ò
ðPPPP _ LõQG W Q' ô 1 - 0 ² �QV�õQV ð ìô GQG öñQG ò ë ò

¢ NõQGö Wö Q'ö ô 1 - 0 _ G aaaa
PPPP G

aaaa
ðPPPP _ LõQG W Q' ô 1 - 0 ² �õQV ò ìô�õQV ò ëô GQG öñQG ð ë@ï

0DWUL[ HOHPHQWV OLNH ¢ N 1 - 0 _ G ò
PPPP G

ò
ðPPPP _ L 1 - 0 ² LQ SULQFLSOH KDYH EHHQ

WUHDWHG LQ õììïéåôï &RUUHVSRQGLQJO\ WKH UHODWLRQ

¢ N 1 - 0 _ G òPPPP G
ò
ðPPPP _ L 1 - 0 ²  

¦ Lû -û 0û ¢ N 1 - 0 _ G òPPPP _ Lû 1 -û 0û ² ¢ Lû 1 -û 0û _ G òðPPPP _ L 1 - 0 ² õìëïìëô

KROGVï )RU WKH RSHUDWRU G aaaa
PPPP G

aaaa
ðPPPP LQ õìëïììô DQ DQDORJRXV H[SUHVVLRQ FDQ EH

ZULWWHQ GRZQï 7KXVñ ZH KDYH IRUPXODWHG FRPSOHWHO\ WKH PDWUL[ HOHPHQWV RI WKH
RSHUDWRU 5 ë LQ õìëïåôï

:H QRZ WXUQ WR WKH ODVW PDWUL[ HOHPHQW LQ õìëïåôñ ZKLFK FRQWDLQV WKH RSHUDWRU
4 ëï $FFRUGLQJ WR õäïéô LW UHDGV

4 ë  ¦P õðìô
P 4PPPP4ðPPPP

ZLWK 4PPPP  G
ò
P V ò V

òG a
P ð õ�æîëô >G

ò u G a@õëôP ï :H IRUP

4PPPP4ðPPPP  G
ò
PPPP V G

ò
ðPPPP V ò G

ò
PPPP VV

òG aaaa
ðPPPP ò V

ò G aaaa
PPPP G

ò
ðPPPPV ò V

ò G aaaa
PPPP V

ò G aaaa
ðPPPP ð

õ�æîëô õG òPPPP V >G
ò u G a@õëôðP ò V

ò G aaaa
PPPP >G

ò u G a@õëôðP ò

>G ò u G a@õëôP G
ò
ðPPPP V ò >G

ò u G a@õëôP V
òG aaaa

ðPPPP ô ò

õæîéô >G ò u G a@õëôP >G
ò u G a@õëôðP ï õìëïìêô

0DNLQJ XVH RI

¦ P õðìô
P õG òPPPP VV

òG aaaa
ðPPPP ò V

ò G aaaa
PPPP G

ò
ðPPPP V ô  QG õQV ò ìô ò õè ò QG ôQV  õìëïìéô

QG ò ë QG QV ò è QV ZH ZULWH
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¢ N 1 - 0 _ 4 ë _ L 1 - 0 ²  

¦ P õðìô
P ¢ NõQGö Wö Q'ö ô 1 - 0 _4PPPP4ðPPPP _ LõQG W Q' ô 1 - 0 ²  

õè1 ò ë1QG ð éQG ð ëQG
ë ôG L N ò

¦ P õðìô
P ¢ NõQGö Wö Q'ö ô 1 - 0 _ >G òPPPP G

ò
ðPPPP �QV�õQV ð ìô GQG öñQG ò ë ò õìëïìèô

G aaaa
PPPP G

aaaa
ðPPPP �õQV ò ìô �õQV ò ëô GQG öñQG ð ë ð

õ�æîëô�QV õG
ò
PPPP >G

ò u G a@õëôðP ò>G
ò u G a@õëôP G

ò
ðPPPP ô GQG öñQG ò ì ð

õ�æîëô�õQV ò ìô õG aaaa
PPPP >G

ò u G a@õëôðPò >G
ò u G a@õëôP G

aaaa
ðPPPPôGQG öñQG ð ì ò

õæîéô >G ò u G a@õëôP >G
ò u G a@õëôðP G QG öñQG @ _ LõQG W Q' ô 1 - 0 ² ï

7KH ILUVW WZR WHUPV LQ WKH PDWUL[ HOHPHQW RQ WKH ULJKW KDQG VLGH RI õìëïìèô KDYH
WR EH WUHDWHG E\ PHDQV RI õìëïìëôï 7KH QH[W WZR WHUPV FRQWDLQ PDWUL[ HOHPHQWV
RI WKH W\SH

¢ N 1 - 0 _ G òPPPP >G
ò u G a@õëôðP _ L 1 - 0 ²  õìëïìçô

¦ Lû -û 0û ¢ N 1 - 0 _ G òPPPP _ Lû 1 -û 0û ² ¢ Lû 1 -û 0û _ >G ò u G a@õëôðP _ L 1 - 0 ²ï

6LPLODUO\ñ WKH ODVW WHUP RQ WKH ULJKW KDQG VLGH RI õìëïìèô LV ZULWWHQ DV

¢ N 1 - 0 _>G ò u G a@õëôP >G
ò u G a@õëôðP@ _ L 1-0²  õìëïìæô

¦ Lû -û 0û ¢ N 1 - 0 _>G ò u G a@õëôPPPP _ Lû 1 -û 0û ² ¢ Lû 1 -û 0û _ >G ò u G a@õëôðP _ L 1 - 0 ²ï

0DNLQJ XVH RI >G ò u G a@õëôPPPP  ¦ P õë P ëñ P ð P _ ë Pô G ò
P G

aaaa
PPPPðP WKH UHPDLQLQJ

WHUPV LQ õìëïìçô DQG õìëïìæô FDQ EH FDOFXODWHG E\ PHDQV RI õììïéåôï 7KH PDWUL[
HOHPHQWV RI WKH RSHUDWRUV G ò

PPPP DQG G aaaa
PPPP DUH UHYLHZHG LQ VHFWLRQ ììïéï 0DWUL[

HOHPHQWV RI FRPSOH[ GðERVRQ FRQILJXUDWLRQV DUH FDOFXODWHG ZLWK WKH KHOS RI WKH
FRHIILFLHQWV RI IUDFWLRQDO SDUHQWDJH õ7DOPLñ ìääêñ 6ï æçêñ æçç DQG %D\PDQñ
ìäççôñ ZKLFK KDYH EHHQ PHQWLRQHG VKRUWO\ LQ VHFWLRQ çïëï (YLGHQWO\ñ WKH
QXPHULFDO FDOFXODWLRQ RI PDWUL[ HOHPHQWV DQG WKH GLDJRQDOLVDWLRQ FDQ EHFRPH
ODERULRXVï 7KH FRPSXWHU SURJUDP SDFNDJH 3+,17 õDSSHQGL[ $æô FRGHG E\ 2ï
6FKROWHQ õìääìô SHUIRUPV WKLV ZRUN DQG FDOFXODWHV HLJHQHQHUJLHVñ HLJHQVWDWHV
DQG UHGXFHG WUDQVLWLRQ SUREDELOLWLHVï

7KH PHWKRG DSSOLHG LQ WKLV FKDSWHU LV QDPHG FRQILJXUDWLRQ PL[LQJ EHFDXVH SXUH
VWDWHV RI WKH VSKHULFDO EDVLV DUH OLQHDUO\ FRPELQHGï 7KH UHVXOWLQJ VWDWHV GRQ©W
VKRZ DQ\ JURXS WKHRUHWLFDO V\PPHWULHV LQ FRQWUDVW WR WKH VWDWHV
_ 1 QG W Q' - 0 ²ï )RU WKLV UHDVRQñ WKHUH LV WDON RI V\PPHWU\ EUHDNLQJï

ìëïê (OHFWULF TXDGUXSROH UDGLDWLRQ

,Q RUGHU WR FDOFXODWH WKH UHGXFHG WUDQVLWLRQ SUREDELOLW\ õììïëìô ZH HPSOR\ LQLWLDO
DQG ILQDO VWDWHV RI WKH W\SH õìëïëô DQG IRUP WKH UHGXFHG PDWUL[ HOHPHQW RI WKH
WUDQVLWLRQ RSHUDWRU õììïìëô OLNH WKLV
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¢¢ OI 1 -I __ Dë õG ò V ò V ò G aaaaô ò Eë >G ò u G aaaa@õ ë ô__ OL 1 -L ²²  õìëïìåô

¦ N Q F
õOI ô

1 -I õNô F
õOL ô

1 -L õQô � ¢ N 1 -I __ Dë õG òV ò VòG aaaa ô ò Eë >G ò u G aaaa@õëô__ Q 1 -L ²ï

7KH ODVW PDWUL[ HOHPHQWV KDYH EHHQ WUHDWHG LQ WKH QRUPDO IRUP LQ VHFWLRQ ììïéï
7KH\ DUH WUDQVIRUPHG WR WKH UHGXFHG IRUP ZLWK WKH KHOS RI õììïçôï %\ PHDQV RI
õììïìæô DQG õììïëìô WKH H[SUHVVLRQ õìëïìåô LV FRQQHFWHG ZLWK WKH WUDQVLWLRQ
SUREDELOLW\ SHU WLPH XQLW 7 RU ZLWK WKH PHDQ OLIHWLPH WP DFFRUGLQJ WR õììïìäôï

ìëïé &RPSDULVRQ ZLWK H[SHULPHQWDO GDWD

)LJXUHV ìëïì DQG ìëïë VKRZ FRPSDULVRQV EHWZHHQ PHDVXUHG DQG FDOFXODWHG
OHYHO HQHUJLHV RI WKH QXFOHL ììí&G DQG ìíë5Xñ IRU ZKLFK WKH FRPSOHWH +DPLOWRQ
RSHUDWRU RI WKH ,%0ì KDV EHHQ HPSOR\HGï 7KH SDUDPHWHUV RI WKH VLPSOLILHG
IRUP õæïêìô RI WKH +DPLOWRQLDQ Hñ Fíñ Fëñ Féñ Yë DQG YR DUH JLYHQï 7KH FDOFXODWHG
OHYHO VFKHPHV RI ERWK QXFOHL GRQ©W GLIIHU PXFK IURP WKH VFKHPHV RI ILJXUHV ìíïê
DQG ìíïé EHFDXVH LW LV DERXW D QXPHULFDO DGDSWDWLRQ WR QXFOHL ZKLFK EHORQJ
FOHDUO\ WR WKH YLEUDWLRQDO OLPLWï )RU ìíë5X WKH FDOFXODWHG DQG PHDVXUHG UHGXFHG
WUDQVLWLRQ SUREDELOLWLHV DJUHH TXLWH ZHOO õ .DXSñ ìäåêñ Sï ìçôï

+DQñ &KXX DQG +VLHK õìääíô KDYH FDOFXODWHG DERXW ëçí OHYHO HQHUJLHV RI 6Pðñ
*Gð DQG '\ðLVRWRSHV DQG DERXW ìéí WUDQVLWLRQV SUREDELOLWLHV %õ(ñëôñ ZKLFK WKH\
FRPSDUHG ZLWK PHDVXUHG YDOXHVï %\ DGMXVWLQJ WKH ERVRQ QXPEHU 1 DV D IUHH
SDUDPHWHUñ DQ HVVHQWLDO LPSURYHPHQW FRXOG EH DFKLHYHG FRPSDUHG ZLWK HDUOLHU
SXEOLFDWLRQVï
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)LJXUH ìëïìï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH WKHRUHWLFDO VSHFWUXP
RI ììí&Gï ,W LV FDOFXODWHG ZLWK WKH SDUDPHWHUV H  æéí NH9ñ Fí  êí NH9ñ Fë  ð
ìëí NH9ñ Fé  ìíí NH9ñ Yí  æì NH9 DQG Yë  ðìêê NH9 õ$ULPD DQG ,DFKHOORñ
ìäæçDñ Sï ëååôï 7KH EURNHQ OLQHV GHQRWH FDOFXODWHG HQHUJLHVï 7KH RUGHU RI WKH
OHYHOV FRUUHVSRQGV WR WKH VFKHPH õìíïëëô DQG ILJXUH ìíïé UHVSHFWLYHO\ï

ììí
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)LJXUH ìëïëï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH WKHRUHWLFDO
VSHFWUXP RI ìíë5Xï ,W LV FDOFXODWHG ZLWK WKH SDUDPHWHUV H  èçì NH9ñ Fí  ð
ìææ NH9ñ Fë  ðìæé NH9ñ Fé  åì NH9ñ Yë î�ë  æå NH9ñ Yí îë  ð åç NH9 õ.DXS
ìäåêñ Sï ìçôï7KH RUGHU RI WKH OHYHOV FRUUHVSRQGV WR WKH VFKHPH õìíïëëô DQG
ILJXUH ìíïê UHVSHFWLYHO\ï
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ìëïè $Q HPSLULFDO +DPLOWRQ RSHUDWRU

7KH DXWKRUV &DVWHQ DQG :DUQHU õ ìäååñ Sï ééí ô GHVFULEH D +DPLOWRQ RSHUDWRU
ZLWK GUDVWLF VLPSOLILFDWLRQV FRPSDUHG ZLWK õìëïìôï 7KH\ VHW YU  í DQG + õ,ô  H QG
Lï Hï

+  H QG ò YT 4
ë ZLWK

4PPPP  G
ò
P V ò V

òG a
P ò F >G

ò u G a@õëôP ï õìëïìäô

7KH H[SUHVVLRQ 4PPPP LQ õìëïìäô GLIIHUV IURP õäïéô LQ WKH SDUDPHWHU Fï 6LPLODU
VLPSOLILFDWLRQV DV LQ õìëïìäô DUH XVXDO LQ WKH LQWHUDFWLQJ ERVRQ PRGHO ë õ FKDSWHU
ìè ôï )ROORZLQJ WKH LGHDV RI WKH ,%0ëñ WKH H[SUHVVLRQ õìëïìäô LV PDGH
GHSHQGHQW RQ WKH QXPEHU RI SURWRQðERVRQVñ 1S ñ DQG RQ WKH QXPEHU RI QHXWURQð
ERVRQVñ 1Qï 7KH FRQVSLFXRXV IDFW WKDW QXFOHDU SURSHUWLHV GHSHQG ODUJHO\ RQ WKH
SURGXFW 1S� 1Q õ&DVWHQñ ìääíñ Sï ëêèô LV WDNHQ LQWR DFFRXQW E\ ZULWLQJ WKH
HQHUJ\ H RI D VLQJOH GðERVRQ OLNH WKLV

H  Hí �Hð4 õ1S� 1Q ð 1í ô ï õìëïëíô

3URSHUWLHV RI DERXW ìíí QXFOHL LQ WKUHH GLIIHUHQW UHJLRQV RI WKH QXFOHDU FDUG
FRXOG EH UHSURGXFHG E\ YDU\LQJ ZHDNO\ WKH SDUDPHWHUV Hí ñ 4ñ 1íñ YT DQG F
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ìê /LH DOJHEUDV

,Q FKDSWHU ä WKH LPSRUWDQFH RI WKH /LH DOJHEUDV IRU LQWHUSUHWLQJ DQG HYDOXDWLQJ
WKH ,%0ð+DPLOWRQLDQ KDV EHHQ VWUHVVHGï ,Q WKH SUHVHQW FKDSWHU WKH HVVHQWLDO
FKDUDFWHULVWLFV RI WKHVH DOJHEUDV ZLOO EH RXWOLQHG VWDUWLQJ IURP ZHOOðNQRZQ
H[DPSOHVï ,Q WKH ILUVW VHFWLRQ WKH UXOHV DUH GHVFULEHG ZKLFK KROG IRU WKH
HOHPHQWV RI D /LH DOJHEUDï /RRNLQJ LQWR VSHFLDO PDWULFHV LQ VHFWLRQV ë DQG ê
WKUHH FODVVLFDOñ UHDO /LH DOJHEUDV DUH LGHQWLILHG DQG WKHLU GLPHQVLRQV DUH SXW
WRJHWKHU LQ VHFWLRQ éï ,Q WKH ODVW VHFWLRQ DERYH DOO &DVLPLU RSHUDWRUV õ FKDSWHU ä
DQG ìé ô ZLOO EH WUHDWHGï

ìêïì 'HILQLWLRQ

$ /LH DOJHEUD / FRPSULVHV LQILQLWHO\ PDQ\ HOHPHQWV Dñ Eñ Fñ ïïï ZKLFK VKRZ

FRPPRQ FKDUDFWHULVWLFVï )RU LQVWDQFH /LH DOJHEUDV FDQ EH UHSUHVHQWHG E\
PDWULFHV ZLWK FHUWDLQ V\PPHWU\ SURSHUWLHV RU E\ RSHUDWRUVï ,Q SDUWLFXODU WKH
HOHPHQWV RI D /LH DOJHEUD PXVW EH DEOH WR IRUP /LH SURGXFWV RU FRPPXWDWRUV
>D ñ E@ï )RU TXDGUDWLF PDWULFHV D DQG E WKH ZHOOðNQRZQ UHODWLRQ

>D ñ E@  DE ð ED õìêïìô

KROGVñ ZKLFK UHVXOWV DJDLQ LQ D PDWUL[ RI WKH VDPH W\SHï ,I WKH HOHPHQWV RI D /LH
DOJHEUD DUH RSHUDWRUV LQVWHDG RI PDWULFHV WKH FRPPXWDWRU >D ñ E@ LV VWLOO GHILQHG
EXW WKH ULJKW KDQG VLGH RI õìêïìô QHHG QRW EH VDWLVILHGï

7KH GHILQLWLRQ RI D /LH DOJHEUD GHPDQGV WKH IROORZLQJ SURSHUWLHV IURP LWV
HOHPHQWV Dñ Eñ F

Dô WKH FRPPXWDWRU RI WZR HOHPHQWV LV DJDLQ DQ HOHPHQW RI WKH DOJHEUD

>D ñ E@ £ / IRU DOO Dñ E £ /ñ õìêïëô

Eô D OLQHDU FRPELQDWLRQ D D ò E E RI WZR HOHPHQWV ZLWK WKH QXPEHUV D DQG E LV
DJDLQ DQ HOHPHQW RI WKH DOJHEUD DQG WKH UHODWLRQ

>D D ò E E ñ F@  D >D ñ F@ ò E >E ñ F@ õìêïêô

KROGV õ WKHUHIRUH WKH HOHPHQW í õ ]HUR ô EHORQJV DOVR WR WKH DOJHEUDôñ

Fô LQWHUFKDQJLQJ ERWK HOHPHQWV RI D FRPPXWDWRU UHVXOWV LQ

>D ñ E@  ð >E ñ D@ñ õìêïéô

Gô ILQDOO\ ¦,DFREL©V LGHQWLW\¦ KDV WR EH VDWLVILHG DV IROORZV

>D ñ >E ñ F@@ ò >E ñ >F ñ D@@ ò >F ñ >D ñ E@@  íï õìêïèô

$Q\KRZñ RWKHU NLQGV RI FRXSOLQJ WKH HOHPHQWV DUH SRVVLEOH LQ SULQFLSOHï $V DQ
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H[DPSOH WKH &DVLPLU RSHUDWRUV õìêïêëô FDQ EH PHQWLRQHGñ ZKLFK UHVXOW IURP
PXOWLSOLFDWLYH FRXSOLQJV RI HOHPHQWVï

)XUWKHUPRUHñ WKH GHILQLWLRQ GHPDQGV WKDW D /LH DOJHEUD KDV D ILQLWH GLPHQVLRQ Q
Lï Hï LW FRPSULVHV D VHW RI Q HOHPHQWV Dìñ Dëñ ïïï ñ DQ ZKLFK DFW DV D EDVLVñ E\
ZKLFK HYHU\ HOHPHQW [ RI WKH DOJHEUD FDQ EH UHSUHVHQWHG OLNH WKLV

[  ¦ L ì
Q [L DL ï õìêïçô

,Q RWKHU ZRUGV WKH DOJHEUD FRQVWLWXWHV D QðGLPHQVLRQDO YHFWRU VSDFHï 7KH
VWUXFWXUH RI WKH DOJHEUD FDQ EH IRUPXODWHG LQ WHUPV RI WKH EDVLVï %HFDXVH WKH
FRPPXWDWRU RI WZR EDVLV HOHPHQWV DS DQG DT EHORQJV DOVR WR WKH DOJHEUDñ
DFFRUGLQJ WR õìêïçô WKH UHODWLRQ

>DS ñ DT@  ¦ U  ì
Q FõU ôS T DU õìêïæô

KROGVï 7KH QXPEHUV FõUôS T DUH QDPHG VWUXFWXUH FRQVWDQWVï 2QH IRUPXODWHV WKH
FRPPXWDWRU RI WKH DUELWUDU\ HOHPHQWV [ õVHH ìêïçô DQG \ õ  ¦ M ]M DM ô LQ WHUPV RI
WKH VWUXFWXUH FRQVWDQWV OLNH WKLV

>[ ñ \@  ¦ Lñ M ì
Q [L ]M >DL ñ DM@  ¦ Lñ Mñ U  ì

Q [L ]M Fõ
U ô
L M DU ï õìêïåô

,I DQ DOJHEUD FRUUHVSRQGV HOHPHQW E\ HOHPHQW WR DQ RWKHU ERWK DUH
LVRPRPRUSKLF DQG ZH PDUN WKHP ZLWK WKH VDPH V\PEROï ,Q WKH IROORZLQJ ZH ZLOO
UHVWULFW RXUVHOYHV WR UHDO DOJHEUDV ZKLFK DUH FKDUDFWHULVHG E\ UHDO FRHIILFLHQWV [L
LQ WKH OLQHDU FRPELQDWLRQV õìêïçôï :LWK UHJDUG WR WKH LQWHUDFWLQJ ERVRQ PRGHO ZH
ZLOO GHDO ZLWK WKH IROORZLQJ W\SHV RI UHDO DOJHEUDVã Xõ1ôñ VXõ1ô DQG VRõ1ôï

ìêïë 7KH Xõ1ôð DQG WKH VXõ1ôðDOJHEUD

:H PDLQWDLQ WKDW TXDGUDWLF DQG DQWLKHUPLWLDQ PDWULFHV RI WKH UDQN 1 õ 1u1ð
PDWULFHV ô IRUP D /LH DOJHEUDï $QWLKHUPLWLFLW\ PHDQV WKDW WKH DGMRLQW RI WKH
PDWUL[ D Lï Hï WKH FRQMXJDWH FRPSOH[ DQG WUDQVSRVHG õ UHIOHFWHG RQ WKH
GLDJRQDO ô PDWUL[ D� LV LGHQWLFDO ZLWK ð D WKDW LV

D�  ð Dï õìêïäô

3URYLGLQJ UHDO FRHIILFLHQWV D DQG Eñ IRU WZR DQWLKHUPLWLDQ PDWULFHV D DQG E ZLWK
WKH VDPH UDQN QDWXUDOO\ WKH IROORZLQJ UHODWLRQ KROGV

õD D ò E Eô�  D D� ò E E�  ð D D ð E E  ð õD D ò E Eôï õìêïìíô

7KXV OLQHDU FRPELQDWLRQV RI DQWLKHUPLWLDQ PDWULFHV DUH DJDLQ RI WKLV W\SHï :H
PDNH XVH RI WKH ZHOOðNQRZQ UHODWLRQ

õDEô�  E� D� õìêïììô

LQ RUGHU WR ORRN LQWR WKH FRPPXWDWRU RI DQWLKHUPLWLDQ PDWULFHV DV IROORZV

>D ñ E@�  õDEô� ð õEDô�  E�D� ð D� E�  ED ð DE  ð >D ñ E@ï õìêïìëô

7KXV WKH FRPPXWDWRU RI WZR DQWLKHUPLWLDQ PDWULFHV LV DJDLQ DQWLKHUPLWLDQï
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1RZ LW LV QRW GLIILFXOW WR VKRZ WKDW WKH FRQGLWLRQV õìêïêô XS WR õìêïèô DUH PHWï
7KLV PHDQV WKDW WKH DQWLKHUPLWLDQ PDWULFHV RI WKH UDQN 1 FRQVWLWXWH D /LH
DOJHEUDï ,W LV QDPHG Xõ1ô DOJHEUD EHFDXVH LW LV FORVHO\ UHODWHG WR WKH /LH JURXS
RI WKH XQLWDU\ PDWULFHVï

$ PDWUL[ LV DQWLKHUPLWLDQ LI HYHU\ HOHPHQW RI WKH PDWUL[ HTXDOV WKH QHJDWLYHñ
FRQMXJDWH FRPSOH[ YDOXH RI WKH HOHPHQW ZKLFK LV LQ WKH WUDQVSRVHG SRVLWLRQï
$Q\ 1u1ðPDWUL[ RI WKLV NLQG FDQ EH FRPSRVHG OLQHDUO\ E\ WKH IROORZLQJ TXDGUDWLF
PDWULFHV

»L í ï Ë »í í ï Ë »í L í Ë »í í L í Ë
~í í ï ¼ ~ í L í ¼ ~ L í ï ¼ ~ í í í ¼
~ ï ï ï ¼ ~ ï í í ¼ ~ í ï ï ¼ ~ L í ï ¼
~ ï ¼ ~ ï ¼ ~ ï ¼ ~ í ï ¼
½ ïÍ ñ ½ ïÍ ñ ïïï ñ ½ ï Í ñ ½ ïÍñ

»í ì í ï Ë » í í ì í Ë
~ðì í ~ ~ í í í ¼
~ í ï ~ ~ðì í ï ¼ õìêïìêô
~ ï ~ ~ í ï ¼

ïïï ñ ½ ïÍ ñ ½ ïÍ ñ ïïï ï

6LPSOH FRXQWLQJ UHYHDOV WKDW WKHUH DUH 1 ë PDWULFHV LQ õìêïìêôï $V MXVW
PHQWLRQHG WKH\ UHSUHVHQW WKH EDVLV RI WKH /LH DOJHEUD Xõ1ôï 7KH QXPEHU RI
EDVLV HOHPHQWV LV QDPHG GLPHQVLRQ Qï 7KXV IRU WKH /LH DOJHEUD Xõ1ô ZH KDYH

Q  1 ë ï õìêïìéô

1RZ ZH ZLOO LQYHVWLJDWH DQWLKHUPLWLDQ PDWULFHV RI WKH UDQN 1 ZLWK YDQLVKLQJ
WUDFHV õ VXP RI WKH GLDJRQDO HOHPHQWV ôï :H H[SHFW WKDW WKH\ FRQVWLWXWH D /LH
DOJHEUD DV ZHOOï 2EYLRXVO\ D OLQHDU FRPELQDWLRQ RI WKHVH PDWULFHV DJDLQ KDV D
YDQLVKLQJ WUDFHï )XUWKHUPRUHñ IRU TXDGUDWLF PDWULFHV D DQG E WKH UHODWLRQ

WUDFH õDEô  WUDFH õEDôï õìêïìèô

KROGVï 7KXV WKH WUDFH RI D FRPPXWDWRU YDQLVKHV DOZD\Vï 7KLV PHDQV WKDW WKH
FRQGLWLRQV õìêïëô XS WR õìêïèô DUH VDWLVILHG DQG WKDW ZH KDYH D /LH DOJHEUDï

7KH WUDFH RI WKH EDVLV PDWULFHV LV DOZD\V ]HUR LI LQ õìêïìêô DOO 1 GLDJRQDO
PDWULFHV DUH UHSODFHG E\ PDWULFHV RI WKH IROORZLQJ IRUP

»L í ï Ë »í í ï Ë »í í í Ë
~í ðL í ¼ ~ í L í ¼ ~ í í ï ¼
~ í ï ¼ ~ ï í ðL í ¼ ~ í ï L ~ õìêïìçô
~ ï ¼ ~ í ï ¼ ~ ðL ¼
½ ïÍ ñ ½ ïÍ ñ ½ ï Í ñ ïïï ï
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(YHU\ GLDJRQDOñ DQWLKHUPLWLDQ PDWUL[ ZLWK WUDFH í FDQ EH EXLOW E\ OLQHDUO\
FRPELQLQJ PDWULFHV IURP õìêïìçôï 7KH HOHPHQWV õìêïìçô DQG WKH QRQðGLDJRQDO
HOHPHQWV RI õìêïìêô FRQVWLWXWH WKH EDVLV RI WKH QHZ /LH DOJHEUDï ,W FRPSULVHV
RQH PDWUL[ OHVV WKDQ WKH RQH RI WKH Xõ1ô DOJHEUD õìêïìêôï +HQFH LWV GLPHQVLRQ
DPRXQWV WR

Q  1 ë ð ìï õìêïìæô

7KLV DOJHEUD UHSUHVHQWV D VSHFLDO NLQG RI WKH Xõ1ô DOJHEUD DQG LV WKHUHIRUH
QDPHG VXõ1ôï

ìêïê 7KH VRõ1ô DOJHEUD

7KH WKLUG /LH DOJHEUDñ ZKLFK ZH DUH LQYHVWLJDWLQJ KHUHñ LV FRQVWLWXWHG E\ UHDOñ
DQWLV\PPHWULF DQG TXDGUDWLF PDWULFHV RI WKH UDQN 1ï 7KH WUDQVSRVHG DWU RI VXFK
D PDWUL[ D HTXDOV WR ð D

DWU  ð D ï

2EYLRXVO\ HDFK OLQHDU FRPELQDWLRQ RI WKHVH PDWULFHV LV VWLOO DQWLV\PPHWULFï :LWK
WKH KHOS RI

õD EôWU  EWU DWU õìêïìåô

RQH VKRZV LQ WKH VDPH ZD\ DV LQ WKH SUHYLRXV VHFWLRQ WKDW UHDOñ DQWLV\PPHWULF
1u1 PDWULFHV FRQVWLWXWH D /LH DOJHEUDï $V LW LV FORVHO\ UHODWHG WR WKH /LH JURXS RI
WKH RUWKRJRQDO PDWULFHV LW LV QDPHG Rõ1ôï (DFK GLDJRQDO HOHPHQW RI DQ
DQWLV\PPHWULF PDWUL[ LV ]HURñ LïHï LWV WUDFH YDQLVKHVï 7KHUHIRUH LWV /LH DOJHEUD LV
QDPHG VRõ1ô DV ZHOO LQ DQDORJ\ WR VXõ1ôï

7KH EDVLV HOHPHQWV RI WKLV DOJHEUD VKRZ WKH IROORZLQJ VWUXFWXUH

» í ì í Ë » í í ì Ë » í í í Ë
~ðì í ~ ~ í í í ¼ ~ í í ì ¼
~ í í ï ~ ~ðì í ï ¼ ~ í ðì í ~ õìêïìäô
~ ï ~ ~ ï ¼ ~ ï ¼
½ ïÍ ñ ½ ïÍñ ½ ï Í ñ ïïï ï

DQG WKHLU QXPEHU LV 1õ1 ð ìôîëï 7KH GLPHQVLRQ Q RI WKH /LH DOJHEUD VRõ1 ô LV WKXV

Q  1õ1 ð ìôîëï õìêïëíô

6SHFLDOO\ IRU 1  ê WKH VRõêô EDVLV HOHPHQWV UHDG

» í ì í Ë » í í ì Ë » í í í Ë
Dì  ~ðì í í ¼ Dë  ~ í í í ¼ Dê  ~ í í ì ¼ õìêïëìô

½ í í í Í ñ ½ðì í í Íñ ½ í ðì í Íï

%\ FDOFXODWLQJ RQH REWDLQV WKH IROORZLQJ FRPPXWDWRU UHODWLRQ
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>Dì ñ Dë@  ð Dê ZLWK F\FOLF SHUPXWDWLRQVï õìêïëëô

7KH VWUXFWXUH FRQVWDQWV õìêïæô RI WKLV DOJHEUD DUH WKHUHIRUH ìñ í RU ðìï 7KH
PLQXV VLJQ LQ õìêïëëô GLVDSSHDUV LI RQH FKDQJHV WKH VLJQ RI HYHU\ EDVLV PDWUL[ï
7KH VXEVWLWXWLRQ

Hì  õ Dì ò LDëôî�ëñ Hðì  õ Dì ð LDëôî�ëñ Hí  ð LDê \LHOGV õìêïëêô

>Hðì ñ Hì@  Híñ >Hðìñ Hí@  Hðìñ >Hí ñ Hì@  Hì ï õìêïëéô

2EYLRXVO\ WKH HOHPHQWV Hìñ Hðì DQG Hí FRQVWLWXWH D /LH DOJHEUD ZLWK WKH
GLPHQVLRQ êï ,W KDV WKH FKDUDFWHU RI VRõêô DV FDQ EH VKRZQï 7KH FRPPXWDWLRQ
UHODWLRQV õìêïëéô DJUHH FRPSOHWHO\ ZLWK WKH UXOHV õåïæô RI WKH DQJXODU PRPHQWXP
RSHUDWRUV -P ï 7KXV WKH\ FRQVWLWXWH WKH /LH DOJHEUD VRõêôï

ìêïé 'LPHQVLRQV RI WKUHH FODVVLFDO DOJHEUDV

,Q WDEOH ìêïì WKH ORZHVW GLPHQVLRQV Q RI WKH WKUHH /LH DOJHEUDV PHQWLRQHG
DERYH DUH SXW WRJHWKHUï *URXS WKHRU\ VKRZV WKDW WKHUH LV RQO\ D VPDOO QXPEHU
RI VLPSOH DQG UHDO /LH DOJHEUDVï 7KHUHIRUHñ D VLPSOH DOJHEUD FDQ EH LGHQWLILHG
GLUHFWO\ E\ PHDQV RI WKH GLPHQVLRQï )RU WKH ,%0ì WKH QðYDOXHV RI WDEOH ìêïì DUH
VXIILFLHQWï 7KH\ IDFLOLWDWH WR SURMHFW D JLYHQ /LH DOJHEUD RQ RQH RI WKH DOJHEUDV
Xõ1ôñ VXõ1ô RU VRõ1ôï 7KH FRUUHVSRQGLQJ PDWUL[ DOJHEUD LV D UHSUHVHQWDWLRQ RI
WKH JLYHQ /LH DOJHEUDï ,W LV SRVVLEOH WR WUDQVIRUP WKH EDVLV RI RQH DOJHEUD õVHH
ìêïëê DQG ìêïëéô LQ RUGHU WR REWDLQ D FRUUHVSRQGLQJ DOJHEUDï
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7DEOH ìêïìï 7KH ORZHVW GLPHQVLRQV Q RI WKH /LH DOJHEUDV Xõ1ôñ VXõ1ô DQG VRõ1ô
DFFRUGLQJ WR õìêïìéôñ õìêïìæô DQG õìêïëíôï

$OJHEUD ã Xõ1ô VXõ1ô VRõ1ô GLPHQVLRQ Q
5DQN ã 1 1 1

ë ê ê
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é ç
ê å

ê ä

è ìí
é ç ìè

é ìç

æ ëì
è ëé

è ëè

å ëå
ç êè

ç ä êç

ìêïè 2SHUDWRUV FRQVWLWXWLQJ /LH DOJHEUDVñ WKHLU EDVLV IXQFWLRQV DQG WKHLU
&DVLPLU RSHUDWRUV

,Q WKH ,%0 /LH DOJHEUDV FRQVWLWXWHG E\ RSHUDWRUV SUHYDLOï $ YHU\ LPSRUWDQW
SURSHUW\ RI WKH RSHUDWRUV LV WKH H[LVWHQFH RI VHWV RI EDVLV IXQFWLRQV \õM ô

N ZKLFK
DUH DIILOLDWHG WR WKH RSHUDWRUVï )RU H[DPSOH VXFK EDVLV IXQFWLRQV DUH IUHTXHQWO\
UHSUHVHQWHG E\ HLJHQVWDWHV RI D SK\VLFDO V\VWHPï 7KH\ FRQVWLWXWH D EDVLV
YHFWRUñ WKH GLPHQVLRQ RI ZKLFK FDQ EH FKRVHQï ,WV HOHPHQWV FDQ EH FRPELQHG
OLQHDUO\ DQG JHQHUDWH D PXOWLGLPHQVLRQDO YHFWRU VSDFHï 7KH\ DUH FKDUDFWHULVHG
E\ RUGHULQJ QXPEHUVï

,Q RUGHU WR FODULI\ WKH VLWXDWLRQ ZH FRQVLGHU WKH DQJXODU PRPHQWXP RSHUDWRUV -ìñ
-ðì DQG -í õåïçôï 7KH\ REH\ WKH FRPPXWDWLRQ UXOHV õåïæô
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,Q VHFWLRQ ìêïê ZH KDYH VHHQ WKDW WKH\ FRQVWLWXWH WKH /LH DOJHEUD VRõêôï 2Q WKH
RWKHU KDQGñ IURP TXDQWXP PHFKDQLFV ZH NQRZ WKDW WKH RSHUDWRUV -ìñ -ðì DQG -í
JHQHUDWH IXQFWLRQV RU TXDQWXP VWDWHV M M Pñ ZKLFK DUH FKDUDFWHULVHG E\ WKH
TXDQWLW\ M õ DQ LQWHJHU IRU ERVRQV ôï )RU D JLYHQ M WKHUH DUH ëM ò ì IXQFWLRQVñ
ZKLFK DUH ODEHOOHG E\ P õ SURMHFWLRQ RI WKH VSLQ RU RI WKH DQJXODU PRPHQWXP ôï ,I
DQ RSHUDWRU -L DFWV RQ M M P WKH UHVXOW LV QRW DQ HQWLUHO\ QHZ IXQFWLRQ EXW DV ZH
NQRZ IURP TXDQWXP PHFKDQLFV WKH UHODWLRQV
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KROGï 7KXV ZKHQ DFWLQJ RQ D IXQFWLRQ M M P WKH RSHUDWRUV -ìñ -ðì RU -í JHQHUDWH
DJDLQ D IXQFWLRQ RI WKLV NLQG ZLWK WKH VDPH Mï ,Q JHQHUDO DQ RSHUDWRU RI D /LH
DOJHEUD FUHDWHV D OLQHDU FRPELQDWLRQ RI EDVLV IXQFWLRQV ZKHQ LW DFWV RQ VXFK D
IXQFWLRQï
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GHILQHG LQ õåïåôï :LWK WKH DLG RI õìêïëèô RQH VKRZV WKDW WKH IROORZLQJ UHODWLRQ
KROGV
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:H VHH WKDW WKH RSHUDWRU - ëñ ZKLFK GRHV QRW WR EHORQJ WR WKH /LH DOJHEUD
õ -ìñ -ðìñ -íôñ FRPPXWHV ZLWK WKH EDVLV HOHPHQWV DQG WKHUHIRUH ZLWK DOO HOHPHQWV
RI WKH DOJHEUDï 2SHUDWRUV ZKLFK EHKDYH OLNH - ë DUH QDPHG &DVLPLU
RSHUDWRUHVï ,Q SK\VLFV WKH\ DUH LPSRUWDQW EHFDXVH WKH\ JHQHUDWH HLJHQYDOXHVï
,Q WKH FDVH RI - ë ZH KDYH DFFRUGLQJ WR õåïèô
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7KXVñ ZKHQ WKH &DVLPLU RSHUDWRU - ë DFWV RQ WKH EDVLV IXQFWLRQ M M P ñ WKLV LV
UHSURGXFHG DQG VXSSOLHG ZLWK D IDFWRUñ ZKLFK GHSHQGV RQO\ RQ Mï

1RZ ZH FDQ SXW WRJHWKHU WKH SURSHUWLHV RI WKH /LH DOJHEUDVñ ZKLFK ZH QHHG IRU
WKH ,%0ï :H UHIHU WR WKH VLWXDWLRQ RI WKH DQJXODU PRPHQWXP DQG DEVWDLQ IURP
JURXS WKHRUHWLFDO SURRIVï

ìêïç 3URSHUWLHV RI RSHUDWRUV

:H VWDUW ZLWK EDVLV RSHUDWRUV )))) õLô ZLWK L  ìñ ïï ñQ ZKLFK DUH OLQHDUO\
LQGHSHQGHQWñ FRQVWLWXWH D /LH DOJHEUD DFFRUGLQJ WR õìêïëô XS WR õìêïèô DQG DUH
FRQQHFWHG E\ WKH VWUXFWXUH FRQVWDQWV FõU ôS T õìêïæôï 7KHUH H[LVW VHWV RI EDVLV
IXQFWLRQV \õM ô
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DQDORJRXVO\ WR õìêïëçôï 7KH &DVLPLU RSHUDWRUV ;;;;ñ ZKLFK FRPPXWH ZLWK DOO
RSHUDWRUV )))) õL ô DFFRUGLQJ WR õìêïëåô DV IROORZV
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DUH IRUPHG LQ WHUPV RI WKH HOHPHQWV )))) õL ôï :H QHHG WKH OLQHDU W\SH ;;;;ì RI WKDW
RSHUDWRU DQG WKH TXDGUDWLF ;;;;ëï 7KH ODVW KDV WKH IROORZLQJ IRUP
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7KH FRHIILFLHQWV ;L M RI WKH TXDGUDWLF &DVLPLU RSHUDWRU GHSHQG IURP WKH VWUXFWXUH
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$FFRUGLQJ WR õìêïëäô WKH HLJHQYDOXH RI WKH TXDGUDWLF &DVLPLU RSHUDWRU - ë RI WKH
/LH DOJHEUD VRõêô KDV WKH IRUP MõM ò ìôï

8VLQJ FUHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV IRU ERVRQVñ )UDQN DQG 9DQ ,VDFNHU
õìääéñ Sï êìíô VKRZ WKDW WKH HLJHQYDOXHV RI WKH &DVLPLU RSHUDWRUV RI WKH VRõ1ôð
DOJHEUDV KDYH WKH IROORZLQJ IRUP
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7KH TXDQWLW\ 1 LV WKH UDQN RI WKH VRðDOJHEUD DQG U LV DQ LQWHJHU ZKLFK LV OLPLWHG
E\ D IXQFWLRQ RI WKH ERVRQ QXPEHUï )RU LQVWDQFH IRU 1  ê õìêïêéô DJUHHV ZLWK
õìêïëäôñ SURYLGHG WKDW U LV UHSODFHG E\ WKH DQJXODU PRPHQWXP - RI WKH VWDWHï
:H NQRZ WKDW LQ WKH XõèôðOLPLW RI WKH ,%0 WKH TXDQWLW\ - KDV WKH YDOXHV ëQGñ ëQG ð
ëñ ëQG ð êñ ïïï ñ ìñ íï ,Q WKH QH[W FKDSWHU ZH ZLOO PHHW IXUWKHU DSSOLFDWLRQV RI
IRUPXOD õìêïêéôï

)RU WKH /LH DOJHEUD VXõêô &RUQZHOO õìääíñ Sï èäçô GHULYHV WKH IROORZLQJ
HLJHQYDOXH RI WKH TXDGUDWLF &DVLPLU RSHUDWRU õ DSDUW IURP D IDFWRU ìîä ô
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7KH LQWHJHUV Q DQG P FKDUDFWHULVH WKH LUUHGXFLEOH PDWULFHV õ* õ Lñ Q P ô
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RI WKH DOJHEUD DQG WKH DIILOLDWHG IXQFWLRQV \õ Q P ô
O ï7KH H[SUHVVLRQ õìêïêèô ZLOO

DULVH LQ WKH QH[W FKDSWHU LQ FRQQHFWLRQ ZLWK WKH VHFRQG VSHFLDO FDVH RI WKH
,%0ìï

7KH EDVLV RSHUDWRUV RI WKH ,%0 õ FKDSWHU ìé ô QRW RQO\ FRQVWLWXWH D /LH DOJHEUD
LQ DOO EXW WKH\ FRQWDLQ VXEVHWV ZKLFK DUH VXEDOJHEUDVï 7KLV PHDQV IRU LQVWDQFH
WKDW FRPPXWDWRUV RI RSHUDWRUV RI D VXEDOJHEUD DUH OLQHDU FRPELQDWLRQV RI
HOHPHQWV RI WKLV VXEVHW õìêïëôï 7KH &DVLPLU RSHUDWRU RI WKH KLJKHU DOJHEUD
FRPPXWHV ZLWK WKH &DVLPLU RSHUDWRU RI WKH VXEDOJHEUDñ ZKLFK IROORZV IURP
;;;; )))) õL ô  )))) õL ô ;;;; õìêïêìô DQG IURP õìêïêëôï 7KH &DVLPLU RSHUDWRUV RI WKH
VXEDOJHEUDVñ ZKLFK ZH ZLOO PHHW LQ WKH QH[W FKDSWHUñ DUH VXPPDQGV LQ WKH
&DVLPLU RSHUDWRUV RI WKH KLJKHU DOJHEUDï

)XUWKHUPRUHñ LW LV WUXH WKDW WKH EDVLV IXQFWLRQ \õM ô
N õìêïêíô RI WKH KLJKHU DOJHEUD

LV DOVR WKH EDVLV IXQFWLRQ RI WKH VXEDOJHEUDï 7KHUHIRUH WKLV IXQFWLRQ LV ODEHOOHG
ERWK ZLWK WKH LQGH[ RI WKH &DVLPLU HLJHQYDOXH &ë RI WKH KLJKHU DOJHEUD DQG ZLWK
WKH FRUUHVSRQGLQJ LQGH[ RI WKH VXEDOJHEUDï )RU H[DPSOH LQ WKH EDVLV IXQFWLRQ
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,Q WKLV FKDSWHU ILUVW ZH ZLOO VKRZ WKDW WKH ,%0ð+DPLOWRQLDQ LV FRPSRVHG RI
HOHPHQWV ZKLFK FRQVWLWXWH D /LH DOJHEUDï ,Q WKH VHFRQG VHFWLRQ WKH DIILOLDWHG
VXEDOJHEUDV DUH ORRNHG LQWRï 7KUHH FKDLQV RI VXEDOJHEUDV FDQ EH IRUPXODWHGï
7KH WKLUG VHFWLRQ LV UDWKHU LOOXVWUDWLYH DQG VKRZV KRZ WKH EDVLV RSHUDWRUV RI WKH
,%0 DFW RQ WKH DFFRPSDQ\LQJ EDVLV IXQFWLRQVï ,Q VHFWLRQV éñ è DQG ç VSHFLDO
FDVHV RI WKH ,%0 DUH WUHDWHGï 7KH HLJHQYDOXHV RI WKH &DVLPLU RSHUDWRUV ZKLFK
EHORQJ WR WKHVH FDVHVñ GHWHUPLQH WKH HQHUJ\ HLJHQYDOXHVï &RPSDULVRQV ZLWK
PHDVXUHG OHYHO VFKHPHV ZLOO EH SHUIRUPHGï

ìéïì %DVLV RSHUDWRUV RI WKH /LH DOJHEUDV LQ WKH ,%0ì

,Q WKLV VHFWLRQ ZH VKRZ ILUVW WKDW WKH +DPLOWRQ RSHUDWRU RI WKH ,%0ì LV
FRPSRVHG H[FOXVLYHO\ RI WKH IROORZLQJ RSHUDWRUV
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IRU ERWK UHPDLQLQJ RSHUDWRUV LQ õìéïëôñ ZKLFK ZH ZLOO VKRZ E\ UHPRGHOOLQJï :H
ZULWH WKH VHQLRULW\ RSHUDWRU 7 ë  QG õQG ò êô ð è�>G ò u G ò@õíôí >G

a u G a@õíôí õäïëô
ZLWK WKH DLG RI õäïìëô WKLV ZD\

7 ë  QG
ë ò éQG ð ¦-© �õë-© ò ìô�>>G

ò u G a@õ-© ô u >G ò u G a@õ-© ô@õíô ï

:H UHSODFH QG
ë PDNLQJ XVH RI õäïëíô

QG
ë  è>>G ò u G a@õíô u >G ò u G a@õíô@õíô  õìéïéô

¦ -¦ õðìô
-¦�õë-¦ ò ìô>>G ò u G a@õ-¦ ôu >G ò u G a@õ-¦ ô@õíô ð é QG



ìíé

DQG REWDLQ

7 ë  ð ë ¦ -© ìñ ê �õë-© ò ìô�>>G
ò u G a@õ-© ô u >G ò u G a@õ-© ô@õíô ï õìéïèô

7KH UHPDLQLQJ RSHUDWRU 5 ë õäïêô UHDGV

5 ë  1õ1 ò éô ð õ�è�>G ò u G ò@õíô ð VòVòôõ�è>G a u G a@õíô ð VVô  

1õ1 ò éô ð è�>>G ò u G ò@õíô u >G a u G a@õíô@õíô ò �è>G ò u G ò@õíô VV ò

�è VòVò>G a u G a@õíô ð VòVò VV ï õìéïçô

:LWK WKH KHOS RI õäïëô ZH REWDLQ

5 ë  1õ1 ò éô ð7 ë ð QGõQG ò êô ò �è>G
ò u G ò@õíô VV ò

�è VòVò>G a u G a@õíô ð VòVò VVñ

LQVHUW 7 ë IURP õìéïèô DQG WUDQVIRUP OLNH WKLV

5 ë  1õ1 ò éô ð QGõQG ò êô ð ë ¦ -© ìñ ê �õë-© ò ìô�>>G
ò u G a@õ-© ô u >G ò u G a@õ-© ô@õíô ò

�è>>G òu V@õëô u >G ò u V@õëô@õíô ò �è>>Vò u G a@õëô u >Vò u G a@õëô@õíô ð

>>Vò u V@õíô u >Vò u V@õíô@õíô ò >Vò u V@õíôï õìéïæô

7KXVñ WKH HQWLUH +DPLOWRQ RSHUDWRU LV EXLOW E\ RSHUDWRUV RI WKH W\SH õìéïìôï

1RZ ZH VKRZ WKDW WKH RSHUDWRUV õìéïìô FRQVWLWXWH D /LH DOJHEUDï )RU WKH
PRPHQW ZH DUH UHVWULFWLQJ RXUVHOYHV WR RSHUDWRUV VXFK DV >G ò u G aaaa@õ- ô

0 ï
$FFRUGLQJ WR õ$åïéô WKH FRPPXWDWLRQ UHODWLRQ

>>G ò u G a@õ-© ô0© ñ >G
ò u G a@õ-¦ ô0¦@  

¦ N N >G
ò u G a@õNôN ��õë-© ò ìô�õë-¦ ò ìô� õìéïåô

õ-© 0© -¦ 0¦ _ N Nô ^-©ë
-¦
ë

N
ë` õðìô

N õì ð õðìô-©ò-¦òNô

KROGVï 7KDW LVñ WKH FRPPXWDWRU RI WZR RSHUDWRUV >G ò u G a@õ- ô
0 LV D OLQHDU

FRPELQDWLRQ RI VXFK RSHUDWRUVï 7KHUHIRUH WKH GHILQLQJ FRQGLWLRQV õìêïëô DQG
õìêïæô IRU /LH DOJHEUDV DUH VDWLVILHGï ,QWHUFKDQJLQJ ERWK RSHUDWRUV LQ WKH
FRPPXWDWRU õìéïåô UHVXOWV LQ DOWHULQJ WKH VLJQ RI WKH &OHEVFKð*RUGDQ FRHIILFLHQW
õ FRQVXOW õ$ìïéô DQG WKH UHODWLRQ -ö ò -û ò N  RGG ôï &RQVHTXHQWO\ WKH FRQGLWLRQ
õìêïéô LV PHW DQG RQH FDQ VKRZ DOVR WKDW WKH UHODWLRQV õìêïêô DQG õìêïèô DUH
VDWLVILHGï 7KHUHIRUH WKH RSHUDWRUV RI WKH W\SH >G ò u G a@õ- ô

0 FRQVWLWXWH D /LH
DOJHEUDï

7KH RSHUDWRUV LQ õìéïìô ZKLFK FRQWDLQ VðRSHUDWRUV VDWLVI\ WKH IROORZLQJ
FRPPXWDWLRQ UHODWLRQV
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RSHUDWRUV OLVWHG LQ õìéïìô FRQVWLWXWH D /LH DOJHEUDï

ìéïë 6XEDOJHEUDV ZLWKLQ WKH ,%0ì

:H QRZ ZLOO LQYHVWLJDWH KRZ WKLV DOJHEUD FDQ EH VXEGLYLGHG LQ VXEDOJHEUDVï :H
VWDUW ZLWK WKH HOHPHQWV >G ò u G a@õìôP ï $FFRUGLQJ WR õåïäô WKHVH RSHUDWRUV
UHSUHVHQW WKH ODGGHU RSHUDWRUV -PPPP RI WKH DQJXODU PRPHQWXP DSDUW IURP WKH
IDFWRU �ìíï 2ZLQJ WR õìêïëéô WKH\ FRQVWLWXWH WKH /LH DOJHEUD VRõêôï

:H WXUQ WR HOHPHQWV RI WKH W\SH
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$FFRUGLQJ WR õìéïåô WKH FRPPXWDWRU RI WZR HOHPHQWV RI WKLV NLQG FUHDWHV D OLQHDU
FRPELQDWLRQ RI RSHUDWRUV >G ò u G a@õ- ôP õZLWK -  ìñ ê ôï 2EYLRXVO\ WKH\ DOVR PHHW
WKH RWKHU GHILQLWLRQ FRQGLWLRQV õ VHFWLRQ ìêïì ô DQG FRQVWLWXWH D /LH DOJHEUD RI WKH
GLPHQVLRQ õ  QXPEHU RI EDVLV HOHPHQWV ô Q  ê ò æ  ìíï 7DEOH ìêïì FRQWDLQV
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VHFWLRQï 7DEOH ìêïì UHYHDOV WKDW LW LV WKH DOJHEUD Xõçôï

&RQVHTXHQWO\ WKH EDVLV HOHPHQWV õìéïìô FRQVWLWXWH WKH IROORZLQJ FKDLQ RI /LH
DOJHEUDV
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1RZ ZH DUH FODLPLQJ WKDW WKH HOHPHQWV
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ò u G a@õëôP ñ >G
ò u G a@õì ôN@ï

:LWK WKH DLG RI õìéïåôñ õìéïäôñ õ$ìïéô XS WR õ$ìïçô DQG õ$êïìéô RQH REWDLQV ILQDOO\

>4PPPP ñ >G
ò u G a@õì ôN@  õðìô

P õëñ ðPñ ëñ P ò N _ ì Nô 4PPPP ò NNNN ï õìéïìéô

7KH &OHEVFKð*RUGDQ FRHIILFLHQW SUHYHQWV WKDW _P ò N _ H[FHHGV ëï )XUWKHUPRUHñ
ZH QHHG WKH FRPPXWDWRU >4PPPP ñ 4NNNN@ñ IRU ZKLFK ZH ZULWH WKH QRQ YDQLVKLQJ WHUPV

>4PPPP ñ 4NNNN@  >>G
ò u V@õëôP ñ >V

ò u G aaaa@õëôN@ ð >>G
ò u V@õëôN ñ >V

ò u G aaaa@õëôP@ ð

õ�æîëô >>V ò u G aaaa@õëôP ñ >G
ò u G a@õëôN@ ò õ�æîëô >>V

ò u G aaaa@õëôN ñ >G
ò u G a@õëôP@ ð

õ�æîëô >>G ò u V@õëôP ñ >G
ò u G a@õëôN@ ò õ�æîëô >>G

ò u V@õëôN ñ >G
ò u G a@õëôP@ ò

õæîéô >>G ò u G a@õëôP ñ >G
ò u G a@õëôN@ï õìéïìèô

7KH IRXU WHUPV ZLWK WKH IDFWRU �æîë LQ õìéïìèô FDQFHO RXW LQ SDLUV EHFDXVH RI
õìéïäôñ õ$ìïéô DQG õ$ìïçôï %\ PHDQV RI WKH H[SOLFLW YDOXHV RI WKH çðM V\PEROV
õ$êïìéô

^ëë
ë
ë
ì
ë`  ð ìîìíñ ^ëë

ë
ë
ê
ë`  éîêè

DQG RI õìéïåô DQG õìéïäô RQH REWDLQV WKH IROORZLQJ UHVXOW

>4PPPP ñ 4NNNN@  õìèîéô õë P ë N _ ìñ N ò Pô >G
ò u G a@õì ôN ò P ï õìéïìçô

7KH &OHEVFKð*RUGDQ FRHIILFLHQW SUHYHQWV WKDW _P ò N _ H[FHHGV ìï ,Q WKLV ZD\ WKH
FKRLFH RI WKH IDFWRU �æîë LV H[SODLQHGï ,W FDXVHV WKH WHUP >G ò u G a@õê ô0 LQ õìéïìçô
WR YDQLVKï &OHDUO\ WKH IDFWRU �æîë PLJKW KDYH DOVR D SRVLWLYH VLJQ LQ õìéïìëô
EHFDXVH LQ õìéïìèô LW DSSHDUV RQO\ LQ VTXDUHG IRUPï

7KXV WKH RSHUDWRUV õìéïìëô FRQVWLWXWH D /LH DOJHEUD ZLWK WKH GLPHQVLRQ Q  ê ò è
 åñ ZKLFK LV LQ IDFW WKH VXõêô DOJHEUD DFFRUGLQJ WR WDEOH ìêïìï ,W LQFOXGHV WKH
HOHPHQWV >G ò u G a@õì ôNñ ZKLFK PDNH XS WKH DOJHEUD VRõêôñ DV ZH NQRZï

,I ZH DGG WKH RSHUDWRUV >G ò u G a@õN ôP õ N  íñ êñé ôñ >V ò u G aaaa@õëôP ñ >G
ò u V@õëôP DQG

>V ò u V@õíôí WR WKH å HOHPHQWV RI õìéïìëô DOO SRVVLEOH FRPPXWDWRUV FUHDWH OLQHDU
FRPELQDWLRQV RI WKHVH êç HOHPHQWVï ,Q FDVH VLQJOH HOHPHQWV >G ò u G a@õë ôP DUH
JHQHUDWHGñ WKH\ KDYH WR EH UHSODFHG E\ õ>V ò u G aaaa@õëôP ò >G ò u V@õëôP ð 4PPPPô ëî�æï
7KH WRWDOLW\ FRQVWLWXWHV WKH DOJHEUD Xõçôñ ZKLFK LV VXEGLYLGHG LQ VXEDOJHEUDV OLNH
WKLV

,,ï Xõçô � VXõêô � VRõêôï õìéïìæô



ìíæ

7KLV FKDLQ UHSUHVHQWV WKH VXõêô OLPLWñ ZKLFK LV QDPHG URWDWLRQDO OLPLW DV ZHOOï ,Q
VHFWLRQ ìéïè LW ZLOO EH ORRNHG LQWRï

:H FRPH WR WKH WKLUG VSHFLDO FDVH RI WKH ,%0 E\ WKH IROORZLQJ VHW RI HOHPHQWV

>G ò u G a@õ- ôP õ -  ìñ êô DQG 6OOOO  >G
ò u V@õëôO ò >V

ò u G aaaa@õëôO ï õìéïìåô

7KH ILUVW JURXS RI RSHUDWRUV LQ õìéïìåô PDNHV XS WKH DOJHEUD VRõèô DV ZH NQRZ
IURP õìéïììôï $FFRUGLQJ WR õìéïäô WKH UHODWLRQ

>6OOOO ñ 6PPPP@  ë ¦ -  ìñê õë O ë P _ -ñ O ò Pô >G
ò u G a@õ- ôO ò P õìéïìäô

KROGV DQG IRU RGG - ZH KDYH

>6OOOO ñ >G
ò u G a@õ- ôP@  õìéïëíô

ð õõë- ò ìôîèôìîë õë O - P _ ëñ O ò Pô õ>G ò u V@õëôOòP ò >V ò u G aaaa@õëôOòP ôï

7KHUHIRUHñ WKH HOHPHQWV RI õìéïìåô FRQVWLWXWH D /LH DOJHEUD RI WKH GLPHQVLRQ Q  
ê ò æ ò è ò  ìèï ,Q WDEOH ìêïì WKH DOJHEUDV VXõéô DQG VRõçô KDYH WKLV
GLPHQVLRQï 7KH\ DUH LVRPRUSKLF DV FDQ EH VKRZQï

$GGLQJ WKH HOHPHQWV >G ò u G a@õ- ô
P õ -  íñ êñ éôñ >V ò u G aaaa@õëôP DQG >V ò u V@õíôí WR

WKH VHW õìéïìåô RQH REWDLQV êç HOHPHQWV FRQVWLWXWLQJ WKH Xõçô DOJHEUDñ ZKLFK LV
VKRZQ DQDORJRXVO\ WR WKH GHULYDWLRQ RI õìéïìæôï 7KXV ZH REWDLQ WKH IROORZLQJ
FKDLQ RI DOJHEUDV

,,,ï Xõçô � VRõçô � VRõèô � VRõêôï õìéïëìô

7KLV LV WKH WKLUG VSHFLDO FDVH RI WKH ,%0ñ ZKLFK LV QDPHG VRõçô RU J ðLQVWDEOH
OLPLWï

,Q WDEOH ìéïì WKH FKDLQV RI DOJHEUDV RI WKH ,%0ì DQG WKH DIILOLDWHG EDVLV
HOHPHQWV DUH SXW WRJHWKHUï



ìíå

7DEOH ìéïìï &KDLQV RI DOJHEUDV IRU WKH WKUHH VSHFLDO FDVHV RI WKH ,%0ì

%DVLV HOHPHQWV GLPHQVLRQ DOJHEUD
Ë Q

>V ò u G aaaa@õëôP ñ >G
ò u V@õëôP ñ >V

ò u V@õíôí Ò êç Xõçô Ë
~Ë � ¼

>G ò u G a@õí ôíñ >G
ò u G a@õë ôP ñ >G

ò u G a@õé ôP ~ Ò ëè Xõèô ¼
~~Ë � Ò YLEUDWLRQDO

>G ò u G a@õê ôP ~ ~Ò ìí VRõèô ¼ OLPLW
~ ~~Ë � ¼

>G ò u G a@õì ôP ~ ~~Ò ê VRõêôÍ
Í Í Í Í

>V ò u G aaaa@õëôP ñ >G
ò u V@õëôP ñ >V

ò u V@õíôí ñ Ë
>G ò u G a@õíôí ñ >G

ò u G a@õêôP ñ >G
ò u G a@õéôP Ò êç Xõçô Ë

~Ë � ¼
>V òuG aaaa@õëôPò>G

òuV@õëôP ðõ�æîëô>G
òuG a@õë ôP ~ Ò å VXõêô ¼ URWDWLRQDO

~~Ë � Ò OLPLW
>G ò u G a@õì ôP ~~Ò ê VRõêôÍ

Í ÍÍ

>V ò u G aaaa@õëôP ñ >V
ò u V@õíôí ñ Ë

>G ò u G a@õíôí ñ >G
ò u G a@õëôP ñ >G

ò u G a@õéôP Ò êç Xõçô Ë
~Ë � ¼

>V òuG aaaa@õëôPò >G
òuV@õëôP ~ Ò ìè VRõçô ¼

~~Ë � Ò J ðLQVWDEOH
>G ò u G a@õê ôP ~~Ò ìí VRõèô ¼ OLPLW

~~~Ë � ¼
>G ò u G a@õì ôP ~~~Ò ê VRõêôÍ

Í Í Í Í

ìéïê 7KH VSKHULFDO EDVLV DV IXQFWLRQ EDVLV RI /LH DOJHEUDV

,Q FKDSWHU ç ZH KDYH WUHDWHG WKH VHQLRULW\ VFKHPH DQG UHSUHVHQWHG LWV ERVRQ
VWDWHV OLNH WKLV õçïìåô

_ QV QG W Q' - 0 ²  

õõëW ò êôüüîõQVüõQG ò W ò êôüüõQG ð Wôüüôô× õVòô
QV õ3òôõQG ð Wôîë _ W W Q' - 0 ² õìéïëëô

ZLWK 3 ò  �è >G ò u G ò@õíôí õçïìëôï

7KHVH VRðFDOOHG VSKHULFDO EDVLV VWDWHV DUH DVVLJQHG WR WKH Xõèôð RU YLEUDWLRQDO
OLPLW õ FKDSWHU ìí ô DQG ZH NQRZ WKDW WKH\ DUH HLJHQIXQFWLRQV RI WKH RSHUDWRUV
- ë DQG 7 ëñ ZKLFK DUH FRPSRQHQWV RI WKH FRUUHVSRQGLQJ +DPLOWRQLDQï $V DQ



ìíä

H[HUFLVH ZH FKHFN LI WKHVH VWDWHV EHKDYH OLNH EDVLV IXQFWLRQV RI WKH Xõèô OLPLW
DQG LI WKH\ VDWLVI\ WKH UHODWLRQ õìêïêíôï :H UHVWULFW RXUVHOYHV WR WKH VRõèô
VXEDOJHEUDï ,W FRPSULVHV WKH HOHPHQWV

>G ò u G a@õì ôN DQG >G
ò u G a@õê ôQ ï õìéïëêô

$FFRUGLQJ WR õìêïêíô ZH H[SHFW WKH IROORZLQJ EHKDYLRXUã ZKHQ DQ RSHUDWRU RI
WKH W\SH õìéïëêô DFWV RQ D EDVLV IXQFWLRQ õìéïëëô D OLQHDU FRPELQDWLRQ RI VXFK
IXQFWLRQV DULVHVï

7KH HTXDWLRQV õìêïëçô VKRZ WKDW WKH ILUVW RSHUDWRU LQ õìéïëêô VDWLVILHV WKLV
FRQGLWLRQ EHFDXVH LW DJUHHV ZLWK WKH DQJXODU PRPHQWXP RSHUDWRU -PPPP õåïäô DSDUW
IURP D IDFWRUï

1RZ ZH OHW WKH RSHUDWRU >G ò u G a@õêôN DFW RQ WKH VWDWH õìéïëëô DQG PRYH LW WR WKH
ULJKW LQ IURQW RI WKH RSHUDWRU 3 òï 7KHQ ZH PDLQWDLQ WKDW WKHVH RSHUDWRUV
FRPPXWHï ,Q RUGHU WR VKRZ LWñ DFFRUGLQJ WR õ$äïêô DQG õ$ìïìçô ZH FDQ ZULWH IRU
RGG N

>>G ò u G a@õN ôN ñ >G
ò u G ò@õíôí@  õìéïëéô

ë ¦ P õë P ëñ ðP _ í íô õëñ N ò Pñ ëñ ðP _ N Nô õðìô
ðPG òNNNNòPPPP G

ò
ðPPPP  

õëî�èô ¦ P õëñ N ò Pñ ëñ ðP _ N Nô G òNNNNòPPPP G
ò
ðPPPP  õëî�èô >G

ò u G ò@õN ôN ï

%HFDXVH N LV RGG WKH ODVW H[SUHVVLRQ YDQLVKHV RZLQJ WR õçïçôï 7KHUHIRUH
>G ò u G a@õêôN õ N  ìñ ê ô FDQ EH LQWHUFKDQJHG ZLWK 3

òï *HQHUDOO\ WKH UHODWLRQ

>G ò u G a@õN ôN õ3
òôõQG ð Wôîë  õ3 òôõQG ð Wôîë >G ò u G a@õN ôN ñ N  ìñ êñ ïï ñ õìéïëèô

KROGVï 7KLV PHDQV WKDW WKH VRõèô RSHUDWRU õìéïëêô FDQ EH PRYHG LQ IURQW RI WKH
VWDWH _ QV W W Q' - 0 ² ZLWK PD[LPDO VHQLRULW\ LQ õìéïëëôï )RU WKH WLPH EHLQJ ZH
DUH UHVWULFWLQJ RXUVHOYHV WR VWDWHV ZLWK QG  W  ëï 7KH\ UHDG DFFRUGLQJ WR õçïèô

_ QG  W  ëñ - 0 ²  õëôðìîë>G ò u G ò@õ- ô0 _² ZLWK -  ëñ éï õìéïëçô

$FWLQJ RQ WKH VWDWH õìéïëçô WKH VRõèô RSHUDWRU >G ò u G a@õê ôN JHQHUDWHV WKH
H[SUHVVLRQ

>G ò u G a@õê ôN õëô
ðìîë>G ò u G ò@õ- ô0 _²  õìéïëæô

�ë ¦ P õë P ëñ 0 ð P _ - 0 ô õëñ N ò Pñ ëñ ðP _ ê N ô õðìôP G òNNNNòPPPP G
ò
0ðPPPP ñ

ZKLFK LV VKRZQ E\ PHDQV RI õäïêô DQG WKH UHODWLRQ GPPPP _²  íï :LWK WKH DLG RI
õ$ìïìéô WKH SDLU RI G òðRSHUDWRUV LV WUDQVIRUPHG WR H[SUHVVLRQV VXFK DV
>G ò u G ò@õ-ö ô0ö ï %HFDXVH ZH DUH LQWHUHVWHG LQ WKH TXHVWLRQ LI -ö  í DULVHVñ ZH
LQYHVWLJDWH VLWXDWLRQV ZLWK 0ö  íï 7KDW LV ZH SXW 0  ð N LQ õìéïëæô DQG REWDLQ



ììí

>G ò u G a@õê ôN õëô
ðìîë>G ò u G ò@õ- ôðN _²  

�ë ¦ P õë P ëñ ðN ð P _ -ñ ðNô õëñ N ò Pñ ëñ ðP _ ê Nô õðìôP G òNNNNòPPPP G
ò
ðNNNNðPPPP  

�ë ¦ P õë P ëñ ðN ð P _ -ñ ðNô õëñ N ò Pñ ëñ ðP _ ê Nô õðìôP �

¦ -ö õëñ N ò Pñ ëñ ðN ð P _ -ö íô >G ò u G ò@
õ-ö ô

í _²ï õìéïëåô

:LWK WKH KHOS RI õ$ìïìçôñ õ$ìïéô DQG õ$ìïèô ZH ZULWH WKH FRHIILFLHQW IRU -ö  í DV
IROORZV

�õëîèô õðìôN ¦ P õë P ëñ ðN ð P _ -ñ ðNô õë P ëñ ðN ð P _ êñ ðNô  íï õìéïëäô

2ZLQJ WR WKH RUWKRJRQDOLW\ UHODWLRQ õ$ìïìíô WKLV H[SUHVVLRQ YDQLVKHV EHFDXVH -
KDV RQO\ WKH YDOXHV ë RU é õìéïëçôï

7KXV ZH KDYH VKRZQ WKDW WKH RSHUDWRU >G ò u G a@õêôN DFWLQJ RQ WKH VWDWH õìéïëçô
ZKLFK KDV PD[LPDO VHQLRULW\ FUHDWHV D OLQHDU FRPELQDWLRQ RI VWDWHV RI WKH VDPH
NLQGï ,Q RWKHU ZRUGVñ ZKHQ WKH RSHUDWRU >G ò u G a@õêôN DFWV RQ D VWDWH ZLWK
VHQLRULW\ ëñ WKH UHVXOWLQJ VWDWHV KDYH WKH VDPH VHQLRULW\ï 7KDW LVñ WKH UXOH õìêïêíô
IRU /LH DOJHEUDV LV VDWLVILHGï

,W©V REYLRXV WKDW WKLV VWDWHPHQW KROGV DOVR IRU VWDWHV ZLWK W  ìñ Lï Hï G ò_²ï )RU W  
ê LW FDQ EH FKHFNHG ZLWK WKH DLG RI õçïäôï 7KH SURRI RI WKH JHQHUDO UHODWLRQ

>G ò u G a@õê ôN _ 1 QG W Q' - 0 ²  

¦ Qö' -ö 0ö *
õêñ Nô

1 QG W Q' - 0 Qö' -ö 0ö _ 1 QG W Qö' -ö 0ö ² õìéïêíô

LV ODERULRXVï

ìéïé &DVLPLU RSHUDWRUV RI WKH Xõèôð RU YLEUDWLRQDO OLPLW

,Q FKDSWHU ä WKH +DPLOWRQ RSHUDWRU ZDV WUDQVIRUPHG LQ D FRPELQDWLRQ RI
RSHUDWRUV ZKLFK ZH QDPHG &DVLPLU RSHUDWRUVï ,Q VHFWLRQV ìéïé XS WR ìéïç ZH
ZLOO VKRZ QRZ WKDW WKLV QDPLQJ LV FRUUHFWï :H EHJLQ ZLWK WKH VSHFLDO IRUP õìíïìô
RI WKH +DPLOWRQLDQ FKDUDFWHULVLQJ WKH Xõèô OLPLW

+ õ,ô  HQ1 ò YQ1
ë ò õHG© ò YQG1 ôQG ò YG QG

ë ò YW7
ë ò YM -

ëï õìéïêìô

:H ZLOO LQYHVWLJDWH WKH SURSHUWLHV RI WKH RSHUDWRUV LQ õìéïêìôñ FRQIURQW LW ZLWK WKH
UXOHV õìêïêìô XS WR õìêïêêô DQG PDNH YLVLEOH KRZ WKH\ DUH UHODWHG WR WKH
VXEDOJHEUDV RI WKH Xõèô OLPLWï

$FFRUGLQJ WR õìêïëåô WKH RSHUDWRU - ë  ðìí�ê�>>G òu G a@õìô u >G ò u G a@õìô@õíô õåïìéô
FRPPXWHV ZLWK WKH FRPSRQHQWV - PPPP  �ìí >G

ò u G a@õìôP ñ P  ìñ íñ ðì õåïäôñ ZKLFK
FRQVWLWXWH WKH /LH DOJHEUD VRõêô õìêïëéôï &OHDUO\ - ë PXVW EH LWV TXDGUDWLF
&DVLPLU RSHUDWRUï ,W VDWLVILHV QRW RQO\ õìêïêìô DQG õìêïêëô EXW LW JHQHUDWHV DOVR
WKH HLJHQYDOXH -õ- ò ìô DQG WKHUHIRUH LW PHHWV WKH FRQGLWLRQV õìêïêéôï



ììì

:H H[SHFW WKDW

7 ë  ð ë ¦ -  ìñ ê �õë- ò ìô�>>G
ò u G a@õ- ô u >G ò u G a@õ- ô@õíô  

ë ¦ -  ìñ ê¦ 0 õðìô0 >G ò u G a@õ- ô0 >G
ò u G a@õ- ôð0

LV WKH TXDGUDWLF &DVLPLU RSHUDWRU RI WKH KLJKHU DOJHEUD VRõèôï )LUVWO\ LW LV
FRPSRVHG RI SURGXFWV RI RSHUDWRUV >G ò u G a@õN ôN ñ N  ìñ ê RI WKLV DOJHEUD DQG
REH\V WKHUHIRUH WKH UHODWLRQ õìêïêëôï $FFRUGLQJ WR õìíïìêô 7 ë PHHWV WKH
FRQGLWLRQ õìêïêêô DQG FUHDWHV WKH HLJHQYDOXH W õW ò êôñ ZKLFK KDV WKH IRUP
õìêïêéôñ EHFDXVH WKH UDQN 1 DPRXQWV WR èï $FFRUGLQJ WR õìíïìêô DQG õìéïêíô ZH
KDYH

>G ò u G a@õê ôN 7
ë _ 1 QG W Q' - 0 ²  W õW ò êô >G ò u G a@õê ôN _1 QG W Q' - 0 ²  

W õW ò êô ¦ Qö' -ö 0ö *
õêñ Nô

1 QG W Q' - 0 Qö' -ö 0ö _ 1 QG W Qö' -ö 0ö ²  

7 ë¦ Qö' -ö 0ö *
õêñ Nô

1 QG W Q' - 0 Qö' -ö 0ö _ 1 QG W Qö' -ö 0ö ²  

7 ë>G ò u G a@õê ôN _ 1 QG W Q' - 0 ²ï õìéïêëô

7KXV WKH FRQGLWLRQ õìêïêìô LV PHWñ ZKLFK LV YDOLG DOVR IRU WKH EDVLV RSHUDWRU
>G ò u G a@õì ôN ï

7KH QH[W KLJKHU DOJHEUD Xõèô LQ WKLV VSHFLDO FDVH RI WKH ,%0ì FRPSULVHV DOO
HOHPHQWV >G ò u G a@õN ôN ñ N  í XS WR éï $FFRUGLQJ WR õìéïéô WKH UHODWLRQ

QG
ë ò é QG  ¦ N  í

é õðìôN�õëN ò ìô>>G ò u G a@õN ôu >G ò u G a@õN ô@õíô  

¦ N  í
é¦ N õðìô

N >G ò u G a@õN ôN >G
ò u G a@õN ôðN õìéïêêô

KROGVï 7KLV RSHUDWRU PXVW EH WKH TXDGUDWLF &DVLPLU RSHUDWRU RI WKH DOJHEUD Xõèô
EHFDXVH LW VDWLVILHV õìêïêìô XS WR õìêïêêôï :H JXHVV WKDW WKH QXPEHU RSHUDWRU
QG  ¦ P õðìô

P G òPPPP G
aaaa
ðPPPP LV WKH OLQHDU &DVLPLU RSHUDWRU RI WKH Xõèô DOJHEUDï

7KH KLJKHVW DOJHEUD LQ WKH Xõèô FKDLQñ Xõçôñ FRPSULVHV DOO êç HOHPHQWV RI WKH
W\SH >E òO u E aaaa

Oö@
õN ô

N õ Oñ Oö  íñ ëâ Eí  Vñ EëñPPPP  G PPPP ôï :H PDLQWDLQ WKDW LWV TXDGUDWLF
&DVLPLU RSHUDWRU UHDGV DV IROORZV LQ DJUHHPHQW ZLWK õìêïêëô

&Xõçô  ¦ Oñ OöñOûñOöû íñë¦ N N õðìô
N >E òO u E aaaa

Oö@
õN ô

N >E
ò
Oû u E aaaa

Oöû@
õN ô

ðN Lï Hï õìéïêéô

&Xõçô  ¦ N í
é¦ N õðìô

N >G ò u G aaaa@õN ôN >G
ò u G aaaa@õN ô ðN ò

¦ N õðìô
N õ>G ò u V @õë ôN >V

ò u G aaaa@õë ô ðN ò >V
ò u G aaaa@õë ôN >G

ò u V@õë ô ðNô ò

>Vò ñ V@õíô >Vò ñ V@õíôï õìéïêèô

:LWK WKH DLG RI õìéïêêôñ õçïêèôñ õçïêçôñ õèïêçô DQG OLWWOH FRQYHUVLRQV RQH REWDLQV

&Xõçô  QG
ë ò é QG ò QG õì ò QVô ò QVõQG ò èô ò QV

ë  

õQG ò QVô õQG ò QV ò èô  1õ1 ò èôï õìéïêçô



ììë

%HFDXVH 1 LV WKH QXPEHU RSHUDWRU IRU ERVRQVñ WKH RSHUDWRU &ëñ Xõçô KDV WKH
HLJHQYDOXH 1õ1 ò èô DQG LW PHHWV WKH FRQGLWLRQV õìêïêìô XS WR õìêïêêôï
$FFRUGLQJ WR õìéïêçô RQH FDQ ZULWH 1 ë  &Xõçô ð è1ï 7KH RSHUDWRU 1 LV WKH OLQHDU
&DVLPLU RSHUDWRU RI Xõçôï

,Q WDEOH ìéïë WKH &DVLPLU RSHUDWRUV RI +õ, ô õìéïêìô DUH SXW WRJHWKHUï

7DEOH ìéïë
2SHUDWRUV LQFOXGHG LQ WKH +DPLOWRQ RSHUDWRU 6\PEROV IRU (LJHQYDOXHV
RI WKH YLEUDWLRQDO OLPLW WKHVH &DVLPLU

RSHUDWRUV
- ë  ðìí�ê�>>G òu G a@õìô u >G ò u G a@õìô@õíô &ëñVR õêô -õ-
ò ìô

7 ë  
ð ë ¦ -  ìñ ê �õë- ò ìô�>>G

ò u G a@õ- ô u >G ò u G a@õ- ô@õíô &ëñVR õèô W õW ò êô

QG õQG ò éô  
¦ N  í

é õðìôN�õëN ò ìô>>G ò u G a@õN ôu >G ò u G a@õN ô@õíô &ëñX õèô QG õQG ò éô

QG  �è>G ò u G aaaa@õíô &ìñX õèô QG

1 õ1 ò èô  
¦ N í

é õðìô N �õëN ò ìô >>G ò u G aaaa@õN ôu >G ò u G aaaa@õN ô@õíô ò
�è >>G ò u V @õë ô u >V ò u G aaaa@õë ô@õíô ò
�è >>V ò u G aaaa@õë ôu >G ò u V@õë ô@õíô ò>>Vò ñ V@õíôu >Vò ñ V@õíô@õíô &ëñX õçô 1õ1 ò èô

1  >Vò ñ V@õíô ò �è>G òu G a@õíô &ìñX õçô 1

7KH RSHUDWRU + õ,ô õìéïêìô FDQ EH ZULWWHQ OLNH WKLV DV ZHOO

+ õ,ô  

Dì &ìñX õçôò Dë &ëñX õçô ò E &ìñX õçô &ìñX õèô ò Jì &ìñX õèôò Jë &ëñX õèôò G &ëñVR õèôò H &ëñVR õêô

ZLWK Dì  HQ ð èYQ ñDë  YQ ñ E  YQG ñ Jì  HöG ð éYG ñ õìéïêæô

Jë  YG ñ G  YW ñ H  YM ï

:LWK WKH KHOS RI WDEOH ìéïë WKH HLJHQHQHUJ\ FDQ EH UHSUHVHQWHG WKLV ZD\

( õ, ô  õìéïêåô

Dì 1ò Dë1õ1 ò èô ò E 1 QG ò JìQG ò JëQG õQG ò éô ò G W õW ò êô ò H -õ- ò ìôï

,Q VHFWLRQ ìíïê HLJHQYDOXHV RI WKH +DPLOWRQ RSHUDWRU + õ,ô KDYH EHHQ FDOFXODWHG
ZLWK õ ìíïìæ ô DQG FRPSDUHG ZLWK PHDVXUHG OHYHO HQHUJLHVï



ììê

:KHQHYHU LW LV SRVVLEOH WR UHSUHVHQW HQHUJ\ HLJHQYDOXHV LQ WHUPV RI
HLJHQYDOXHV RI &DVLPLU RSHUDWRUV WKHUH LV WDON RI G\QDPLFDO V\PPHWU\ï

ìéïè &DVLPLU RSHUDWRUV RI WKH VXõêôð RU URWDWLRQDO OLPLW

$FFRUGLQJ WR õìéïìëô WKH RSHUDWRUV

- NNNN  >G
ò u G a@õì ôN DQG

4PPPP  >G
ò u V@õëôP ò >V

ò u G aaaa@õëôP ð õ�æîëô >G
ò u G a@õëôP õìéïêäô

DUH EDVLV HOHPHQWV RI WKH VXõêô DOJHEUD LQ WKH URWDWLRQDO OLPLW õõìéïìæô DQG WDEOH
ìéïìôï ,Q RUGHU WR ILQG LWV &DVLPLU RSHUDWRU ZH ORRN LQWR WKH FRPPXWDWRU RI 4 ë  
¦ O õðìô

O4OOOO4ðOOOO õäïéô DQG 4PPPP DQG PDLQWDLQ

>4 ëñ 4PPPP@  ê�õêîêëô ¦ Pö Pû õì Pö ë Pû _ ë Pô õ -PPPPö 4PPPPû ò 4PPPPû -PPPPö ôï õìéïéíô

2ZLQJ WR õìéïìçô DQG õìéïìéô WKH UHODWLRQV

>4NNNN ñ 4PPPP@  ê�õèîêëô õë N ë P _ ìñ N ò Pô -NNNN ò PPPP

>4NNNNñ -PPPP@  ð �ç õë N ì P _ ë ñ N ò Pô 4NNNNòPPPP õìéïéìô

DUH YDOLGï :H LQVHUW WKHP LQ VXFFHVVLRQ LQ >4 ëñ 4PPPP@ DQG REWDLQ WKH HTXDWLRQ
õìéïéíô PDNLQJ XVH RI õ$ìïéô DQG õ$ìïçôï $QDORJRXVO\ RQH REWDLQV

>- ëñ 4PPPP@  ð �ç ¦ Pö Pû õì Pö ë Pû _ ë Pô õ -PPPPö 4PPPPû ò 4PPPPû -PPPPö ôï õìéïéëô

2QH PXOWLSOLHV WKLV UHODWLRQ E\ êîåñ DGGV LW WR õìéïéíô DQG REWDLQV

>4 ë ò õêîåô- ë ñ 4PPPP @  íï õìéïéêô

7KH RSHUDWRU õìîëô&ëñ VXõêô  4
ë ò õêîåô- ë õìéïééô

FRPPXWHV QRW RQO\ ZLWK 4PPPP EXW DOVR ZLWK -PPPP ñ EHFDXVH RQ WKH RQH KDQG - ë

FRPPXWHV DQ\ZD\ ZLWK -PPPP õìêïëåô DQG RQ WKH RWKHU KDQG RQH FDQ VKRZ WKDW 4 ë

FRPPXWHV ZLWK -PPPP ï7KDW LVñ ZLWK WKH DLG RI õìéïéìôñ õ$ìïéô DQG õ$ìïçô RQH
REWDLQV

>4 ëñ -PPPP@  ð �ç ¦ O õðìô
Oõëñ ðOñ ì P _ ëñ ðO ò Pô 4OOOO 4ðOOOOòPPPP ð

�ç ¦ O õðìô
Oõë O ì P _ ëñ O ò Pô 4OOOOòPPPP 4ðOOOO  õìéïéèô

ð �ç �õèîêô õ¦ Oö Oû õ ëñ ðOöñ ë ðOû _ ìñ ð Pô 4OOOOö 4OOOOû ò

¦ Oö Oû õ ëñ ðOööñ ë ðOö _ ìñ ð Pô 4OOOOö 4OOOOûô  íï

7KXV WKH RSHUDWRU õìéïééô FRPPXWHV ZLWK DOO HOHPHQWV õìéïêäô RI WKH VXõêô
DOJHEUD DQG UHSUHVHQWV LWV &DVLPLU RSHUDWRUï ,WV VWUXFWXUH PHHWV WKH FRQGLWLRQ
õìêïêëôï 7KH IDFWRU × LQ õìéïééô JLYHV WKH &DVLPLU RSHUDWRU WKH XVXDO IRUPï
$FFRUGLQJ WR õìêïêèô WKH RSHUDWRU &ëñ VXõêô KDV WKH IROORZLQJ HLJHQYDOXHV



ììé

Oë ò Pë ò OP ò êõO ò Pôñ Oñ P LQWHJHUV

ZKHQ LW DFWV RQ WKH FRUUHVSRQGLQJ HLJHQVWDWHV õSURYLGHG WKDW WKH\ DUH LQ D VRð
FDOOHG LUUHGXFLEOH UHSUHVHQWDWLRQô ZKLFK DUH WKHPVHOYHV FKDUDFWHULVHG E\ WKH
SDUDPHWHUV O DQG Pï 1DWXUDOO\ WKHVH VWDWHV DUH DOVR HLJHQIXQFWLRQV RI - ë ZLWK
WKH HLJHQYDOXH -õ- ò ìôï $ GHWDLOHG WUHDWPHQW RI WKHVH HLJHQVWDWHV UHYHDOV WKDW
WKHUH H[LVW UHVWULFWLRQV IRU O DQG Pï 7KH\ DUH SRVLWLYH LQWHJHUV DQG REH\ WKH
IROORZLQJ UXOHV

P  íñ ëñ éñ ïïï

O  ë1 ð çO ð ëP ZLWK O  íñ ìñ ïïï DQG 1  QXPEHU RI ERVRQVï õìéïéçô

7KHUHIRUHñ WKH GRXEOHWV õOñ Pô FRQWDLQ WKH IROORZLQJ YDOXHVã IRU 1  ì WKH\
DPRXQW WR õëñ íôâ IRU 1  ë ZH KDYH õéñ íôñ õíñ ëôâ IRU 1  ê FRQVHTXHQWO\ õçñ íôñ
õëñ ëôñ õíñ íô DQG VR IRUWKï )XUWKHU GRXEOHWV FDQ EH WDNHQ IURP ILJXUH ìéïìï
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õëñíôñ õèñìôñ õåñëô

õìñíôñ õéñìôñ õæñëô

)LJXUH ìéïìï *UDSK RI WKH GRXEOHWV õOñPô DFFRUGLQJ WR WKH HTXDWLRQV
õìéïéçôï 7KH\ UHSUHVHQW GHVFHQGLQJ VWUDLJKW OLQHVï $W WKHLU KLJKHVW SRLQW
WKH FRUUHVSRQGLQJ GRXEOHWV õ1ñOô DUH JLYHQï
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ììè

$ JLYHQ GRXEOHW õOñ Pô DGPLWV RQO\ VHOHFWHG YDOXHV IRU -ï 7KH\ GHSHQG RQ D
RUGHULQJ QXPEHU .ñ IRU ZKLFK WKH IROORZLQJ YDOXHV DUH SHUPLWWHG

.  íñ ëñ éñ ïïï ñ PLQõOñ Pôï õìéïéæô

)RU .  í WKH YDOXHV -  íñ ëñ éñ ïïï ñ PD[õOñ Pô DUH DOORZHG

DQG IRU . ! í -  .ñ . ò ìñ . ò ëñ ïïï ñ . ò PD[õOñ Pôï õìéïéåô

:H ORRN DW WKH VLPSOHVW YDOXHVï )RU P  O  í ZH KDYH õO ñ Pô  õë1ñ íô DQG WKH
VHULHV RI WKH JURXQG VWDWH VKRZV WKH YDOXHV -  íñ ëñ éñ ïï ñ ë1ï 7KH FDVH P  ëñ O
 í LV WKH QH[W KLJKHU LUUHGXFLEOH UHSUHVHQWDWLRQ ZLWK õOñ Pô  õë1 ð éñ ëô ZKHUH
WKH YDOXHV .  í ZLWK -  íñ ëñ éñ ïï ñë1 ð ë DQG .  ë ZLWK -  ëñ êñ éñ ïï ñ ë1 ð ë
DULVHï ,W KDSSHQV WKDW -ðYDOXHV ZKLFK EHORQJ WR WKH VDPH GRXEOHW õOñ Pô DSSHDU
PDQ\ WLPHVï :H ZLOO VKRZ WKDW VXFK VWDWHV KDYH WKH VDPH HQHUJ\ Lï Hï WKH\ DUH
GHJHQHUDWHGï 7KH SDUDPHWHU . LV QHHGHG IRU GHVFULELQJ WKH HLJHQVWDWHVï

7KH VXõêôð RU URWDWLRQDO OLPLW LV UHDOLVHG E\ GHOHWLQJ WKH IROORZLQJ FRHIILFLHQWV LQ
WKH +DPLOWRQLDQ õäïêäô

H Gö  YQG  YG  YU  YW  íï õìéïéäô

7KH UHPDLQLQJ +DPLOWRQLDQ FRQVLVWV RI WKH &DVLPLU RSHUDWRUV RI WKH VHFRQG
FKDLQ RI DOJHEUDV õ õìéïìæô DQG WDEOH ìéïì ô DV IROORZV

+ õ,,ô  HQ1 ò YQ1
ë ò YM -

ë ò YT4
ëï õìéïèíô

:H ZULWH WKH ODVW WZR WHUPV OLNH WKLV

YM -
ë ò YT4

ë  õìéïèìô

YM -
ë ð õêîåôYT -

ë ò YT4
ë ò õêîåôYT -

ë  õYM ð õêîåôYTô-
ë ò õìîëôYT&VXõêô ï

7KH HLJHQVWDWHV RI WKH &DVLPLU RSHUDWRU RI WKH VXõêô FKDLQ DUH HLJHQVWDWHV RI
WKH +DPLOWRQ RSHUDWRU + õ,, ô DV ZHOOï 7KH RSHUDWRUV 1 DQG 1õ1 ò èô  &Xõçô KDYH
DOUHDG\ EHHQ GLVFXVVHG õìéïêçôï 7KXV WKH HLJHQYDOXHV RI + õ,, ô UHDG

(õ,,ô  õìéïèëô

HQ1 ò YQ1
ë ò õYM ð õêîåôYTô-õ- ò ìô ò õìîëô YT õOë ò Pë ò OP ò êõO ò Pôôï

7KH\ GRQ©W GHSHQG GLUHFWO\ RQ WKH RUGHULQJ QXPEHU . õìéïéæôï )LJXUH ìéïë
VKRZV D W\SLFDO HQHUJ\ VSHFWUXP RI D QXFOHXV RI WKH VXõêô OLPLWñ ZKLFK LV
FDOFXODWHG ZLWK WKH KHOS RI õìéïèëôï %HFDXVH RI YT á í WKH OHYHO HQHUJLHV RI HYHU\
VHULHV ZLWK JLYHQ õOñ Pô DVFHQG DFFRUGLQJ WR WKH WHUP õYM ðõêîåôYTô-õ- ò ìôï 7KLV
EHKDYLRXU LV W\SLFDO IRU WKH URWDWRU DQG WKDW¨V ZK\ WKH VXõêô OLPLW LV QDPHG
URWDWLRQDO OLPLW DV ZHOOï



ììç

([WHQVLYH LQYHVWLJDWLRQV õ$ULPD DQG ,DFKHOORñ ìäæåñ ìäåæô UHYHDO WKDW WKH QXFOHL
ZKLFK EHKDYH OLNH WKH VXõêô PRGHO KDYH SURWRQð DQG QHXWURQ QXPEHUV GHYLDWLQJ
FOHDUO\ IURP WKH PDJLF QXPEHUV åë DQG ìëç õ ILJXUH ìéïê ôï
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)LJXUH ìéïëï 7\SLFDO VSHFWUXP RI WKH VXõêô
OLPLWï ,W LV FDOFXODWHG E\ PHDQV RI HTXDWLRQ
õìéïèëô DQG RI WKH YDOXHV 1  æñ YT  ð ëí
NH9 DQG YM  íï 7KH JURXQG VWDWH LV
DVVLJQHG WR WKH HQHUJ\ í 0H9ï 7KH
SDUDPHWHUV õOñPô FRPH IURP õìéïéçô RU IURP
ILJXUH ìéïìï õìéïéæô DQG õìéïéåô JLYH WKH
YDOXHV IRU . DQG -ï $OO OHYHOV KDYH SRVLWLYH
SDULW\ï 7KH -ðYDOXHV FDQ EHHQ VHHQ LQ WKH
FROXPQV RQ WRS RI WKH ILJXUHï ,Q HYHU\
FROXPQ õ VHULHV ô WKH VDPH HQHUJ\
GLIIHUHQFHV DSSHDU IRU WKH VDPH -ðVWHSVï



ììæ

)LJXUH ìéïé VKRZV WKDW WKH UDUH HDUWK ìæí(U FRUUHVSRQGV ZHOO WR WKH HQHUJ\
VFKHPH RI WKH VXõêô OLPLWï

=

ìíí

åí

çí

éí

éí çí åí ìíí ìëí ìéí 1

èí åë ìëç

)LJXUH ìéïêï &DUG RI HYHQðHYHQ QXFOHLï =  QXPEHU RI SURWRQVñ 1  
QXPEHU RI QHXWURQVï 7KH JUH\ FLUFOHV GHQRWH QXFOHL RI WKH VXõêô OLPLW DQG
WKH EODFN RQHV DUH UHSUHVHQWDWLRQV RI WKH VRõçô OLPLW õ,DFKHOOR DQG $ULPDñ
ìäåæñ Sïéëôï
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ìéïç &DVLPLU RSHUDWRUV RI WKH VRõçôð RU JJJJ ðLQVWDEOH OLPLW

7KH FKDLQ RI /LH DOJHEUDV õìéïëìô GHILQLQJ WKH VRõçô OLPLW FRPSULVHV WKH
VXEDOJHEUDV VRõèô � VRõêôï 7KHLU &DVLPLU RSHUDWRUV KDYH EHHQ GHDOW ZLWK LQ
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)LJXUH ìéïéï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH FDOFXODWHG VXõêôð
VSHFWUXP RI ìæí(U õ$ULPD DQG ,DFKHOORñ ìäæåñ Sï ëìèôï 7KH SDUDPHWHUV 1  ìæñ
YM  äïìä NH9 DQG YT  ð åïå NH9 KDYH EHHQ XVHG ZLWK IRUPXOD õìéïèëôï
%URNHQ OLQHV UHSUHVHQW WKH FDOFXODWHG HQHUJLHVï

ìæí
çå(Uìíë



ììä

WKH HOHPHQWV õìéïìåôñ KDV WKH IROORZLQJ &DVLPLU RSHUDWRU õ7DOPLñ ìääêñ Sïææåô

& VRõçô  ë ¦ N ìñê¦ N õðìô
N >G ò u G aaaa@õN ôN >G

ò u G aaaa@õN ôðN ò ¦ O õðìô
O 6OOOO 6ðOOOO ZLWK

6OOOO  >G
ò u V@õëôO ò >V

ò u G aaaa@õëôOï õìéïèêô

,WV IRUP PHHWV WKH FRQGLWLRQ õìêïêëôï :H KDYH WR FKHFN LI & VRõçôñ ZKLFK LV
LGHQWLFDO ZLWK 5 ë õìéïæôñ FRPPXWHV ZLWK WKH RSHUDWRUV õìéïìåôï %HFDXVH WKH ILUVW
SDUW RI & VRõçô LV LGHQWLFDO ZLWK 7 ë DFFRUGLQJ WR õìéïèôñ WKLV SDUW FRPPXWHV ZLWK
WKH DIILOLDWHG HOHPHQWV >G ò u G aaaa@õN ôN õ N  ìñ ê ô õ VHH ìéïêëôï %XW WKHVH RSHUDWRUV
FRPPXWH DOVR ZLWK WKH VHFRQG SDUW RI & VRõçôñ Lï Hï ZLWK ¦ O õðìô

O 6OOOO 6ðOOOOñ ZKLFK FDQ
EH VKRZQ ZLWK WKH DLG RI õìéïëíô DQG URXJKO\ ZLWK WKH SURFHGXUH HPSOR\HG IRU
õìéïéèôï :LWK WKH VDPH PHWKRGV RQH SURYHV WKDW 6OOOO FRPPXWHV ZLWK & VRõçô DQG
LQ GRLQJ VRñ RQH ILQGV WKDW WKH IROORZLQJ H[SUHVVLRQV FDQFHO RXW

>7 ëñ 6NNNN@ ò ¦ O õðìô
O >6OOOO 6ðOOOOñ 6NNNN@  íñ Lï Hï >& VRõçôñ 6NNNN@  íï õìéïèéô

&RQVHTXHQWO\ WKH RSHUDWRU & VRõçô PHHWV WKH FRQGLWLRQ õìêïêìôï ,W LV ZULWWHQ LQ WKH
VWDQGDUG IRUP DQG WKHUHIRUH LWV HLJHQYDOXH UHDGV DFFRUGLQJ WR õìêïêéô õ UDQN 1
 ç ô

U õU ò éôï õìéïèèô

$ GHWDLOHG LQYHVWLJDWLRQ RI WKH HLJHQVWDWHV RI WKH VRõçô DOJHEUD UHYHDOV WKDW WKH
DGPLVVLEOH YDOXHV IRU U DUH

U  1ñ 1 ð ëñ 1 ð éñ ïïïñ ì RU í õ 1 ã QXPEHU RI ERVRQV ôï õìéïèçô

0RUHRYHUñ IRU WKH SDUDPHWHU W RI WKH &DVLPLU RSHUDWRU 7 ë WKH IROORZLQJ YDOXHV
DUH DGPLWWHG

W  íñ ìñ ïïï ñ Uï õìéïèæô

$FFRUGLQJ WR õìíïèô - FDQ DPRXQW WR

-  Oñ O ò ìñ ïïï ñ ë O ð êñ ëO ð ëñ ëO õìéïèåô

ZLWK O  W ð êQ' DQG Q'  íñ ìñ ïïï õ VHH FKDSWHU ê ôï 7DEOH ìéïë JLYHV SHUPLVVLEOH
YDOXHV IRU -ï



ìëí

7DEOH ìéïëï 9DOXHV IRU - RI WKH VRõçô OLPLW GHSHQGLQJ RQ Q' DQG Wï

W Q' -
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í çñ æñ åñ äñ ìíñ ìë

2QH WUHDWV WKH &DVLPLU RSHUDWRU RI WKH KLJKHVW DOJHEUDñ Xõçôñ LQ WKH VDPH ZD\
DV LQ WKH SUHYLRXVO\ GLVFXVVHG VSHFLDO FDVHV RI WKH ,%0ìï

1RZ ZH WXUQ WR WKH +DPLOWRQ RSHUDWRUï )RU WKH SUHVHQW VSHFLDO FDVHñ WKH VRõçô
OLPLWñ RQH GHOHWHV WKH IROORZLQJ FRHIILFLHQWV RI WKH HTXDWLRQ õäïêäô

HGö  YQG  YG  YT  íï õìéïèäô

&KRRVLQJ YT  í UHVXOWV LQ Yë  í õ äïêå ôñ ZKLFK PHDQV õ VHH æïìæ ô WKDW WKH
+DPLOWRQ RSHUDWRU LV QRW DEOH DQ\ ORQJHU WR LQWHUFKDQJH GGð ZLWK VGðVWDWHV Lï Hï
WKDW WKHUH LV QR LQWHUDFWLRQ EHWZHHQ WKHVH VWDWHVï 7KH UHPDLQLQJ +DPLOWRQ
RSHUDWRUñ ZKLFK GHILQHV WKH VRõçôð RU J ðLQVWDEOH OLPLWñ UHDGV

+ õ,,,ô  HQ1 ò YQ1
ë ò YU5

ë ò YW7
ë ò YM -

ëï õìéïçíô

,W UHSUHVHQWV D OLQHDU FRPELQDWLRQ RI WKH &DVLPLU RSHUDWRUV RI WKH FKDLQ õìéïëìôï
$JDLQ WKH IXQFWLRQV RI WKH KLJKHVW DOJHEUD DUH IXQFWLRQV RI WKH ORZHU RQHV DQG
WKHUHIRUH WKH HQHUJ\ HLJHQYDOXH LV JLYHQ DFFRUGLQJ WR õìíïêôñ õìíïìêô DQG
õìéïèèô E\ WKH IROORZLQJ H[SUHVVLRQ

( õ,,,ô  HQ 1 ò YQ 1
ë ò YU U õU ò éô ò YW W õW ò êô ò YM -õ- ò ìôï õìéïçìô

)LJXUH ìéïè VKRZV D W\SLFDO HQHUJ\ VSHFWUXP RI D QXFOHXV RI WKH VRõçô OLPLW
DFFRUGLQJ WR HTXDWLRQ õìéïçìôï 7KH ëòð éòðGRXEOHW RI WKH WKLUG DQG IRXUWK OHYHO
õ ZLWK W  ë ô LV FKDUDFWHULVWLF IRU WKLV VSHFLDO FDVH DQG DSSHDUV DOVR LQ WKH VRð
FDOOHG J ðLQVWDEOH QXFOHLñ IRU ZKLFK UHDVRQ WKLV PRGHO LV QDPHG J ðLQVWDEOH OLPLW
DV ZHOOï

,Q ILJXUH ìéïê WKH UHJLRQV ZLWK QXFOHL RI WKH VRõçô W\SH DUH PDUNHG ZLWK EODFN
GRWVï 7KH\ MRLQ DOZD\V UHJLRQV ZLWK VXõèô QXFOHL õ VHH ILJXUH ìíïæ ô ZKLFK
FRUUHVSRQGV WR WKH QRWLFHDEOH VLPLODULW\ RI ERWK +DPLOWRQLDQVï
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)LJXUH ìéïèï 7\SLFDO VSHFWUXP RI WKH VRõçô OLPLWï ,W LV FDOFXODWHG E\ PHDQV RI
HTXDWLRQ õìéïçìô DQG WKH YDOXHV 1  çñ YU  ð êí NH9ñ YW  éí NH9 DQG YM  èñì
NH9ï 7KH SDUDPHWHUV U DQG W IROORZ WKH UXOHV õìéïèçô DQG õìéïèæôï 7KH
YDOXHV RI Q' DQG - DUH JLYHQ E\ õìéïèåôï $OO OHYHOV KDYH SRVLWLYH SDULW\ï /HYHO
JURXSV ZLWK WKH VDPH W DUH MRLQHG WRJHWKHU DQG ODEHOOHG ZLWK WKH YDOXH RI Wï
7KH -ðYDOXHV FDQ EH WDNHQ IURP WKH FROXPQV RQ WRS RI WKH ILJXUHï
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)LJXUHV ìéïç DQG ìéïæ FRPSDUH PHDVXUHG ZLWK FDOFXODWHG OHYHOV RI ìäç 3W DQG
ìêë%Dï
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)LJXUH ìéïçï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH FDOFXODWHG VRõçôð
VSHFWUXP RI ìäç 3W õ,DFKHOOR DQG $ULPDñ ìäåæñ Sï éêôï 7KH SDUDPHWHUV 1  çñ YU
 ð éëïæè NH9ñ YW  èí NH9 DQG YM  ìí NH9 KDYH EHHQ XVHG ZLWK IRUPXOD
õìéïçìôï 7KH VSLQV DUH JLYHQ DQG WKH SDULW\ LV SRVLWLYHï %URNHQ OLQHV UHSUHVHQW
FDOFXODWHG HQHUJLHVï

ìäç
æå3Wììå
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7KH VRõçô OLPLW RIIHUV WKH FKDQFH WR WHVW WKH SURJUDP 3+,17 õDSSHQGL[ æôï 2QH
FKRRVHV ILUVW WKH SDUDPHWHUV LQ HTXDWLRQ õìéïçíô DQG SXWV HQ  YQ  íñ ZKLFK LV
DGPLVVLEOH ZKHQ WKH VSHFWUXP RI D VLQJOH QXFOHXV LV ORRNHG DWï %\ LQVHUWLQJ LQ
HTXDWLRQ õäïêåô DQG E\ WUDQVIRUPLQJ RQH REWDLQV
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)LJXUH ìéïæï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH FDOFXODWHG VRõçôð
VSHFWUXP RI ìêë%D õ$ULPD DQG ,DFKHOORñ ìäæäñ Sï éåçôï 7KH H[SUHVVLRQ õìéïçìô
DQG WKH SDUDPHWHUV YW  äí NH9 DQG YM  ìí NH9 KDYH EHHQ XVHGï %HFDXVH
RQO\ WKH VWDWHV ZLWK U  1  ç KDYH EHHQ LGHQWLILHG XQDPELJXRXVO\ñ YU GRHV
QRW DSSHDUï %URNHQ OLQHV UHSUHVHQW WKH FDOFXODWHG HQHUJLHVï

ìêë
èç%Dæç
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HG ð H V  ë õ êYM ò ëYW ô ñ

Fí  é õ ð êYM ð ëYW ð ëYU ôñ

Fë  ë õ ðêYM ò YW ò YU ôñ

Fé  ë õ éYMò YW ò YU ôñ õìéïçëô

Yë  íñ

Yí  ë �èYU ñ

Xë  ë �èYU ñ

Xí  íï

%\ PHDQV RI õ$æïìô RQH ILQGV WKH LQSXW SDUDPHWHUV IRU WKH SURJUDPï
&DOFXODWLRQV XVLQJ WKH SDUDPHWHUV RI ILJXUH ìéïèñ ZKLFK DUH SHUIRUPHG ERWK
DFFRUGLQJ WR õìéïçìô DQG ZLWK WKH KHOS RI 3+,17 DQG õìéïçëôñ DJUHH SHUIHFWO\ï

$FFRUGLQJ WR ,DFKHOOR DQG $ULPD õìäåæñ Sï ëèô LW FDQ EH VKRZQ WKDW WKHUH H[LVW
RQO\ WKUHH FKDLQV RI DOJHEUDVñ õìéïììôñ õìéïìæô DQG õìéïëìôñ LQ WKH LQWHUDFWLQJ
ERVRQ PRGHO ìï 7KHUHIRUH WKHUH DUH RQO\ WKUHH W\SHV RI G\QDPLFDO V\PPHWULHVï



ìëè

ìè 7KH SURWRQðQHXWURQ LQWHUDFWLQJ ERVRQ PRGHO
,%0ë

,Q WKLV LQWHUDFWLQJ ERVRQ PRGHOñ SURWRQV DQG QHXWURQV DUH WUHDWHG VHSDUDWHO\ï ,Q
WKH VHFWLRQV ì XS WR êñ ZH ZLOO VKRZ KRZ WKH +DPLOWRQ RSHUDWRU RI WKLV PRGHO
FDQ EH VLPSOLILHG DQG KRZ WKH QXPEHU RI SDUDPHWHUV LV UHGXFHGï 6HFWLRQV é
DQG è GHPRQVWUDWH WKH HLJHQHQHUJLHV DQG WUDQVLWLRQ SUREDELOLWLHV DQG FRPSDUH
WKHP ZLWK H[SHULPHQWDO GDWDï 7KHUH ZLOO EH WDON RI JURXS WKHRUHWLFDO VWUXFWXUHV RI
WKH ,%0ë LQ VHFWLRQ çï

ìèïì 7KH FRPSOHWH +DPLOWRQLDQ RI WKH ,%0ë

,Q WKH ,%0ì WKH ERVRQ QXPEHU RI WKH SURWRQV LV DGGHG WR WKH ERVRQ QXPEHU RI
QHXWURQV õ FKDSWHU ë ô DQG ODWHU RQñ QR GLVWLQFWLRQ LV PDGH EHWZHHQ WKHVH W\SHV
RI ERVRQVï ,Q FKDSWHU æ WKH LQWHUDFWLRQ WHUPV GRQ©W FRQWDLQ &RXORPE IRUFHVï
0RUHRYHUñ VSHDNLQJ LQ WHUPV RI WKH VKHOO PRGHOñ WKH IDFW LV NQRZQ WKDW LQ
LQWHUPHGLDWH DQG KHDY\ QXFOHL SURWRQV DQG QHXWURQV RFFXS\ GLIIHUHQW VKHOOVï
7KLV UHVXOWV LQ DQ LQWHUDFWLRQ EHWZHHQ SURWRQð DQG QHXWURQ SDLUVñ ZKLFK GLIIHUV
IURP WKH LQWHUDFWLRQ EHWZHHQ LGHQWLFDO SDLUVï 7KLV IDFW FRQWUDVWV WR WKH ZHOOð
NQRZQ FKDUJH LQGHSHQGHQFH RI WKH VKRUWðUDQJH QXFOHDU IRUFHVï /LNHZLVHñ WKLV
HIIHFW LV QRW WDNHQ LQWR DFFRXQW LQ WKH ,%0ìï

%HFDXVH RI WKHVH VLPSOLILFDWLRQVñ WKH SDUDPHWHUV RI WKH ,%0ì ILWWHG RQ
H[SHULPHQWDO GDWD FKDQJH IURP QXFOHXV WR QXFOHXV LQ D GLVFRQWLQXRXV DQG
KDUGO\ LQWHUSUHWDEOH ZD\ï 2Q WKH RWKHU KDQG WKH LQWHUDFWLQJ PRGHO ëñ ZKLFK
GLVWLQJXLVKHV EHWZHHQ SURWRQð õ S ô DQG QHXWURQ õ Q ô ERVRQVñ \LHOGV UHVXOWV
ZKLFK FDQ EH LQWHUSUHWHG E\ PHDQV RI WKH 6'ðYHUVLRQ RI WKH VKHOO PRGHOï 7KH
,%0ë KDV VSHFLDO SUDFWLFDO VLJQLILFDQFH EHFDXVH LWV SDUDPHWHUV GHSHQG LQ D
VPRRWKHG FXUYH RQ Sð DQG Q ðERVRQ QXPEHUV DQG LW PDNHV SRVVLEOH WR FDOFXODWH
XQNQRZQ QXFOHDU VSHFWUD õ$ULPD DQG ,DFKHOORñ ìäåéñ Sï ìææôï 7KH LQWHUHVW LQ WKH
DOJHEUDLF VWUXFWXUH RI WKH ,%0ë KDV HYHQ JURZQ VLQFH VWDWHV ZLWK VSHFLDO
PDJQHWLF GLSROH SURSHUWLHV õ%RKOHñ ìäåéô DUH NQRZQ ZKLFK FDQ EH H[SODLQHG
ZLWK JURXS WKHRUHWLFDO PHWKRGVï

7KH QXPEHUV RI SðERVRQV 1S DQG QðERVRQV 1Q DUH IL[HG HTXDOO\ DV LQ FKDSWHU ëï
7KHUH LV QR ERVRQ FRPSRVHG RI D SURWRQ DQG D QHXWURQï 7KHUH H[LVW ìë FUHDWLRQ
RSHUDWRUV IRU ERVRQV

E òSSSSñ MP  V ò
SSSS ñ G

ò
SSSSñ P õP  ðëñ ðìñ ïïñëô DQG

E òQQQQñ MP  V ò
QQQQ ñ G

ò
QQQQñ P õP  ðëñ ðìñ ïïñëôï õìèïìô

$QDORJRXVO\ WR õçïìäôñ ZH KDYH WKH VDPH QXPEHU RI WHQVRU RSHUDWRUV IRU ERVRQ
DQQLKLODWLRQ OLNH WKLV

E aaaa
SSSSñ MP  VSSSS ñ G

a
SSSSñ P ñ E

aaaa
QQQQñ MP  VQQQQ ñ G

a
QQQQñ P õP  ðëñ ðìñ ïïñëôï õìèïëô
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,Q DQDORJ\ ZLWK õèïêêô DQG õèïêèôñ HYHU\ Gð RU VðRSHUDWRU IRU SURWRQV FRPPXWHV
ZLWK HYHU\ Gð RU VðRSHUDWRU IRU QHXWURQVï :H GHPDQG WKDW ERWK 1S DQG 1Q DUH
JRRG TXDQWXP QXPEHUV Lï Hï WKH +DPLOWRQ RSHUDWRU PXVW PHHW WKH FRQGLWLRQ

>+ ñ 1SSSS@  >+ ñ 1QQQQ@  í õìèïêô

ZLWK WKH RSHUDWRUV 1SSSS  �è>G ò
SSSS u G a

SSSS@
õíô ò V ò

SSSS VSSSS õçïêæô DQG WKH FRUUHVSRQGLQJ
1QQQQï *HQHUDOLVLQJ WKH HTXDWLRQV õæïêôñ õæïèô DQG õæïçôñ ZH ZULWH WKH +DPLOWRQ
RSHUDWRU DV IROORZV

+  +SSSS ò +QQQQ ò 9SSSSQQQQ ï õìèïéô

%RWK +SSSS DQG +QQQQ KDYH WKH IRUP RI WKH ,%0ìð+DPLOWRQLDQ õæïêñ æïçñ DQG æïìæô EXW
WKHUH LV QRWKLQJ WKDQ SðRSHUDWRUV LQ +SSSS DQG Q ðRSHUDWRUV LQ +QQQQï :H ZULWH WKH
PL[LQJ SRWHQWLDO RSHUDWRU 9SSSSQQQQ HPSOR\LQJ WKH SDUDPHWHU

U  Sñ Q õìèïèô

DQDORJRXVO\ WR õæïçô OLNH WKLV

9SSSSQQQQ  õìîëô ¦MI MJ MS MT PI PJ PSPT ¦UI � UJ ¦US � UT õìèïçô

¢UI MI PI ñ UJ MJ PJ _: _ US MS PS ñ UT MT PT ² �E
ò
UUUUI MI PI E

ò
UUUUJ MJ PJ EUUUUS MS PS EUUUUT MT PT

ZKHUH M  í GHQRWHV D VðRSHUDWRU DQG M  ë D GðRSHUDWRUï %RWK WKH FUHDWLRQ DQG
WKH DQQLKLODWLRQ RSHUDWRUV LQ õìèïçô FRPSULVH D Sð DQG D Q ðRSHUDWRU õUI � UJñ US �
UT ôñ RWKHUZLVH WKH PDWUL[ HOHPHQW YDQLVKHVï $QDORJRXVO\ WR õæïçô 9SSSSQQQQ FDQ EH
ZULWWHQ E\ PHDQV RI YHFWRU FRXSOLQJ DV

9SSSSQQQQ  õìîëô ¦MI MJ MS MT ¦- í
é¦UI � UJ ¦US � UT ¢UI MIñ UJ MJñ - _: _ US MSñ UT MTñ - ² �

�õë- ò ìô >>E òUUUUI MI u E
ò
UUUUJ MJ @

õ-ô u >E aaaa
UUUUS MS u E aaaa

UUUUT MT @
õ-ô@õíôï õìèïæô

%HFDXVH WKH RSHUDWRUV E ò
SSSS M P DQG E ò

QQQQ M P FUHDWH GLVWLQJXLVKDEOH ERVRQVñ WKH
FRPPRQ VWDWH GRHV QRW VKRZ V\PPHWU\ DFFRUGLQJ WR õ$ëïèô DQG IRU
>G òSSSS u G

ò
QQQQ@
õ-ô WKH VWDWHPHQW õçïçô LV QRW YDOLG DQ\ PRUHï 2Q WKH FRQWUDU\ñ IRU - DOO

LQWHJHUV IURP í XS WR é DUH SRVVLEOHï

,Q WKH FDVH RI MS  MT  ë IRU WKH WZRðERVRQ VWDWH LQ WKH PDWUL[ HOHPHQW LQ õìèïæô
RQH REWDLQV WKH IROORZLQJ H[SUHVVLRQ

_ S ëñ Q ëñ - 0 ²  ¦PS PQ õë PS ë PQ _ - 0 ô _ S ë PS ñ Q ë PQ ²  õìèïåô

õðìô- ¦PS PQ õë PQ ë PS _ - 0 ô _ Q ë PQ ñ S ë PS ²  õðìô
- _ Q ëñ S ëñ - 0 ²ï

7KHUHIRUHñ WKHUH DUH ìë LQGHSHQGHQW PDWUL[ HOHPHQWV LQ õìèïæô DV IROORZV
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:è  ¢ S íñ Q íñ í _: _ S íñ Q íñ í ²

:ç  ¢ S íñ Q ëñ ë _: _ S íñ Q ëñ ë ²

:æ  ¢ S íñ Q ëñ ë _: _ S ëñ Q íñ ë ²  ¢ S ëñ Q íñ ë _: _ S íñ Q ëñ ë ²

:å  ¢ S ëñ Q íñ ë _: _ S ëñ Q íñ ë ² õìèïäô

:ä  ¢ S íñ Q íñ í _: _ S ëñ Q ëñ í ² ¢ S ëñ Q ëñ í _: _ S íñ Q íñ í ²

:ìí  ¢ S íñ Q ëñ ë _: _ S ëñ Q ëñ ë ²  ¢ S ëñ Q ëñ ë _: _ S íñ Q ëñ ë ²

:ìì  ¢ S ëñ Q íñ ë _: _ S ëñ Q ëñ ë ²  ¢ S ëñ Q ëñ ë _: _ S ëñ Q íñ ë ²ï

7KHVH PDWUL[ HOHPHQWV GRQ©W DOWHU LI RQH LQWHUFKDQJHV WKH Sð DQG WKH Q ðVWDWH RQ
RQH VLGHï 7KH UHVLGXDO HOHPHQWV UHDG

:-  ¢ S ëñ Q ëñ - _: _ S ëñ Q ëñ - ² õ -  íñ ìñ ëñ êñ é ôï õìèïìíô

+HUH LQWHUFKDQJLQJ WKH Sð DQG WKH QðVWDWH UHVXOWV LQ D IDFWRU õðìô- õ VHHìèïåô Lï Hï

¢ S ëñ Q ëñ - _: _ S ëñ Q ëñ - ²  ¢ S ëñ Q ëñ - _: _ Q ëñ S ëñ - ² õðìô- õìèïììô

¢ Q ëñ S ëñ - _: _ S ëñ Q ëñ - ² õðìô-  ¢ Q ëñ S ëñ - _: _ Q ëñ S ëñ - ²ï

7KH SDUWLDO +DPLOWRQ RSHUDWRUV +SSSS DQG +QQQQ FRQWDLQñ DFFRUGLQJ WR õæïìæô DQG
õæïêêô UHVSHFWLYHO\ñ ä RU ç IUHH SDUDPHWHUV HDFKï 7KH FRQVLGHUDWLRQV LQ
FKDSWHU æ WKDW IDFLOLWDWHG WKH UHGXFWLRQ RI WKLV QXPEHU FDQ EH DSSOLHG WR WKH ìë
SDUDPHWHUV LQ õìèïäô DQG õìèïììô DQG WKH\ FDQ EH UHGXFHG WR ä õ,DFKHOOR DQG
$ULPDñ ìäåæñ Sï ìêåôï 7KHUHIRUH WKH +DPLOWRQ RSHUDWRU õìèïéô FRPSULVHV êí RU
ëì SDUDPHWHUV UHVSHFWLYHO\ñ ZKLFK UHQGHU WKLV WKHRU\ FXPEHUVRPH DQG LW LV
SUDFWLFDOO\ LPSRVVLEOH WR ILW WKH SDUDPHWHUV XQDPELJXRXVO\ RQ H[SHULPHQWDO
GDWDï

ìèïë %DVLV VWDWHV DQG WKH DQJXODU PRPHQWXP RSHUDWRU RI WKH ,%0ë

%HIRUH ZH GHDO ZLWK WKH VLPSOLILFDWLRQ RI WKH +DPLOWRQ RSHUDWRUñ ZH WXUQ WR WKH
HLJHQVWDWHVï )RU SUDFWLFDO UHDVRQVñ WKH EDVLV VWDWHV RI WKH ,%0ë DUH FKRVHQ DV
YHFWRULDO FRXSOLQJV RI V\PPHWULFDOñ VSKHULFDO ,%0ìðVWDWHV õçïìåô RI Sð DQG Q ð
ERVRQV WKLV ZD\

_ >õQVS ñ QGS ñ WS ñ Q'S ñ -Sô u õQVQ ñ QGQ ñ WQ ñ Q'Q ñ -Qô@
õ-ô
0 ²ï õìèïìëô

)RU H[DPSOH WKH FRPSOHWH VHW RI VWDWHV ZLWK 1S  1Q  ì UHDGV DV IROORZV

_ >VS u VQ@
õíô

í ²ñ _ >V S u GQ@
õëô

P ²ñ _ >GS u VQ@
õëô

Pö ²ñ _ >GS u GQ@
õ-ô
Pû ² ZLWK

õ-  íñ ìñïïñéôï õìèïìêô

7KH EDVLV IXQFWLRQ RI WKH ,%0ë õìèïìëô GHPDQGV D FRUUHVSRQGLQJ DQJXODU
PRPHQWXP RSHUDWRU DFFRUGLQJ WR õ$ìïëìô DQG õ$ìïëêôï $QDORJRXVO\ WR õåïäô LWV
FRPSRQHQWV UHDG
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-PPPP  -SSSS PPPP ò -QQQQ PPPP  �ìí õ>G
ò
SSSS u G aaaa

SSSS@
õìô

P ò >G
ò
QQQQ u G aaaa

QQQQ@
õìô

P ô õìèïìéô

DQG PHHW WKH FRPPXWDWLRQ UXOHV õåïæôï $FFRUGLQJ WR õ$ìïëëô DQG õ$ìïëçô WKH
VWDWHV õìèïìëô DUH HLJHQIXQFWLRQV RI WKH RSHUDWRUV -í DQG -

ë  -í
ë ð -í ð ë -ì -ì

ZKLFK DUH PDGH XS E\ WKH RSHUDWRUV õìèïìéôï

ìèïê $ UHGXFHG +DPLOWRQLDQ RI WKH ,%0ë

,Q VHFWLRQ ìèïì ZH KDYH VHHQ WKDW WKH ,%0ëð+DPLOWRQLDQ FRPSULVHV D ODUJH
QXPEHU RI SDUDPHWHUVï ,Q SUDFWLFH LW LV UHGXFHG GUDVWLFDOO\ LQ WKH FRXUVH RI
ZKLFK RQH LV EDVHG RQ DUJXPHQWV RI PLFURVFRSLF WKHRULHV ð PDLQO\ RQ WKH 6'ð
YHUVLRQ RI WKH VKHOO PRGHO ð DQG RQ H[SHULHQFHV PDGH E\ ILWWLQJ RQ PHDVXUHG
GDWDï $ VLPSOLILFDWLRQ RI WKH +DPLOWRQ RSHUDWRU LV DOVR QHFHVVDU\ EHFDXVH WKH
VXP +SSSS DQG +QQQQ JHQHUDWHV D ODUJH QXPEHU RI HQHUJ\ OHYHOVï %HFDXVH WKH ,%0ì
UHSURGXFHV WKH VSHFWUXP RI PHDVXUHG HQHUJLHV UHODWLYHO\ ZHOOñ WKH ,%0ë PD\
QRW JHQHUDWH HVVHQWLDOO\ PRUH OHYHOVï

$ ILUVW VLPSOLILFDWLRQ RI WKH +DPLOWRQLDQ FRQVLVWV LQ UHGXFLQJ +SSSS DQG +QQQQ WR D
VSHFLDO FDVH õ FKDSWHU ìé ôï )RU WKDW SXUSRVHñ WKH YLEUDWLRQDO OLPLW õ FKDSWHU ìí ô
LPSRVHV LWVHOI EHFDXVH LW LV DEOH WR LQWHUSUHW PRVW QXFOHL õ FRPSDUH ILJXUHV ìíïæ
DQG ìéïê ôï 7KXV LQ ERWK ,%0ð+DPLOWRQLDQV RQ GURSV 5 ë DQG 4 ë õäïêäôï ,Q
SUDFWLFH LQ HTXDWLRQ õæïìæô QRW RQO\ Yí DQG Yë DUH GHOHWHG EXW DOVR Xíñ Xë DQG HVï
&RQVHTXHQWO\ WKH IROORZLQJ H[SUHVVLRQ LV OHIW RYHU

+UUUU  HU QG UUUU ò × ¦-  íñ ëñ é F- U�õë- ò ìô >>G
ò
UUUU u G

ò
UUUU@
õ-ô u >G aaaa

UUUU u G aaaa
U@
õ-ô@õíô

ZLWK U  Sñ Qï õìèïìèô

7KH WKLUG WHUP 9SSSSQQQQ LQ WKH +DPLOWRQ RSHUDWRU õìèïéô LV VLPSOLILHG DV ZHOOï
*HQHUDOO\ñ RQH HPSOR\V WKH IROORZLQJ IRUP õ,DFKHOOR DQG $ULPDñ ìäåæñ Sï ìéíô

9SSSSQQQQ  N �è >4SSSSõFSô u 4QQQQõFQô@
õíô ò O 0SSSSQQQQï õìèïìçô

7KH TXDGUXSROH RSHUDWRUV 4UUUU õFU ôP õU  Sñ Qô FRUUHVSRQG WR WKH RSHUDWRUV 4PPPP LQ
õìëïìäô WKDW LV

4UUUU õFU ôP  >G
ò
UUUU u VUUUU@

õëô
P ò >V

ò
UUUU u G aaaa

UUUU@
õëô

P ò FU >G òUUUU u G aaaa
UUUU@
õëô

P ï õìèïìæô

)RU WKH TXDGUXSROHðTXDGUXSROH SDUW RI 9SSSSQQQQ VRPHWLPHV WKH V\PERO

�è >4SSSSõFSô u 4QQQQõFQô@
õíô { 4SSSSõFSô x 4QQQQõFQôï õìèïìåô

LV HPSOR\HGï :H ZULWH LW H[SOLFLWO\
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6RPHWLPHV D IXUWKHU SDUDPHWHU LV DWWDFKHG WR WKH ODVW H[SUHVVLRQï 7KH WHUPV LQ
WKH H[SUHVVLRQV õìèïìäô DQG õìèïëíô DSSHDU LQGLYLGXDOO\ LQ WKH RULJLQDO
H[SUHVVLRQ IRU 9SSSSQQQQ õìèïæôñ ZKLFK FDQ EH SXUVXHG E\ PHDQV RI WDEOHìèïìï

7DEOH ìèïì

&RUUHVSRQGHQFH RI WHUPV LQ õìèïæôñ õìèïäô DQG õìèïìíô WR WKH WHUPV LQ õìèïìäô
DQG õìèïëíôï

2ULJLQDO WHUPV RI 9SSSSQQQQ FRUUHVSRQGLQJ WHUPV LQ õìèïìäô DQG õìèïëíôñ
LQ õìèïæôñ õìèïäô DQG õìèïìíô WKH QXPEHUV GHQRWH WKH OLQHVï

7HUP ZLWK:ä õ VHH ìèïäô ìï 7HUP LQ �è >4SSSSõFSô u 4QQQQõFQô@
õíôñ õìèïìäô
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7HUPV ZLWK:í ïï:é õVHH ìèïìíô èï û û û ñ
û û :ç DQG :å ìï 7HUP LQ 0SSSSQQQQ õìèïëíôñ

7HUP ZLWK:æ ëï û û û ñ
7HUPV ZLWK:ì DQG :ê êï û û û ï

7KLV FRPSDULVRQ VKRZV WKDW LQ IDFW RQO\ WKH FRHIILFLHQWV RI WKH WHUPV LQ 9SSSSQQQQ KDYH
EHHQ DOWHUHGï ,Q GRLQJ VRñ LQGLYLGXDO WHUPV KDG WR EH UHFRXSOHG E\ PHDQV RI
õ$éïìôï 7KH FRQVLVWHQW FRUUHVSRQGHQFH UHYHDOV WKDW H[SUHVVLRQ õìèïìçô LV QRW DQ
DG KRF FRQVWUXFWLRQ EXW WKH UHVXOW RI D UHGXFWLRQ DQG UHPRGHOOLQJ RI WKH RSHUDWRU
õìèïæôï
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7KH TXDGUXSROHðTXDGUXSROH RSHUDWRU KDV WR UHSODFH WR D FHUWDLQ GHJUHH WKH
RSHUDWRUV 4ëSSSS DQG 4ëQQQQñ ZKLFK KDYH EHHQ RPLWWHG LQ +SSSS DQG +QQQQ õìèïìèôï
)XUWKHUPRUHñRQH NQRZV IURP WKH VKHOO PRGHO WKDW WKH VWURQJO\ DWWUDFWLYH
LQWHUDFWLRQ EHWZHHQ SURWRQ DQG QHXWURQ EUHDNV WKH VRðFDOOHG JHQHUDOLVHG
VHQLRULW\ õ7DOPLñ ìääêñ Sï äíçô DQG LV UHVSRQVLEOH IRU WKH GHIRUPDWLRQ RI WKH
QXFOHXV õ(LVHQEHUJ DQG *UHLQHUñ ìäåæñ Sï ééêôï 7KLV SðQðLQWHUDFWLRQ
FRUUHVSRQGV WR WKH VGðWHUPV LQ 4UUUU õFU ôP õìèïìæôñ ZKLFK LQIOXHQFH WKH VðGðGLYLVLRQ
RI ERVRQVï

,Q RUGHU WR LOOXVWUDWH WKLV EHKDYLRXU ZH VKRZ WKDW WKH WHUP 4SSSSõFSôx4QQQQõFQô õìèïìåñ
ìèïìäô LV DEOH WR PDNH XS QRQ YDQLVKLQJ PDWUL[ HOHPHQWV UHVWLQJ RQ WKH VWDWHV
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7KXVñ WKH TXDGUXSROHðTXDGUXSROH RSHUDWRU FUHDWHV QRQðGLDJRQDO PDWUL[
HOHPHQWVñ ZKLFK FDXVH VðGðPL[LQJï

7KH 0DMRUDQD WHUP 0SSSSQQQQ õìèïëíô LQIOXHQFHV VWDWHV ZLWK D VSHFLDO V\PPHWU\ ZKLFK
LV IRUELGGHQ LQ WKH ,%0ìï :H VKRZ WKDW E\ PHDQV RI VWDWHV ZLWK 1S  1Q  ì
õìèïìêôñ ZKLFK FDQ EH UHPRGHOOHG WKLV ZD\
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7KH VWDWHV õìèïëëô DUH V\PPHWULF ZLWK UHJDUG WR WKH LQGLFHV S DQG Q DQG WKH
VWDWHV õìèïëêô DUH DQWLV\PPHWULFï ,I ZH UHSODFH WKH ODEHOV S DQG Q E\ ERVRQ
QXPEHUV ì DQG ëñ HTXDWLRQ õìèïëëô UHSUHVHQWV WKH V\PPHWULF WZRðERVRQ VWDWHV
RI WKH ,%0ì EXW WKH VWDWHV õìèïëêô H[LVW QHLWKHU LQ WKLV PRGHO QRU LQ UHDOLW\ï %\
PHDQV RI WKH 0DMRUDQD WHUP ZH FDQ OLIW WKHVH LQWUXGHU VWDWHV LQ D KLJKHU HQHUJ\
WKDQ DOO GHFLVLYH OHYHOV DQG PDNH WKHP LQVLJQLILFDQWï
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õìèïëêô

õìî�èô 0SSSSQQQQ _ >V S u GQ@
õëô

P ²  

>>VòSSSS u G
ò
QQQQ@
õëô u >VSSSS u G aaaa

QQQQ@
õëô@õíô VòSSSS G

ò
QQQQ PPPP _² ð õìèïëéô

>>G òSSSS u V
ò
QQQQ@
õëô u >VSSSS u G aaaa

QQQQ@
õëô@õíô VòSSSS G

ò
QQQQ PPPP _²ï

$OO RWKHU VWDWHV YDQLVK EHFDXVH HDFK WLPH DQ DQQLKLODWLRQ RSHUDWRU DFWV RQ DQ
HPSW\ VWDWH _²ï :H UHPRGHO WKH H[SUHVVLRQ õìèïëéô
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)RU WKH ILUVW H[SUHVVLRQ LQ õìèïëëô WKH UHODWLRQ

0SSSSQQQQ _VS VQ²  í õìèïêìô

KROGVï :H VHH KRZ WKH 0DMRUDQD RSHUDWRU 0SSSSQQQQ FRQWULEXWHV WR GLDJRQDO HOHPHQWV
RI WKH +DPLOWRQ PDWUL[ RQ WKH EDVLV õìèïëëô DQG õìèïëêôï $FFRUGLQJ WR õìèïëæôñ
õìèïëåôñ õìèïêíô DQG õìèïêìô RQO\ WKH GLDJRQDO PDWUL[ HOHPHQWV RI WKH
DQWLV\PPHWULF VWDWHV õìèïëêô DUH QRQðYDQLVKLQJ DQG SRVLWLYH LI WKH FRHIILFLHQW O
LQ õìèïìçô LV SRVLWLYHï %\ PHDQV RI O RQH OLIWV WKH OHYHOV RI WKH VWDWHV ZKLFK DUH
DQWLV\PPHWULF ZLWK UHVSHFW WR S DQG Qï 'RLQJ VRñ WKH\ ORVH DOO VSHFWURVFRSLF



ìêë

VLJQLILFDQFHï 2QH FDQ VKRZ WKDW 0SSSSQQQQ DFWLQJ RQ PRUH FRPSOH[ EDVLV VWDWHV KDV
WKH VDPH HIIHFWï

ìèïé (LJHQHQHUJLHV DQG HOHFWURPDJQHWLF WUDQVLWLRQV ZLWKLQ WKH ,%0ë

+DYLQJ GLVFXVVHG WKH LQGLYLGXDO WHUPV RI WKH ,%0ëð+DPLOWRQLDQ õ VHH ìèïìè XS
WR ìèïëíô ZH SXW LW WRJHWKHU
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,W FRQWDLQV ìë SDUDPHWHUVï 7KH HLJHQHQHUJLHV RI + DUH FDOFXODWHG RQ D EDVLV RI
IXQFWLRQV DQDORJRXV WR õìëïëô ZKLFK DUH FRPSRVHG RI WKH EDVLV VWDWHV õìèïìëô
OLNH WKLV

_ Oñ 1S 1Q - 0 ²²  ¦ L F
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1S1Q - õLô _ Lñ 1S 1Q - 0 ²ï õìèïêêô

7KH FRHIILFLHQWV FõO ô1S 1Q - õLô RI WKH OWK VWDWH UHVXOW IURP WKH GLDJRQDOLVDWLRQ
SURFHGXUH GLVFXVVHG LQ VHFWLRQ ìëïìï 7KH VXP FRPSULVHV WKH FRQILJXUDWLRQV L  
õQVS QGS WS Q'S -S QVQ QGQ WQ Q'Q -Qô DFFRUGLQJ WR õìèïìëôï 7KH HLJHQYDOXH LV
ODEHOOHG ZLWK (õO ô

1S 1Q - ï

7KH SUREDELOLWLHV IRU HOHFWURPDJQHWLF WUDQVLWLRQV EHWZHHQ VWDWHV RI WKLV NLQG DUH
IRUPXODWHG DQDORJRXVO\ WR WKH PHWKRG GHVFULEHG LQ FKDSWHU ììï 7KH UHGXFHG
WUDQVLWLRQ SUREDELOLW\ %õ/ñ-L � -I ô LV FDOFXODWHG E\ PHDQV RI WKH LQLWLDO DQG WKH
ILQDO VWDWH RI WKH W\SH õìèïêêôï )RU WKH RSHUDWRU 2õ( / 0ô IRU DQ HOHFWURPDJQHWLF
WUDQVLWLRQ ZLWK WKH DQJXODU PRPHQWXP /ñ WKH IRUP õììïéô LV H[WHQGHG WR D VXP RI
WKH RSHUDWRU IRU SðERVRQV DQG WKH RQH IRU QðERVRQVï

6SHFLDOO\ IRU HOHFWULF WUDQVLWLRQV ZLWK /  ë õ TXDGUXSROH UDGLDWLRQ ô ZH KDYH
DQDORJRXVO\ WR õììïìëô WKH IROORZLQJ H[SUHVVLRQ
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7KH RSHUDWRUV LQ õìèïêéô FRUUHVSRQG ODUJHO\ WR WKH RSHUDWRU 4UUUUõFUôP LQ õìèïìæôñ
IRU ZKLFK UHDVRQ IUHTXHQWO\ RQH SXWV FöU  FUï 7KLV GHPDQGV WKDW WKLV SDUDPHWHU
LV ILWWHG VLPXOWDQHRXVO\ RQ HQHUJLHV DQG RQ WUDQVLWLRQ SUREDELOLWLHVï ,Q WKLV FDVHñ
ZH KDYH

2õ( ë Pô  HS 4SSSS õFS ôP ò HQ 4QQQQ õFQôP ï õìèïêèô

)UHTXHQWO\ WKH TXDQWLW\ HS LV HTXDWHG ZLWK HQï 7ï 2WVXND DQG 2ï 6FKROWHQ KDYH
ZULWWHQ WKH FRPSXWHU SURJUDP 13%26 ZKLFK SHUIRUPV ,%0ëðFDOFXODWLRQV
HVVHQWLDOO\ DFFRUGLQJ WR õìèïêëô õ7ï 2WVXNDñ ìäææñ 8QLYHUVLW\ 7RN\Rôï 7KH QHZHU
SURJUDP %2621ë õ $ï 1RYRVHOVN\ñ ìäåèñ :HL]PDQQ ,QVWLWXWHñ ,VUDHO ô LV DEOH WR
KDQGOH ZLWK D JUHDW QXPEHU RI ERVRQVï
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ìèïè &RPSDULVRQV ZLWK H[SHULPHQWDO GDWD

)LJXUHV ìèïì XS WR ìèïê VKRZ H[SHULPHQWDO DQG FDOFXODWHG HQHUJLHV RI OHYHOV RI
èé;H DQG èç%D LVRWRSHVï 7KH\ DUH WDNHQ IURP WKH UHSRUW RI 2ï 6FKROWHQ õìäåíôï
7KH +DPLOWRQLDQ õìèïêëô KDV EHHQ HPSOR\HG ZLWK WKH VLPSOLILFDWLRQ HS  HQï 7KH
0DMRUDQD WHUP 0SSSSQQQQ KDV EHHQ IRUPXODWHG PRUH JHQHUDOO\ï
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)LJXUH ìèïìï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH FDOFXODWHG
HQHUJLHV RI WKH OHYHOV ëòìñ é
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QXPEHUV RI QHXWURQV çë XS WR æåï 7KH ,%0ëð+DPLOWRQLDQ KDV EHHQ
HPSOR\HG õ6FKROWHQñ ìäåíñ Sï èèôï
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7KH FRUUHVSRQGLQJ SDUDPHWHUV H DQG N RI WKH +DPLOWRQ RSHUDWRU DUH
UHSUHVHQWHG LQ ILJXUH ìèïé DV D IXQFWLRQ RI WKH QHXWURQ QXPEHUï 7KH
GHSHQGHQFH RI WKHVH TXDQWLWLHV RQ WKH SURWRQ QXPEHU õ èé XS WR èåô FRXOG EH
QHJOHFWHGï

çé çå æë æç æë æç

(
õ0H9ô

ë

ì

í

åòì

çòì

éòì

ëòì

èòì

éòë

êòì

ëò

)LJXUH ìèïêï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH FDOFXODWHG HQHUJLHV
RI å OHYHOV RI èç%D LVRWRSHV ZLWK HYHQ QXPEHUV RI QHXWURQV çé XS WR æåï 7KH
,%0ëð+DPLOWRQLDQ KDV EHHQ HPSOR\HG õ6FKROWHQñ ìäåíñ Sï èèôï
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)LJXUH ìèïéï 7KH SDUDPHWHUV N õ ZLWK QHJDWLYH YDOXHV ô DQG H HPSOR\HG IRU WKH
,%0ëðFDOFXODWLRQV VKRZQ LQ ILJXUHV ìèïì XS WR ìèïê IRU QXFOHL ZLWK HYHQ QHXWURQ
QXPEHUV IURP èé XS WR æå DQG SURWRQ QXPEHUV èé XS WR èå õ6FKROWHQñ ìäåíñ Sï
èæôï
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)LJXUH ìèïè VKRZV WKH VHSDUDWH GHSHQGHQFH RI WKH TXDQWLWLHV FQñ FíQ DQG FëQ RQ
WKH QHXWURQ QXPEHUï 7KH FRHIILFLHQW FéQ ZDV SXW HTXDO WR ]HURï $OVR WKH
TXDQWLWLHV FíSñ FëS DQG FéS DUH QHDUO\ ]HURñ EXW FS GHVFHQGV IURP ðíïåì WR ðì IRU
SURWRQ QXPEHUV èé XS WR èåï )XUWKHUPRUHñ 2ï 6FKROWHQ õìäåíô VKRZHG WKDW WKH
WHUPV RI FíQñ FëQ DQG FéQ KDYH OLWWOH LQIOXHQFHï &RPSDUHG ZLWK WKH TXDGUXSROH
WHUP N�è>4SSSSõFSô u 4QQQQ õFQô@

õíô WKH\ DUH RQO\ LPSRUWDQW LI WKHUH DUH OLWWOH QHXWURQV
EHVLGH PDQ\ DFWLYH SURWRQV RU YLFH YHUVDï

5HGXFHG WUDQVLWLRQ SUREDELOLWLHV IRU TXDGUXSROH UDGLDWLRQ DUH FDOFXODWHG
DFFRUGLQJ WR õìèïêèô DQG VKRZQ LQ ILJXUH ìèïç WRJHWKHU ZLWK H[SHULPHQWDO GDWDï
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)LJXUH ìèïèï 7KH SDUDPHWHUV FQ ñ FíQ DQG FëQ HPSOR\HG IRU WKH ,%0ëð
FDOFXODWLRQV VKRZQ LQ ILJXUHV ìèïì XS WR ìèïê IRU QXFOHL ZLWK HYHQ QHXWURQ
QXPEHUV èé XS WR æå õ6FKROWHQñ ìäåíñ Sï èæôï
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'XYDO DQG %DUUHWW õìäåìô KDYH SHUIRUPHG VLPLODU ,%0ëðFDOFXODWLRQV IRU WXQJVWHQ
LVRWRSHVï 7KH\ HPSOR\HG WKH SDUDPHWHUV HS  HQ DQG FéQ  FíS  FëS  FéS  íï
)LJXUHV ìèïæ DQG ìèïå VKRZ WKH FRPSDULVRQ ZLWK H[SHULPHQWDO GDWDï

)LJXUH ìèïçï &RPSDULVRQ EHWZHHQ PHDVXUHG DQG FDOFXODWHG UHGXFHG
WUDQVLWLRQ SUREDELOLWLHV IRU TXDGUXSROH UDGLDWLRQ RI HYHQðHYHQ QXFOHL ZLWK
QHXWURQ QXPEHUV çå XS WR æåï 7KH SDUDPHWHUV RI ILJXUHV ìèïé DQG ìèïè KDYH
EHHQ HPSOR\HG õ6FKROWHQñ ìäåíñ Sï èåôï

%õ(ëâ ëòì����íòìô
õHëEëô

ë

ì

í
çå æë æç æí æé æå æë æé

èé;H

èç%D

èå&H



ìêä

(
õ0H9ô

ìïí

íïè

æé:

í

ëòì

éòì

çòì

åòì

äç ìíí ìíé ìíå ììë

)LJXUH ìèïæï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG FDOFXODWHG
HQHUJLHV RI WKH OHYHOV ëòìñ é

ò
ìñ ç

ò
ì DQG åòì RI LVRWRSHV IURP æé: ZLWK

HYHQ QHXWURQ QXPEHUV äç XS WR ììé HPSOR\LQJ WKH ,%0ë IRUPDOLVP
õ'XYDO DQG %DUUHWWñ ìäåìñ Sï éäêôï
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,Q ILJXUHV ìèïä DQG ìèïìíñ WKH EHKDYLRXU RI WKH FRUUHVSRQGLQJ ,%0ëðSDUDPHWHUV
GHSHQGLQJ RQ WKH QHXWURQ QXPEHU LV VKRZQï
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ìïí

íïè
ìíç ììí ìíç ììí ììé

éòë

êòì
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æé:

)LJXUH ìèïåï &RPSDULVRQ EHWZHHQ PHDVXUHG DQG FDOFXODWHG HQHUJLHV RI ç
OHYHOV RI æé: ZLWK HYHQ QXPEHUV RI QHXWURQV ìíç XS WR ììçï 7KH ,%0ëð
+DPLOWRQLDQ KDV EHHQ HPSOR\HG õ'XYDO DQG %DUUHWWñ ìäåìñ Sï éäéôï



ìéì
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íïè

í
äç ìíí ìíé ìíå ììë
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)LJXUH ìèïäï 7KH SDUDPHWHUV N õ ZLWK QHJDWLYH YDOXHV ô DQG H
HPSOR\HG IRU WKH ,%0ëðFDOFXODWLRQV VKRZQ LQ ILJXUHV ìèïæ DQG ìèïå IRU
WXQJVWHQ LVRWRSHV ZLWK HYHQ QHXWURQ QXPEHUV äç XS WR ììé õ'XYDO DQG
%DUUHWWñ ìäåìñ Sï éäèôï



ìéë

)LJXUH ìèïìì VKRZV VRPH UHGXFHG WUDQVLWLRQ SUREDELOLWLHV %õ(ëô IRU J ðUDGLDWLRQ
DQG FRPSDUHV FDOFXODWHG ZLWK PHDVXUHG YDOXHVï -RORV HW DOï õìäåèô KDYH
SHUIRUPHG VLPLODU FDOFXODWLRQV IRU LVRWRSHV RI éé5X DQG éç3G ZLWK HTXDO VXFFHVVï

FëQQQQ õ0H9ô

ìïí

íï

ðìïí
äç ìíí ìíé ìíå ììë

FíQQQQ õ0H9ô

FFFFQQQQ

)LJXUH ìèïìíï 7KH SDUDPHWHUV FQ ñ FíQ DQG FëQ HPSOR\HG IRU WKH ,%0ëð
FDOFXODWLRQV VKRZQ LQ ILJXUHV ìèïæ DQG ìèïå IRU WXQJVWHQ LVRWRSHV ZLWK
HYHQ QHXWURQ QXPEHUV äç XS WR ììé õ'XYDO DQG %DUUHWWñ ìäåìñ Sï éäèôï
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$V ZH KDYH PHQWLRQHG DERYH õ6FKROWHQñ ìäåíô OLWWOH FKDQJHV LI DOO FRHIILFLHQWV
F-U LQ õìèïêëô DUH HTXDO WR ]HUR DQG HS  HQï ,Q WKLV FDVH WKH +DPLOWRQ RSHUDWRU
REWDLQV WKH IROORZLQJ IRUP

+  H õQG SSSS ò QG QQQQ ô ò N �è >4SSSSõFSô u 4QQQQõFQô@
õíô ò O 0SSSSQQQQï õìèïêçô

:LWK WKLV +DPLOWRQLDQñ ZKLFK FRQWDLQV HVVHQWLDOO\ IRXU SDUDPHWHUV õ IUHTXHQWO\ O
LV IL[HG DUELWUDULO\ ôñ IRU PDQ\ QXFOHL JRRG DJUHHPHQW FRXOG EH DFKLHYHG ZLWK
PHDVXUHG GDWDï )LJXUH íïì SXWV WRJHWKHU H[LVWLQJ FDOFXODWLRQV XS WR ìäååï 7KH
H[SUHVVLRQ õìèïêçô LV QDPHG 7DOPL©V +DPLOWRQLDQ õ,DFKHOORñ $ULPDñ ìäåæñ Sïìéíôï
,Q WKH VDPH SXEOLFDWLRQ RQ SDJH ìéí D JURXS RI DXWKRUV LV JLYHQ ZKLFK KDYH
GRQH FDOFXODWLRQV ZLWK WKLV +DPLOWRQ RSHUDWRUï

%õ(ëô
õHëEëô
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)LJXUH ìèïììï &RPSDULVRQ EHWZHHQ PHDVXUHG DQG FDOFXODWHG
UHGXFHG WUDQVLWLRQ SUREDELOLWLHV IRU TXDGUXSROH UDGLDWLRQ RI WXQJVWHQ
LVRWRSHV ZLWK QHXWURQ QXPEHUV ìíç XS WR ììë õ'XYDO DQG %DUUHWWñ
ìäåìñ Sï éäè XS WR Sï éäæôï 7KH HPSOR\HG SDUDPHWHUV DUH VKRZQ LQ
ILJXUHV ìèïä DQG ìèïìí DQG GHVFULEHG LQ WKH WH[Wï

æé:



ìéé

ìèïç &KDLQV RI /LH DOJHEUDV LQ WKH ,%0ë

2ZLQJ WR WKH UHODWLRQVKLS EHWZHHQ WKH ,%0ëð DQG WKH ,%0ìð+DPLOWRQLDQ ZH
H[SHFW DOVR FKDLQV RI /LH DOJHEUDV VXFK DV LQ õìéïììôñ õìéïìæôñ õìéïëìô DQG WDEOH
ìéïìï

)LUVWñ ZH FRQVLGHU WKH WHUP 9SSSSQQQQ õìèïæôï ,W FRQWDLQV D VXP FRPSULVLQJ H[SUHVVLRQV
RI WKH IROORZLQJ IRUP

>>E òSSSS MI u E
ò
QQQQ MJ @

õ- ô u >E aaaa
SSSS MS u E aaaa

QQQQ MT @
õ- ô@õíô ñ õ MIñ MJñ MSñ MT  íñë ô õìèïêæô

ZKHUH WKH ODEHOV S DQG Q DUH RUGHUHGï :LWK WKH DLG RI WKH äðM V\PEROVñ õ$éïìô
RQH REWDLQV VXPV RI WKH IROORZLQJ H[SUHVVLRQV

>>E òSSSS MI u E aaaa
SSSS MS @

õ- ô u >E òQQQQ MJ u E aaaa
QQQQ MT @

õ- ô@õíô ï õìèïêåô

2Q WKH RWKHU KDQG WKH WHUPV +UUUU õ U  Sñ Qô LQ õìèïéô FRQVLVW DFFRUGLQJ WR õìéïëôñ
õìéïêôñ õìéïèô DQG õìéïæô RQ VXPV RI H[SUHVVLRQV VXFK DV

>E òUUUU Mì u E aaaa
UUUU Më @

õíô DQG >>E òUUUU Mì u E aaaa
UUUU Më @

õ- ô u >E òUUUU Mê u E aaaa
UUUU Mé @

õ- ô@õíôï õìèïêäô

:H VLQJOH RXW VSHFLDO FDVHV RI +DPLOWRQ RSHUDWRUV õìèïéô ZKLFK DUH DEOH WR
FRQVWLWXWH FKDLQV RI /LH DOJHEUDVï

)LUVW VHULHV RI VSHFLDO FDVHV RI WKH ,%0ë

+HUH DOO FRUUHVSRQGLQJ FRHIILFLHQWV LQ +SSSS DQG +QQQQ õìéïëô DUH SXW HTXDO Lï Hï

HS Q  HQ Q � HQñ ïïïñ YS Q  YQ Q � YQñ ïïïñ YS T  YQ T � YT ï õìèïéíô

,I RQH UHSODFHV LQ + õìéïëô õìéïêôñ õìéïèô DQG õìéïæô HYHU\ WHUP RI WKH IRUP

>E òMD u E aaaa
ME @

õ- ô
0 ñ õMDñ ME  ìñ ëô õìèïéìô

E\ H[SUHVVLRQV VXFK DV

*õ- ô
0õMDñ MEô  >E

ò
SSSS MD u E aaaa

SSSS ME @
õ- ô

0 ò >E òQQQQ MD u E aaaa
QQQQ ME @

õ- ô
0 ñ õMDñ ME  ìñ ëô õìèïéëô

RQH REWDLQV E\ PHDQV RI õìèïéíô MXVW WKH VXP +SSSS ò +QQQQ SOXV D VXP RI WHUPV VXFK
DV õìèïêåôï $V DQ DGGLWLRQDO UHVWULFWLRQ LQ WKLV VSHFLDO FDVH RQH GHPDQGV WKDW
WKHVH UHVLGXDO WHUPV FDQFHO RXW ZLWK WKH WHUPV RI 9SSSSQQQQï 7KLV UHVXOWV LQ VHYHUDO
FRQGLWLRQV IRU WKH LQYROYHG FRHIILFLHQWVï 6RPH DXWKRUV OHDYH D 0DMRUDQD WHUP
õìèïëíô õ%RQDWVRVñ ìäååñ Sï æåôñ õ)UDQN DQG YDQ ,VDFNHUñ ìääéñ Sï êçäôï

7KH UHPDLQLQJ ,%0ëð+DPLOWRQLDQ UHDGV QRZ DQDORJRXVO\ WR õäïêäô RU õìéïëô

+  HQ 1 ò YQ 1
ë ò õìèïéêô

õHG© ò YQG 1ôQGñ SSSSòQQQQ ò YG Q
ë
Gñ SSSSòQQQQ ò YU5

ë
SSSSòQQQQ ò YW7

ë
SSSSòQQQQ ò YM -

ë
SSSSòQQQQ ò YT4

ë
SSSSòQQQQ

ZKHUH LQ HDFK RSHUDWRU WKH EDVLV RSHUDWRUV õìèïéìô DUH UHSODFHG E\ õìèïéëôï
7KHVH PDNH XS WKH VDPH FKDLQV RI DOJHEUDV DV LQ WKH ,%0ìï 7KH IRUPXODWLRQ RI
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WKHVH FKDLQV FDQ EH WDNHQ IURP õìéïììôñ õìéïìæôñ õìéïëìô DQG WDEOH ìéïìï 7KH\
DUH SXW WRJHWKHU LQ WDEOH ìèïë ZLWK XVXDO PDUNLQJVï

7DEOH ìèïëï &KDLQV RI /LH DOJHEUDV RI WKH VSHFLDO FDVHV ,ìñ ,,ì DQG ,,,ì RI WKH
,%0ë

%DVLV HOHPHQWV 'LPHQVLRQ $OJHEUD 6SHFLDO FDVH
Ë Q

* õëô
PPPPõëñíôñ *

õëô
PPPPõíñëôñ *

õíô
íõíñíô Ò êç XSòQ õçôË

~Ë � ¼
* õíô

íõëñëôñ *
õëô

PPPPõëñëôñ *
õéô

PPPPõëñëô ~Ò ëè XSòQ õèô ¼
~~Ë � Ò ,ì

* õêô
PPPPõëñëô ~~Ò ìí VRSòQõèô¼

~~~Ë � ¼
* õìô

PPPPõëñëô ~~~Ò ê VRSòQ õêôÍ
ÍÍÍÍ

* õëô
PPPPõëñíôñ *

õëô
PPPPõíñëôñ *

õíô
íõíñíôñ Ë

* õíô
íõëñëôñ *

õêô
PPPPõëñëôñ *

õéô
PPPPõëñëô Ò êç XSòQ õçôË

~Ë � ¼
* õëô

PPPPõëñíô ò *
õëô

PPPPõíñëô ðõ�æîëô *
õëô

PPPPõëñëô ~Ò å VXSòQõêôÒ ,,ì
~~Ë � ¼

* õìô
PPPPõëñëô ~~Ò ê VRSòQõêôÍ

ÍÍÍ

* õëô
PPPPõíñëôñ *

õíô
íõíñíôñ Ë

* õíô
íõëñëôñ *

õëô
PPPPõëñëôñ *

õéô
PPPPõëñëô Ò êç XSòQ õçô Ë

~Ë � ¼
* õëô

PPPPõëñíô ò *
õëô

PPPPõíñëô ~Ò ìè VRSòQ õçô ¼
~~Ë � Ò ,,,ì

* õêô
PPPPõëñëô ~~ Ò ìí VRSòQ õèô ¼

~~~Ë � ¼
* õìô

PPPPõëñëô ~~~Ò ê VRSòQ õêôÍ
ÍÍ ÍÍ

$V GLVFXVVHG LQ WKH SUHFHGLQJ FKDSWHU HYHU\ /LH DOJHEUD JHQHUDWHV D VHW RI
EDVLV IXQFWLRQVï 7KHLU PHPEHUV DUH ODEHOOHG ZLWK TXDQWXP QXPEHUVñ ZKLFK
DSSHDU SDUWO\ LQ WKH HLJHQYDOXHV RI WKH &DVLPLU RSHUDWRUVï ,Q WKH ,%0ì WKHUH LV ¤
H[FHSW IRU VXõêô ¤ RQO\ RQH TXDQWXP QXPEHU SHU DOJHEUDñ ZKLFK LV UHOHYDQW IRU
WKH &DVLPLU RSHUDWRUï ,Q WKH ,%0ë WKHUH DUH PRVWO\ WZR VXFK QXPEHUV DV WKH
LQYHVWLJDWLRQ RI YDQ ,VDFNHU HW DOï õìäåéô VKRZVï )RU WKH VSHFLDO FDVH ,ì õ WDEOH
ìèïë ô UHVXOW WKH IROORZLQJ TXDQWXP QXPEHUV
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_ XSòQ õçô � XSòQ õèô � VRSòQõèô � VRSòQõèô ?
_ ² ,ì õìèïééô
_>1ìñ 1ë@ >Qìñ Që@ >Wìñ Wë@ñ Q'ìñ Q'ë >-@ î

ZLWK 1ì ò 1ë  1 õ1ì � 1ëôñ Qìñ ò Që  QGS ò QGQ ï
7KH TXDQWXP QXPEHUV LQ VTXDUH EUDFNHWV FKDUDFWHULVH WKH HLJHQYDOXHV RI WKH
&DVLPLU RSHUDWRUV õVHH ìèïéæô DQG WKH UHPDLQLQJ QXPEHUV VHUYH WR WKH
FODVVLILFDWLRQ RI WKH VWDWHVï $QDORJRXVO\ WR WKH ,%0ìñ WKH UHODWLRQV

Qì x 1ìñ Që x 1ëñ Wì x Qìñ Wë x Që õìèïéèô

KROG WRJHWKHU ZLWK IXUWKHU FRQGLWLRQV IRU WKHVH TXDQWXP QXPEHUV DQG IRU WKH
DQJXODU PRPHQWXPï ,DFKHOOR DQG $ULPD õìäåæñ Sï ìèëô KDYH SXW WKHP WRJHWKHUï

%\ FDQFHOOLQJ WKH FRHIILFLHQWV YU DQG YT õìèïéêôñ RQH REWDLQV DQDORJRXVO\ WR WKH
,%0ì õ VHFWLRQ ìéïé ô WKH FRPELQDWLRQ RI &DVLPLU RSHUDWRUV ZKLFK EHORQJ WR WKH
ILUVW FKDLQ ,ì LQ WDEOH ìèïëï ,Q DJUHHPHQW ZLWK õìéïêæô WKH +DPLOWRQ RSHUDWRU FDQ
EH ZULWWHQ DV

+ õ,ìô  

Dì &ìñX õçôñ SSSSòQQQQò Dë &ëñX õçô ñ SSSSòQQQQ ò E &ìñX õçô ñ SSSSòQQQQ &ìñX õèô ñ SSSSòQQQQ ò õìèïéçô

Jì &ìñX õèô ñ SSSSòQQQQò Jë &ëñX õèô ñ SSSSòQQQQò G &ëñVR õèô ñ SSSSòQQQQ ò H &ëñVR õêô ñ SSSSòQQQQ ï

,W FRQWDLQV &DVLPLU RSHUDWRUV ZKLFK DUH IRUPHG E\ WKH RSHUDWRUV *õ- ô
0õMDñ MEô

õìèïéëô LQ WKH VDPH ZD\ DV WKH RSHUDWRUV LQ WDEOH ìéïëï 7KH IRUPXODV IRU
HLJHQYDOXHV RI &DVLPLU RSHUDWRUV GHSHQGLQJ RQ TXDQWXP QXPEHUV DUH JLYHQ E\
,DFKHOOR DQG $ULPD õìäåæñ Sï êæñ Sï ìèåôï $FFRUGLQJ WR õìèïéçô WKH IROORZLQJ
HLJHQHQHUJLHV IRU WKH VSHFLDO FDVH ,ì UHVXOW

(,ì  Dì õ1ì ò 1ëôò Dë õ1ìõ1ì ò èô ò 1ë õ1ë ò êôô ò

E õ1ì ò 1ë ôõQì ò Qëô ò JìõQì ò Qëô ò õìèïéæô

Jë õQìõQì ò éô ò Që õQë ò ëôôò G õWì õWì ò êô ò Wë õWë ò ìôô ò H -õ- ò ìôï

)RU ODUJH ERVRQ QXPEHUV 1ñ RQH REWDLQV D PXOWLSOLFLW\ RI SRVVLEOH VSOLWWLQJV LQ 1ì

DQG 1ë EXW RQO\ WKH ORZHVW OHYHOV DUH LPSRUWDQWï )LJXUH ìèïìë VKRZV D VSHFWUXP
DFFRUGLQJ WR õìèïéæô IRU WZR DFWLYH SðERVRQV DQG D Q ðERVRQï 7KH SDUW ZLWK 1ì  
ê DQG 1ë  í FRUUHVSRQGV WR WKH ,%0ì VSHFWUXP IRU WKH YLEUDWLRQDO OLPLWï
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)RU WKH FKDLQV RI WKH DOJHEUDV ,,ì DQG ,,,ì õ WDEOH ìèïë ô WKHUH H[LVW
UHSUHVHQWDWLRQV RI HLJHQYDOXHV FRUUHVSRQGLQJ WR õìèïéçô DQG õìèïéæô õ,DFKHOOR
DQG $ULPDñ ìäåæñ Sï ìèäôï ,Q DSSURSULDWH SXEOLFDWLRQV IXUWKHU FKDLQV RI DOJHEUDV
DUH PHQWLRQHGñ LQ ZKLFK WKH KLJKHU DOJHEUDV DUH GLUHFW VXPV RI Sð DQG Q ð
DOJHEUDVï
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)LJXUH ìèïìëï 7\SLFDO VSHFWUXP IRU WKH ,ìðVSHFLDO FDVH RI WKH ,%0ëï 1S  ë
DQG 1Q  ì õ RU YLFH YHUVD ô KDYH EHHQ HPSOR\HG õ,DFKHOOR DQG $ULPDñ
ìäåæñ Sïìèäôï
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ìç 7KH LQWHUDFWLQJ ERVRQðIHUPLRQ PRGHO ,%)0

,Q WKH ILUVW VHFWLRQ WKH H[WHQVLRQ RI WKH ,%0 ZLOO EH RXWOLQHG ZKLFK DGPLWV RGG
QXPEHUV RI SURWRQV DQGîRU QHXWURQVï &UHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV IRU
QXFOHRQV DUH LQWURGXFHG DQG WKH FRUUHVSRQGLQJ +DPLOWRQLDQ LV EURXJKW LQ WKH
XVXDO IRUPï 7KH VHFRQG VHFWLRQ GHDOV ZLWK D YHUVLRQ RI WKH ,%0) ZKLFK HPSOR\V
WKH ERVRQðERVRQ LQWHUDFWLRQ RI WKH XõèôðOLPLWï 7KH VLPSOH FDVH RI RQH DFWLYH Gð
ERVRQ FRXSOHG WR D QXFOHRQ LV GLVFXVVHGï ,Q WKH WKLUG VHFWLRQ ZH ZLOO H[SODLQH
KRZ WKH QXPEHU RI SDUDPHWHUV LQ WKH ERVRQðQXFOHRQ LQWHUDFWLRQ FDQ EH UHGXFHG
UHDOLVWLFDOO\ï &RPSDULVRQV RI ,%)0 FDOFXODWLRQV ZLWK PHDVXUHPHQWV ZLOO IROORZï

ìçïì 7KH +DPLOWRQLDQ RI WKH ,%)0

,Q WKH SUHFHGLQJ FKDSWHUV WKH QXFOHDU PRGHO ZDV UHVWULFWHG WR QXFOHL ZLWK HYHQ
SURWRQð DQG QHXWURQ QXPEHUVï +RZHYHUñ PRVW RI WKH QXFOHL DUH FRPSRVHG RI
RGGðHYHQ õRHô RU RGGðRGG õRRô QXFOHRQ QXPEHUVï

,Q RUGHU WR LQFOXGH WKHVH QXFOHLñ WKH LQWHUDFWLQJ ERVRQ PRGHO LV H[WHQGHG E\
DWWDFKLQJ D QXFOHRQ WR WKH ERVRQ FRQILJXUDWLRQï )RU RRðQXFOHLñ RQH KDV WR DGG D
SURWRQ DQG D QHXWURQï 7KH QXPEHU RI ERVRQV LV IL[HG LQ WKH VDPH ZD\ DV LQ
FKDSWHU ëï ,I WKH DFWLYH ERVRQV DUH KROHVñ WKH QXFOHRQ KDV WR EH WDNHQ LQ WKH
KROH VWDWH DV ZHOOï

1XFOHRQV DUH NQRZQ WR KDYH WRWDO VSLQV M  ìîëñ êîëñ èîëñ ïïï ZLWK UHJDUG WR WKH
QXFOHXV DQG WKH\ FDQ VKRZ SRVLWLYH RU QHJDWLYH SDULW\ï &RXSOLQJ D VSKHULFDO
EDVLV VWDWH IRU ERVRQV õ FKDSWHU êñ õçïìåôô WR D QXFOHRQ VWDWH FUHDWHV WKH
VLPSOHVW EDVLV VWDWH IRU RHðQXFOHL OLNH WKLV

_1% QG W Q' -% M - 0 ² � _>õ1% QG W Q'ô
õ-% ô u M @õ- ô0 ²ï õìçïìô

)RU QXFOHRQVñ WKHUH H[LVW DOVR FUHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUV DV IROORZV

DòMP ñ D MP õìçïëô

ZKLFK DUH DVVLJQHG WR WKH QXFOHRQ VWDWH õMñPôï $QDORJRXVO\ WR õçïìäô WKH
DQQLKLODWLRQ RSHUDWRU FDQ EH SXW LQ WHQVRU IRUP OLNH WKLV

Daaaa MP  õðìô M ò P D Mñ ðP ï õìçïêô

%HFDXVH WKH QXFOHRQ RSHUDWRUV õìçïëô FUHDWH õ RU DQQLKLODWHô DQWLV\PPHWULF
VWDWHVñ WKH FRPPXWDWLRQ UXOHV õèïêéô DQG õèïêèô DUH QRW YDOLG DQG WKH
FRPPXWDWRUV KDYH WR EH UHSODFHG E\ DQWLFRPPXWDWRUVï ,Q DQDORJ\ ZLWK WKH
,%0ë õ VHFWLRQ ìèïì ô RQH GHPDQGV WKDW DòMP DQG Daaaa MP FRPPXWH ZLWK WKH ERVRQ
FUHDWLRQ DQG DQQLKLODWLRQ RSHUDWRUVï 7KDW LV WR VD\ñ ERVRQV DQG QXFOHRQV DUH
UHJDUGHG DV HVVHQWLDOO\ GLIIHUHQW REMHFWV DQG RQH IRUJHWV WKDW D ERVRQ
UHSUHVHQWV D QXFOHRQ SDLUï
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7KH +DPLOWRQ RSHUDWRU IRU ERVRQV DQG QXFOHRQV FRQWDLQVñ EHVLGHV WKH
LQWHUDFWLRQ EHWZHHQ WKH ERVRQVñ DOVR QXFOHRQðQXFOHRQ DQG QXFOHRQðERVRQ
LQWHUDFWLRQVï $QDORJRXVO\ WR õìèïéô LW UHDGV

+  +% ò +) ò 9%) ï õìçïéô

)RU WKH ERVRQ SDUW +%ñ PRVWO\ WKH ,%0ìð+DPLOWRQ RSHUDWRU õæïìæô LV HPSOR\HGï
7KH SXUH QXFOHRQ +DPLOWRQLDQ +) LV FRQVWUXFWHG DQDORJRXVO\ WR õæïêô DQG õæïçô
DV IROORZV
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õìçïìäô \LHOGV D VLPLODU PXOWLSOLFLW\ RI WHUPV DV õìçïëçôï

)LJXUH ìçïì VKRZV D FRPSDULVRQ EHWZHHQ PHDVXUHG DQG FDOFXODWHG HQHUJLHV RI
WKH QXFOHXV ìêê

èæ/Dæç IRU GðERVRQ FRQILJXUDWLRQV RI WKH XõèôðOLPLWï 7KH ë
òðVWDWH RI

ìèë
èç%Dæç õQG  ìô LV VSOLW XS LQWR è OHYHOV E\ FRXSOLQJ D M  ììîëðSURWRQ DFFRUGLQJ

WR õìçïëçôï

(
õ0H9ô

íïå

íïé

íï

ìêë
èç%Dæç

ìêê
èæ/Dæç

7Kï ([Sï

ììîëð

ììîëð

ìêîëð

äîëð

ìèîëð

æîëð

ëò

íò

)LJXUH ìçïìï &RPSDULVRQ EHWZHHQ PHDVXUHG DQG FDOFXODWHG HQHUJLHV
RI ORZðO\LQJ OHYHOV RI ìêê/Dï 7KH HQHUJLHV RI WKH è H[FLWHG OHYHOV DUH
FDOFXODWHG VWDUWLQJ IURP WKH ëòðOHYHO RI ìêë%D õ FRQVLVWLQJ RI RQH Gð
ERVRQ LQ WKH XõèôðOLPLW ô ZLWK WKH DLG RI HTXDWLRQ õìçïëçô DQG ZLWK WKH
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DFFRUGLQJ WR WKH HTXDWLRQ õìçïìäô DQG $ULPD DQG ,DFKHOOR õìäæçEô
UHVSHFWLYHO\ñ E\ FRXSOLQJ D ììîëððSURWRQ XS WR XõèôðVWDWHV DQG E\ ILWWLQJ WKH
SDUDPHWHUVï 7KH JURXQG VWDWHV õ -  ììîëð ô DUH GUDZQ LQñ WDNLQJ LQWR DFFRXQW
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2ZLQJ WR WKH PLFURVFRSLF WKHRU\ñ ZKLFK FRQQHFWV WKH ,%0 ZLWK WKH VKHOO PRGHOñ
DQG PDNLQJ XVH RI WKH JHQHUDOLVHG VHQLRULW\ SULQFLSOHñ 6FKROWHQ õìäåìñ Sïëåçô
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SDULW\ RI äæ7Fï 7KH HYHQðHYHQ QXFOHXV LV FRXSOHG WR D SURWRQ ZLWK WZR GLIIHUHQW
VKHOO VWDWHVï

7KH ,%)0 FRPSULVHV PRUH G\QDPLF V\PPHWULHV WKDQ WKH ,%0ëï %HFDXVH WKLV
ERRN LV RQO\ DQ LQWURGXFWLRQ WR WKH LQWHUDFWLQJ ERVRQ PRGHOñ ZH OHDYH WKHP RXW
RI FRQVLGHUDWLRQï
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ììîëð

èîëð

æîëð

ìêîëð

)LJXUH ìçïèï &RPSDULVRQ EHWZHHQ PHDVXUHG DQG FDOFXODWHG VSHFWUD ZLWK
QHJDWLYH SDULW\ LQ æä $XðLVRWRSHV õ%LMNHU DQG 'LHSHULQNñ ìäåëñ Sï ëêìôï 7KH
QHXWURQ QXPEHUV FRPSULVH ìíé XS WR ììçï )RU WKH FDOFXODWLRQñ D KäîëðSURWRQ
KDV EHHQ FRXSOHG WR WKH FRUUHVSRQGLQJ æå3WðFRUHVï

æä$X

äîëð äîëð
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)LJXUH ìçïçï &RPSDULVRQ EHWZHHQ WKH PHDVXUHG DQG WKH FDOFXODWHG
VSHFWUXP ZLWK SRVLWLYH SDULW\ RI äæ7F õYRQ %UHQWDQRñ ìäåìñ Sï êíæôï ,Q WKH
FDOFXODWLRQñ D SURWRQ ZLWK WKH VWDWHV Jäîë DQG Gèîë KDV EHHQ FRXSOHG WR äç0Rï
7KLV QXFOHXV KDV EHHQ WUHDWHG ZLWK WKH ,%0ì E\ PHDQV RI WKH SDUDPHWHUV H  
íïæäè 0H9ñ Fí©  ð íïëè 0H9ñ Fë©  ð íïíåè 0H9ñ Fé©  íïíéæ 0H9ñ Yë  íïììê
0H9 DQG Yí  í 0H9 õæïêìôï 7KH IHUPLRQðERVRQ WHUP 9%) õìçïìåô KDV EHHQ
FDOFXODWHG ZLWK H[SUHVVLRQVñ ZKLFK FRUUHVSRQG ODUJHO\ WR WKH HTXDWLRQV
õìçïìäô DQG õìçïëæôï



ìçí



ìçì

$SSHQGL[

$ì &OHEVFKð*RUGDQ FRHIILFLHQWV DQG êðM V\PEROV

6RPH SURSHUWLHV RI WKH &OHEVFKð*RUGDQ FRHIILFLHQWV ZLOO EH UHYLHZHG ZKLFK DUH
HPSOR\HG LQ WKH WUHDWPHQW RI WKH ,%0 RQ KDQGï 'HVFULSWLRQV RI WKLV WRSLF LQ
GHWDLO DUH JLYHQ E\ &RQGRQ DQG 6KRUWOH\ õìäèêô DQG 7DOPL õìääêôï

&OHEVFKð*RUGDQ FRHIILFLHQWV DULVH ZKHQ VWDWH IXQFWLRQV FRQWDLQLQJ D GHILQLWH
VSLQ RU DQJXODU PRPHQWXP DUH FRXSOHG DQG FRQVWLWXWH D MRLQW VWDWH ZLWK JRRG
VSLQ TXDQWXP QXPEHUVï /HW WKH QRUPDOLVHG DQG RUWKRJRQDO IXQFWLRQ MMP
GHVFULEH WKH VWDWH RI D SDUWLFOH RU ERVRQ ZLWK VSLQ RU DQJXODU PRPHQWXP M DQG
SURMHFWLRQ Pï ,Q WKH ODQJXDJH RI TXDQWXP PHFKDQLFV WKLV PHDQV WKDW MMP LV DQ
HLJHQIXQFWLRQ RI WKH RSHUDWRUV - ë DQG -]ï

6WDULQJ IURP WKH IXQFWLRQV MMDPD DQG MMEPE ZKLFK EHORQJ WR GLIIHUHQW REMHFWV D MRLQW
VWDWH )-0õMD ñ MEô FDQ EH PDGH XS ZKLFK LV DOVR DQ HLJHQIXQFWLRQ RI WKH RSHUDWRUV
- ë DQG -]ï ,WV WRWDO VSLQ LV FKDUDFWHUL]HG E\ - ZLWK WKH SURMHFWLRQ 0ï 7KH QHZ
VWDWH UHDGV

)-0õMD ñ MEô  ¦ PD PE õMD PD ME PE _ - 0ô MMDPDMMEPE õ$ìïìô

ZLWK PD ò PE  0 DQG _ MD ð ME _ x - x MD ò ME ï õ$ìïëô

7KH IDFWRUV õMD PD ME PE _ - 0ô DUH QDPHG &OHEVFKð*RUGDQ FRHIILFLHQWV RU YHFWRU
FRXSOLQJ FRHIILFLHQWVï 7KH\ DUH UHDO DQG YDQLVK LI WKH FRQGLWLRQV õ$ìïëô DUH
YLRODWHGï 7KH FRXSOLQJ õ$ìïìô LV IUHTXHQWO\ ZULWWHQ DV

>MMDPD u MMEPE@
õ-ô
0 � )-0õMD ñ MEôï õ$ìïêô

&OHEVFKð*RUGDQ FRHIILFLHQWV PHHW WKH IROORZLQJ V\PPHWU\ FRQGLWLRQV

õMD PD ME PE _ - 0ô  õðìô MDò MEð - õME PE MD PD _ - 0ôñ õ$ìïéô

õMD PD ME PE _ - 0ô  õðìô
MDò ME ð -õMDñ ðPDñ MEñ ðPE _ -ñ ð0ôñ õ$ìïèô

õMD PD ME PE _ - 0ô  õðìô
MDð PD õõë- ò ìôîõëME ò ìôô

ìîëõMD PD -ñ ð0 _ MEñ ðPEôï õ$ìïçô

)RU MD  ME  M VSHFLDOO\ ZH FDQ ZULWH

õM P M P© _ - 0ô  õðìô ëM ð - õM P© M P _ - 0ôï õ$ìïæô

,I DGGLWLRQDOO\ P  P© KROGV ZH KDYH

õM P M P _ - 0ô  õðìô ëM ð - õM P M P _ - 0ôï õ$ìïåô

7KDW LV WR VD\ õM P M P _ - 0ô  íñ LI ëM ð - LV RGGï

:H GHPDQG WKDW VWDWH IXQFWLRQV VXFK DV )-0 õMD ñ MEô DQG )-©0© õMD ñ MEô DUH
QRUPDOLVHG DQG RUWKRJRQDO Lï Hï



ìçë

³ )-0 óõMD ñ MEô )-©0© õMD ñ MEô GV  G--© G00©ï õ$ìïäô

,Q õ$ìïäô WKH LQWHJUDWLRQ FRPSULVHV DOO YDULDEOHV RI WKH IXQFWLRQV MMPï %\ LQVHUWLQJ
WKH UHODWLRQ õ$ìïìô DQG E\ PHDQV RI WKH JLYHQ RUWKRQRUPDOLW\ RQH REWDLQV

¦ PD PE õMD PD ME PE _ - 0ô õMD PD ME PE _ -© 0© ô  G--© G00©ï õ$ìïìíô

0DNLQJ XVH RI õ$ìïéô XS WR õ$ìïçô RQH REWDLQV

¦ PE 0 õMD PD ME PE _ - 0ô õMD© PD© ME PE _ - 0 ô  õë- ò ìôõëMD ò ìôðì GMDMD© GPDPD©ï õ$ìïììô

0XOWLSO\LQJ ERWK VLGHV RI õ$ìïìô E\ MMDPD©óMMEPE©ó DQG LQWHJUDWLQJ \LHOG WKH UHODWLRQ

³ MMDPD©óMMEPE©ó )-0 õMD ñ MEô GV  õMD PD© ME PE© _ - 0 ôï õ$ìïìëô

%HFDXVH RI WKH OLQHDULW\ RI õ$ìïìô RQH H[SHFWV DQ LQYHUVH WUDQVIRUPDWLRQ ZLWK
UHDO FRHIILFLHQWVï :H ZULWH LW ZLWK FRQMXJDWH FRPSOH[ IXQFWLRQV OLNH WKLV

MMDPDóMMEPEó  ¦ -©0©&õMD PD ME PE -© 0© ô )-©0© óõMD ñ MEôï

0XOWLSO\LQJ E\ )-0 õMD ñ MEô DQG LQWHJUDWLQJ RQH REWDLQV ZLWK WKH DLG RI õ$ìïìëô

&õMD PD ME PE - 0 ô  ³ MMDPDóMMEPEó )-0 õMD ñ MEô GV  õMD PD ME PE _ - 0 ôï õ$ìïìêô

7KXVñ ZH KDYH

MMDPDMMEPE  ¦ -0 õMD PD ME PE _ - 0ô )-0 õMD ñ MEô õ$ìïìéô

DV WKH LQYHUVH WUDQVIRUPDWLRQ WR õ$ìïìôï 0XOWLSO\LQJ õ$ìïìéô E\ WKH H[SUHVVLRQ
MMDPD©óMMEPE©ó  ¦ -©0© õMD PD© ME PE© _ -© 0

©ô )-©0©óõMD ñ MEô DQG LQWHJUDWLQJ RQH REWDLQV
WKH UHODWLRQ

¦ -0 õMD PD ME PE _ - 0 ô õMD PD© ME PE© _ - 0 ô  GPD PD© GPE PE© õ$ìïìèô

LQ DQDORJ\ ZLWK õ$ìïìíôï :H JLYH WKH H[SOLFLW H[SUHVVLRQV RI IUHTXHQWO\
HPSOR\HG &OHEVFKð*RUGDQ FRHIILFLHQWV

õMD PD ME PE _ í íô  õðìô
MDðPD õëMD ò ìô

ðìîë G MDME GPDñ ðPE ñ

õë P ëñ ðP _ ì íô  õðìôðPPî�ìíñ õ$ìïìçô

õëñ P ð ìñ ëñ ðP _ ìñ ðìô  õðìôP �õë ò Pô�õê ð Pôî�ëíñ

õë í ë P _ ë Pô  õPë ð ëôî�ìéñ

õMDñ PD  MDñ MEñ PE  ME _ -  MD ò MEñ 0  MD ò MEô  òìï õ$ìïìæô

7KH ODVW FRHIILFLHQW VKRZV WKDW WKH SURGXFW RI WZR VWDWHV ~Mñ P  M ² LV WKH
VWUHWFKHG MRLQW VWDWH O\LQJ LQ WKH ]ðGLUHFWLRQï 7KH FKRLFH RI WKH SRVLWLYH VLJQ RQ
WKH ULJKW KDQG VLGH RI õ$ìïìæô LV DUELWUDU\ï

7KH V\PPHWU\ SURSHUWLHV RI WKH &OHEVFKð*RUGDQ FRHIILFLHQWV DUH PDGH YLVLEOH
HVSHFLDOO\ E\ PHDQV RI WKH êðM V\PERO õMDPD

ME
PE

-
ð0ôñ ZKLFK LV GHILQHG DV IROORZV



ìçê

õMD PD ME PE _ - 0ô  õðìô
MD ð ME ò 0 �õë- ò ìô õMDPD

ME
PE

-
ð0ôï õ$ìïìåô

7KH YDOXH RI WKH êðM V\PERO GRHV QRW DOWHU ZKHQ LWV FROXPQV ¤ KHUH WKH\ DUH
DUUDQJHG DW DQ DQJOH ¤ XQGHUJR HQ HYHQ QXPEHU RI LQWHUFKDQJHVï ,I WKLV QXPEHU
LV RGG RU LI DOO SURMHFWLRQV PDñ PE DQG ð0 FKDQJH WKHLU VLJQV VLPXOWDQHRXVO\ñ WKH
QHZ êðM V\PERO GLIIHUV IURP WKH RULJLQDO RQH LQ WKH SKDVH IDFWRU õðìô MD ò ME ð - ï
(GPRQGV õìäçéô DQG õìääçô KDV JLYHQ DOJHEUDLF H[SUHVVLRQV IRU VRPH êðM
V\PEROVï 1XPHULFDO WDEOHV IRU êðM V\PEROV ZHUH SXEOLVKHG E\ 5RWHQEHUJñ %LYLQV
HW DOï õìäèäô DQG %UXVVDDUG DQG *ODXGHPDQV õìäææôï

:H FRPH EDFN WR WKH VWDWHPHQW õ$ìïìô DQG JR LQWR WKH DQJXODU PRPHQWXP
RSHUDWRUVï ,I WKH VSLQ RSHUDWRUV -]D � -íD DQG -]E � -íE DFW RQ WKH VWDWHV MMDPD DQG
MMEPE DFFRUGLQJ WR

-íD MMDPD  PD MMDPDñ -íE MMEPE  PE MMEPE DQG õ$ìïìäô

-íDMMEPE  MMEPE -íD ñ -íEMMDPD  MMDPD -íE õ$ìïëíô

WKH VXP RSHUDWRU

-í  -íD ò -íE õ$ìïëìô

VDWLVILHV WKH IROORZLQJ HLJHQYDOXH HTXDWLRQ ZLWK WKH MRLQW H[SUHVVLRQ õ$ìïìô RU
õ$ìïêô

-í)-0õMD ñ MEô � -í >MMDPD u MMEPE@
õ- ô

0  0 >MMDPD u MMEPE@
õ- ô

0

õ$ìïëëô

ZKLFK FDQ EH VHHQ ZLWK WKH KHOS RI õ$ìïìôñ õ$ìïìäô DQG õ$ìïëíôï 7KH RWKHU
¦ODGGHU¦ FRPSRQHQWV RI - UHDG DFFRUGLQJ WR õåïçô DV IROORZV -ì  ðõ-[ ò L-\ôî�ë
DQG -ðì  õ-[ ð L-\ôî�ëï 7KH\ PHHW WKH FRQGLWLRQ õìêïëçô

-����ìñD MMDPD  ðõ�ôõõMDõMD ò ìô ð PDõPD � ìôôîëôìîë M MDñ PD � ì ñ

ZKLFK KROGV DQDORJRXVO\ IRU -����ìñE MMEPEï ,Q DQDORJ\ ZLWK õ$ìïëìô ZH PDNH XS WKH
RSHUDWRU

-����ì  -����ìñD ò -����ìñE õ$ìïëêô

DQG H[SHFW WKDW WKH VLPLODU UHODWLRQ

-����ì>MMDPD u MMEPE@
õ-ô
0  

ðõ�ôõõ-õ- ò ìô ð 0õ0 � ìôôîëôìîë>MMDPD u MMEPE@
õ- ô

0 �ì õ$ìïëéô

ZLOO KROGï :H ZULWH LW LQ GHWDLO DV IROORZV

¦ PD PE õMD PD ME PE _ - 0ô ^õMDõMD ò ìô ð PDõPD � ìôôìîëM MDñ PD �ìMMEPE ò

õMEõME ò ìô ð PEõPE � ìôôìîëMMDPDMMEPE � ì `  õ$ìïëèô

õ-õ- ò ìô ð 0õ0 � ìôôìîë>MMDPD u MMEPE@
õ- ô

0 � ì ï



ìçé

7KH UHODWLRQ õ$ìïëèô FDQQRW EH H[SODLQHG VROHO\ E\ WKH SURSHUWLHV RI WKH
&OHEVFKð*RUGDQ FRHIILFLHQWV SXW WRJHWKHU LQ WKLV DSSHQGL[ï ,Q FRQWUDU\ñ WKH\
FRQVWLWXWH D VSHFLDO FRQGLWLRQ IRU WKHVH FRHIILFLHQWVï 0DNLQJ XVH RI WKH
RUWKRQRUPDOLW\ RI WKH VWDWH IXQFWLRQVñ IURP õ$ìïëèô RQH REWDLQV UHFXUVLRQ
IRUPXODV IRU WKH &OHEVFKð*RUGDQ FRHIILFLHQWVï 7KH\ VHUYH WR FDOFXODWH WKHP
QXPHULFDOO\ï

,Q FDVH WKH RSHUDWRU RI WKH WRWDO VSLQñ - ë õåïåôñ DFWV RQ D FRXSOHG VWDWHñ IURP
õ$ìïëëôñ õ$ìïëéô DQG õåïåô IROORZV WKH ZHOOðNQRZQ UHODWLRQ

- ë >MMDPD u MMEPE@
õ- ô

0  õ-í
ë ð -í ð ë-ì-ðìô >MMDPD u MMEPE@

õ- ô
0  

-õ- ò ìô >MMDPD u MMEPE@
õ- ô

0 ï õ$ìïëçô

$ë 6\PPHWU\ SURSHUWLHV RI FRXSOHG VSLQ VWDWHV RI LGHQWLFDO REMHFWV

,Q WKLV VHFWLRQ WKH VHOHFWLRQ UXOHV IRU WKH WRWDO VSLQ RI D FRXSOHG VWDWH RI LGHQWLFDO
REMHFWV ð IHUPLRQV RU ERVRQV ð ZLOO EH ORRNHG LQWRï $FFRUGLQJ WR õ$ìïìô VXFK D
FRXSOLQJ UHDGV DV IROORZV

)-0õM Mñì ëô  ¦ P P© õM P M P© _ - 0ô MMP õìôMMP© õëôï õ$ëïìô

,Q õ$ëïìô SURYLVLRQDOO\ ZH DUH FRQVLGHULQJ WKHVH REMHFWV DV GLVWLQJXLVKDEOH DQG
ODEHO WKHP ZLWK QXPEHUVï :H QRZ LQWHUFKDQJH ERWK REMHFWV ð WKDW LV WR VD\ DOO
WKHLU YDULDEOHV ð DQG REWDLQ WKH IROORZLQJ MRLQW VWDWH

)-0õM Mñë ìô  ¦ P P© õM P M P© _ - 0ô MMP õëôMMP© õìôï

:LWK õ$ìïæô ZH KDYH

)-0õM Mñë ìô  õðìô
ëM ð -¦ P P© õM P© M P _ - 0ô MMP© õìôMMP õëô  

õðìôëM ð -)-0õM Mñì ëôï õ$ëïëô

)LUVWñ ZH DSSO\ õ$ëïëô WR IHUPLRQV ð IRU H[DPSOH WR QXFOHRQVï 7KH\ REH\ WKH
3DXOL SULQFLSOH Lï Hï WKH IXQFWLRQ RI WKH ZKROH VWDWH FKDQJHV LWV VLJQ LI ERWK
IHUPLRQV DUH LQWHUFKDQJHG DV IROORZV

)-0õM Mñë ìô  ð)-0õM Mñìëô Lï Hï õ$ëïêô

õðìôëM ð -  ðìï õ$ëïéô

)HUPLRQV KDYH KDOIðLQWHJHU VSLQ Mñ WKDW LV ZK\ ëM LV RGGï &RQVHTXHQWO\ñ WKH
HTXDWLRQV õ$ëïêô DQG õ$ëïéô DUH VDWLVILHG LI - LV HYHQï 7KDW LV WR VD\ñ D SDLU RI
LGHQWLFDO IHUPLRQV FDQ EH UHSUHVHQWHG E\ õ$ëïìô LI - LV HYHQï

2Q WKH RWKHU KDQGñ ERVRQV EHKDYH V\PPHWULFDOO\ ZLWK UHVSHFW WR LQWHUFKDQJLQJ
Lï Hï IRU D FRXSOHG SDLU RI LGHQWLFDO ERVRQV WKH IROORZLQJ UHODWLRQ KROGV

)-0õM Mñë ìô  ò)-0õM Mñìëô RU õ$ëïèô

õðìôëM ð -  òìï õ$ëïçô



ìçè

%HFDXVH KHUH M LV LQWHJHU WKH WRWDO VSLQ õ RU DQJXODU PRPHQWXP ô - PXVW DOVR EH
HYHQï 6SHFLDOO\ IRU M  ë WKH TXDQWLW\ - FDQ DPRXQW WR

-  íñ ë RU éï õ$ëïæô

$ê 5DFDKðFRHIILFLHQWV DQG çðM V\PEROV

7KUHH VWDWH IXQFWLRQV ZLWK VSLQV FDQ EH FRXSOHG E\ FRPELQLQJ WKH ILUVW DQG WKH
VHFRQG IXQFWLRQ DQG E\ DGGLQJ WKH WKLUG RQH WR WKH MRLQW IXQFWLRQï $Q RWKHU ZD\
WR GR LW FRQVLVWV LQ FRXSOLQJ WKH VHFRQG DQG WKH WKLUG IXQFWLRQ DQG LQ DGGLQJ WKH
UHVXOW WR WKH ILUVW RQHï %\ PHDQV RI WKH 5DFDK FRHIILFLHQWVñ LW LV SRVVLEOH WR
UHSUHVHQW RQH FRQILJXUDWLRQ E\ OLQHDU FRPELQDWLRQV RI WKH RWKHU W\SHï

7KUHH HLJHQIXQFWLRQV RI WKH VSLQ ð RU DQJXODU PRPHQWXP ð RSHUDWRUV - ë DQG -]
DUH JLYHQ DQG FRXSOHG LQ WKH IROORZLQJ ZD\ õ$ìïìñ $ìïêô

>>MMD u MME@õ
-DEô uMMF@õ

- ô
0  õ$êïìô

¦PD PE 0DE PF õMD PD ME PE _ -DE 0DEô õ-DE 0DE MF PF _ - 0ô MMD PDMME PEMMF PF ï

:LWK WKH KHOS RI õ$ìïìéôñ ZH UHFRXSOH WKH WULSOH RI IXQFWLRQV RQ WKH ULJKW KDQG
VLGH LQ õ$êïìô WKLV ZD\

>>MMD u MME@õ
-DEô uMMF@õ

- ô
0  

¦PD PE 0DE PF õMD PD ME PE _ -DE 0DEô õ-DE 0DE MF PF _ - 0ô � õ$êïëô

¦-EF 0EF õME PE MF PF _ -EF 0EFô �

¦ -© 0© õMD PD -EF 0EF _ -© 0©ô >M MD u >M ME u MMF@õ
-EFô@õ-© ô0© G--© G00© ï

7KH V\PERO G--©�G00© WDNHV LQWR DFFRXQW WKDW ERWK VLGHV RI õ$êïëô DUH
HLJHQIXQFWLRQV RI - ë DQG -] ZLWK WKH VDPH FRUUHVSRQGLQJ HLJHQYDOXHVï :H FDQ
ZULWH õ$êïëô OLNH WKLV

>>MMD u MME@õ
-DEô uMMF@õ

-ô
0  ¦ -EF 8õMD ME - MFñ -DE -EFô >M MD u >M ME u MMF@õ

-EFô@õ- ô0 õ$êïêô

ZLWK 8õMD ME - MFâ -DE -EFô  

¦ PD PE õMD PD ME PE _ -DEñ PD ò PEô õ-DEñ PD ò PEñ MFñ 0 ð PD ð PE _ - 0ô�

õME PE MFñ 0 ð PD ð PE _ -EFñ 0 ð PDô õMD PD -EFñ 0 ð PD _ - 0ô � õ$êïéô

�õë-DE ò ìô �õë-EF ò ìô:õMD ME - MF â -DE -EFôï

7KH HTXDWLRQ õ$êïêô UHYHDOV WKDW WKH FRXSOLQJ RI WKUHH VSLQ HLJHQIXQFWLRQV
DFFRUGLQJ WR õ$êïìô FDQ EH UHSUHVHQWHG DV D OLQHDU FRPELQDWLRQ RI FRXSOLQJV
ZKHUH WKH VHFRQG DQG WKH WKLUG IXQFWLRQV DUH FRPELQHG ILUVWï 7KH IDFWRUV 8
õ$êïéô DUH QDPHG QRUPDOLVHG 5DFDKðFRHIILFLHQWVï $SDUW IURP WZR IDFWRUV WKH\
DJUHH ZLWK WKH FRPPRQ 5DFDKðFRHIILFLHQWV : õ$êïéôï 7KH IROORZLQJ LQYHUVH
UHODWLRQ FDQ EH VKRZQ



ìçç

>M MD u >M ME u MMF@
õ-EFô@õ- ô0  ¦ -DE 8õMD ME - MFñ -DE -EFô >>MMD u MME@

õ-DEô uMMF@
õ-ô
0ï õ$êïèô

,Q RUGHU WR YLVXDOLVH WKH V\PPHWU\ SURSHUWLHV RI WKH 5DFDKðFRHIILFLHQWVñ WKH çðM
V\PERO KDV EHHQ FUHDWHG DV IROORZV

^MDOD
ME
OE
MF
OF`  õðìô

ðMD ð ME ð OD ð OE õëMF ò ìô
ðìîëõëOF ò ìô

ðìîë 8õMD ME OE OD â MF OFô �

õðìôðMD ð ME ð OD ð OE :õMD ME OE OD â MF OFôï õ$êïçô

7KH YDOXH RI WKH çðM V\PERO LV XQDOWHUHG ZKHQ WKH FROXPQV ð KHUH WKH\ DUH
DUUDQJHG DW DQ DQJOH ð DUH LQWHUFKDQJHGï ,W UHPDLQV DOVR WKH VDPH ZKHQ WZR
FROXPQV DUH WXUQHG XSVLGH GRZQï 7KH IROORZLQJ WULSOHV RI TXDQWLWLHV LQ WKH çðM
V\PERO KDYH WR IRUP D WULDQJOH

õMD ME MFôñ õMD OE OFôñ õOD OE MFô DQG õOD ME OFô

ZKLFK LV LQGLFDWHG E\ OLQHV LQ WKH V\PEROV DV IROORZV

^MDOD
ððð ME

OE
ðððð MF

OF`ñ ^
MD
OD ?

ME
OE ððð

MF
OF`ñ ^

MD
OD ððð

ME
OE î

MF
OF`ñ ^

MD
OD î

ME
OE ?

MF
OF`ï õ$êïæô

)URP WKH RUWKRQRUPDOLW\ RI WKH H[SUHVVLRQ õ$êïêôñ IROORZV WKLV RUWKRJRQDOLW\
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HQFORVHG LQ WKDW ERRNï

7KH ,%0 FDOFXODWLRQ FDQ EH SHUIRUPHG LQ WKH EDVLF IRUP RI WKH +DPLOWRQLDQ
õæïìæô ZLWK WKH SURJUDP 3&,%$;:ï 7KH LQSXW SDUDPHWHUV õ LQ FDSLWDOV ô
FRUUHVSRQG WR WKH IROORZLQJ FRHIILFLHQWV LQ õæïìæô

HV í õ LV SXW HTXDO WR ]HUR ô
HG ð HV + %$5
Fí ñ Fë ñ Fé õ&õìôñ &õëôñ &õêôô
Yë î�ë ) õ$æïìô
Yí îë *
Xëî�è &+ë
Xí &+ìï

,W LV DOVR SRVVLEOH WR XVH WKH UHGXFHG IRUP õæïêìôï ,Q WKLV FDVHñ WKH IROORZLQJ
DVVLJQPHQWV KROG
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H +%$5
Fí© ñ Fë© ñ Fé© &õìôñ &õëôñ &õêô
Yëî�ë ) õ$æïëô
Yíîë *

&+ë  &+ì  íï

7KH FDOFXODWLRQ FDQ EH GRQH LQ WKH PXOWLSROH IRUP RI WKH +DPLOWRQLDQ DFFRUGLQJ
WR DSSHQGL[ çñ WKH FRHIILFLHQWV RI ZKLFK FRUUHVSRQG WR WKH IROORZLQJ LQSXW
SDUDPHWHUV

H¨ (36
K (//
F &+4î�è
N 44 õ$æïêô
Z 2&7
[ +(;ï

7R WKH WHFKQLFDO QRWHV RI 2ï 6FKROWHQ õìääìñ Sï ìíêô WKH IROORZLQJ UHPDUNV KDYH
WR EH DGGHG

ð 7KH VXEURXWLQH 5'3$5 LQ WKH SDFNHW 3&,%$/,% KDV WR EH FRUUHFWHG LQ RUGHU
WR HQDEOH LW WR UHDG WKH LQSXW SDUDPHWHUV õ&õìôñ &õëôñ &õêôô DV D WULSOHW õ IRU
H[DPSOH õê)ìíïéô KDV WR EH UHSODFHG E\ õê)æïéôôï

ð (QHUJLHV VKRXOG EH JLYHQ LQ 0H9ï

ð ,Q RUGHU WR FRPSLOH WKH VRXUFH SURJUDP QR VHQVLWLYH GHEXJ RSWLRQ FDQ EH XVHG
õ IRU H[DPSOH IRU WKH )2575$1 FRPSLOHU RI 0LFURVRIW RQO\ WKH FRPPDQG IO DQG
QRW IOîé<E PXVW EH JLYHQ ôï

ð ,QFUHDVLQJ WKH ERVRQ QXPEHU 1 WR ìé RU ìç FDOOV IRU FKDQJHV LQ
&20021õ5($'0$7ô DQG LQ WKH FRUUHVSRQGLQJ '$7$ LQ YDULRXV SODFHV RI WKH
SURJUDPVï 7LSV LQ WKH FRPPHQWV RI WKH SURJUDP WH[WV KDYH WR EH IROORZHGï

$å &RPPXWDWRUV RI RSHUDWRUV VXFK DV >G òuuuuG aaaa @õ-ô0

&RPPXWDWRUV RI WKH W\SH >>G ò u G a@õ-© ô0© ñ >G
ò u G a@õ-¦ ô0¦@ DUH HPSOR\HG LQ

FRQQHFWLRQ ZLWK WKH DQJXODU PRPHQWXP RSHUDWRUV õ FKDSWHU å ô DQG ZLWK /LH
DOJHEUDV LQ WKH ,%0 õ FKDSWHU ìé ôï

%\ PHDQV RI õçïìäô DQG õ$ìïìô ZH FDQ ZULWH

>>G ò u G a@õ-© ô0© ñ >G
ò u G a@õ-¦ ô0¦@  õ$åïìô

¦ P© Q© P¦ Q¦ õë P© ë Q© _ -© 0©ô õë P¦ ë Q¦ _ -¦ 0¦ô õðìô
Q©òP¦ >G ò

P© GðQ© ñ G
ò
P¦ GðQ¦@ï

8VLQJ WKH FRPPXWDWLRQ UHODWLRQV õèïêçô ZH REWDLQ

>G òP© GðQ© ñ G
ò
P¦ GðQ¦@  ðG

ò
P¦ GðQ© GP©ñ Q¦ ò G

ò
P© GðQ¦ GP¦ñ ðQ© ï õ$åïëô
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7KXVñ IURP õ$åïìô DQG õçïìäô WKH IROORZLQJ UHODWLRQ UHVXOWV

>>G ò u G a@õ-© ô0© ñ >G
ò u G a@õ-¦ ô0¦@  

¦ P© Q© P¦ Q¦ õë P© ë Q© _ -© 0©ô õë P¦ ë Q¦ _ -¦ 0¦ô�

õõðìôQ© G ò
P© G

a
ðQ¦ GP¦ñ ðQ© ð õðìô

Q¦ G ò
P¦ G

a
ðQ© GP©ñ Q¦ ô  

¦ P© Q© P¦ Q¦ N N õë P© ë Q© _ -© 0©ô õë P¦ ë Q¦ _ -¦ 0¦ô� õ$åïêô

õõë P© ë Q¦ _ N Nô>G ò u G a@õNôNõðìô
Q© GP¦ñ ðQ© ð õë P¦ ë Q© _ N Nô>G

ò u G a@õNôNõðìô
Q¦GP¦ñ ðQ©ôï

7KH ODVW WUDQVIRUPDWLRQ ZDV SHUIRUPHG ZLWK WKH DLG RI õ$ìïìéôï %\ PHDQV RI WKH
UHODWLRQ õ$êïìíôñ RQH YHULILHV WKH IROORZLQJ UHVXOW

>>G ò u G a@õ-© ô0© ñ >G
ò u G a@õ-¦ ô0¦@  ¦ N N >G

ò u G a@õNôN �

õ¦ Q¦ õë P© ëñ ðP¦ _ -© 0©ô õë P¦ ë Q¦ _ -¦ 0¦ô õë P© ë Q¦ _ N Nô õðìô
ðP¦ ð

õ¦ Q© õë P© ëñ Q© _ -© 0©ô õë P¦ ëñ ðP© _ -¦ 0¦ô õë P¦ ë Q© _ N Nô õðìô
ðP©ô  
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N
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$ä 7KH FRPPXWDWRU >>G òuuuuG aaaa @õ-© ô0© ñ >G
òuuuuG ò @õ-ô0@

7KLV FRPPXWDWRU LV XVHG LQ VHFWLRQ ìéïêï ,W LV UHODWHG WR WKH FRPPXWDWRU ZH
GHDOW ZLWK LQ DSSHQGL[ $åï $QDORJRXVO\ ZH WUDQVIRUP DV IROORZV

>>G ò u G a@õ-© ô0© ñ >G
ò u G ò@õ- ô0@  õ$äïìô
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RQH REWDLQV E\ PHDQV RI õ$ìïéô
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5HIHUHQFHV

$ULPDñ $ï DQG ,DFKHOORñ )ï õìäæèôñ 3K\Vï 5HYï /HWWï êèñ ìíçäï

$ULPDñ $ï DQG ,DFKHOORñ )ï õìäæçDôñ $QQï 3K\Vï ääñ ëèêï

$ULPDñ $ï DQG ,DFKHOORñ )ï õìäæçEôñ 3K\Vï 5HYï &ìéñ æçìï

$ULPDñ $ï DQG ,DFKHOORñ )ï õìäæåôñ $QQï 3K\Vï ìììñ ëíìï

$ULPDñ $ï DQG ,DFKHOORñ )ï õìäæäôñ $QQï 3K\Vï ìëêñ éçåï

$ULPDñ $ï DQG ,DFKHOORñ )ï õìäåéôñ $GYï 1XFOï 3K\Vï ìêñ ìêäï

%DUUHWWñ %ïñ 5ï õìäåìôñ 5HYLVWD PH[LFDQD GH ILVLFD ëæñ èêêï

%D\PDQñ %ï )ï DQG /DQGHñ $ï õìäççôñ 1XFOï 3K\Vï ææñ ìï

%LMNHUñ 5ï DQG 'LHSHULQNñ $ï (ï /ï õìäåëôñ 1XFOï 3K\Vï $êæäñ ëëìï

%RKOHñ %ïñ 5LFKWHUñ :ï 6WHIIHQñ :ïñ 'LHSHULQNñ $ï (ï /ïñ /XGLFHñ 1ï /Rïñ 3DOXPERñ
)ï DQG 6FKROWHQñ 2ï õìäåéôñ 3K\Vï /HWWï %ìêæñ ëæï

%RKUñ $ï DQG 0RWWHOVRQñ %ï 5ï õìäèêôñ 'DQï 9LGï 6HOVNïñ 0DWKïð)\Vï 0HGGï 1R
ìçï

%RKUñ $ï DQG 0RWWHOVRQñ %ï 5ï õìäæèôñ 1XFOHDU 6WUXFWXUHñ 9ROï ,,ñ %HQMDPLQñ
5HDGLQJñ 0$ï

%RQDWVRVñ 'ï õìäååôñ ,QWHUDFWLQJ %RVRQ 0RGHOV RI 1XFOHDU 6WUXFWXUHñ
&ODUHQGRQñ 2[IRUGï

%UXVVDDUGñ 3ï -ï DQG *ODXGHPDQVñ 3ï :ï 0ï õìäææôñ 6KHOO 0RGHO $SSOLFDWLRQV LQ
1XFOHDU 6SHFWURVFRS\ñ 1RUWK +ROODQGñ $PVWHUGDPï

&DVWDxRVñ2ïñ &KDFRQñ (ïñ )UDQNñ $ï DQG 0RVKLQVN\ñ 0ï õìäæäôñ -ï 0DWKï 3K\Vï
ëíñ êèï

&DVWHQñ 5ï )ï õìäåíôñ 1XFOï 3K\Vï $êéæñ ìæêï

&DVWHQñ 5ï )ï õìääíôñ 1XFOHDU 6WUXFWXUH IURP D 6LPSOH 3HUVSHFWLYHñ 2[IRUG
8QLYHUVLW\ 3UHVVï

&DVWHQñ 5ï )ï DQG :DUQHUñ 'ï 'ï õìäååôñ 5HYï 0RGï 3K\V çíñ êåäïï

&KDFRQñ (ïñ 0RVKLQVN\ñ 0ï DQG 6KDUSñ 5ï 7ï õìäæçôñ -ï 0DWKï 3K\Vï ìæñ ççåï

&KDFRQñ (ï DQG 0RVKLQVN\ñ 0ï õìäææôñ -ï 0DWKï 3K\Vï ìåñ åæíï

&RQGRQñ (ï 8ï DQG 6KRUWOH\ñ *ï +ï õìäèêôñ 7KH 7KHRU\ RI $WRPLF 6SHFWUDñ
&DPEULGJH 8QLYHUVLW\ 3UHVVï

&RUQZHOOñ -ï )ï õìääíôñ *URXS 7KHRU\ LQ 3K\VLFVñ 9RO ,,ñ $FDGHPLF 3UHVVï

'XYDOñ 3ï 'ï DQG %DUUHWWñ %ï 5ï õìäåìôñ 3K\Vï 5HYï & ëêñ éäëï

(GPRQGVñ $ï 5ï õìäçéôñ 'UHKLPSXOVH LQ GHU 4XDQWHQPHFKDQLNñ %LEOLRð
JUDSKLVFKHV ,QVWLWXWñ 0DQQKHLPï



ìæç

(GPRQGVñ $ï 5ï õìääçôñ $QJXODU 0RPHQWXP LQ 4XDQWXP 0HFKDQLFVñ 3ULQFHWRQ
/DQGPDUN LQ 3K\VLFVñ 3ULQFHWRQï

(LVHQEHUJñ -ï 0ï DQG *UHLQHUñ :ï õìäåæôñ 1XFOHDU 7KHRU\ñ 9ROï ìñ 1XFOHDU
0RGHOVñ êï (Gñ 1RUWKð+ROODQGï

(OOLRWWñ -ï 3ï õìäèåôñ 3URFï 5R\ï 6RFï $ëéèñìëåâ èçëï

)UDQNñ $ï DQG 9DQ ,VDFNHUñ 3ï õìääéôñ $OJHEUDLF 0HWKRGV LQ 0ROHFXODU DQG
1XFOHDU 6WUXFWXUH 3K\VLFVñ -RKQ :LOH\ï

+DPHUPHVKñ 0ï õìäçëôñ *URXS 7KHRU\ DQG LWV $SSOLFDWLRQV WR 3K\VLFDO
3UREOHPVñ $GGLVRQð:HVOH\ï

+DQñ &ï 6ïñ &KXXñ 'ï 6ïñ +VLHKñ 6ï 7ï õìääíôñ 3K\Vï 5HYï &éëñ ëåíï

+DUSHUñ 5ï 3ï &KULVW\ñ $ïñ +DOOñ ,ïñ 1DJLEñ ,ï 0ï DQG :DNHILHOGñ %ï õìäæìôñ 1XFOï
3K\Vï $ìçëï ìçìï

+HVVñ 3ï õìäåêôñ 7URLVLqPH F\FOH GH OD 3K\VLTXHñ ,QVWLWXW I�U 7KHRUHWLVFKH
3K\VLN GHU 8QLYHUVLWlW )UDQNIXUWî0ñ 5)$ï

,DFKHOORñ )ï DQG $ULPDñ $ï õìäæéôñ 3K\Vï /HWWï èê %ñ êíäï

,DFKHOORñ )ï DQG $ULPDñ $ï õìäåæôñ 7KH ,QWHUDFWLQJ %RVRQ 0RGHOñ &DPEULGJH
8QLYHUVLW\ 3UHVVï

,DFKHOORñ )ï õìäååôñ LQ ,QWHUQDWLRQDO &RQIHUHQFH RQ &RQWHPSRUDU\ 7RSLFV LQ
1XFOHDU 6WUXFWXUH 3K\VLFVñ HGï E\ 5ï &DVWHQñ $ï )UDQNñ 0ï 0RVKLQVN\
DQG 6ï 3LWWHOñ :RUOG 6FLHQWLILFñ ìíäï

,DFKHOORñ )ï DQG 9DQ ,VDFNHUñ 3ï õìääìôñ 7KH ,QWHUDFWLQJ %RVRQð)HUPLRQ 0RGHOñ
&DPEULGJH 8QLYHUVLW\ 3UHVVñ &DPEULGJHï

-RORVñ 5ï 9ïñ /HPEHUJñ ,ï .Kï DQG 0LNKDLORYñ 9ï 0ï õìäåèôñ 6RYï -ï 3DUWï 1XFOï
ìçñëñ $PHUï ,QVWï RI 3K\Vï

.DXSñ 8ï õìäåêôñ $QZHQGXQJ GHV ,QWHUDFWLQJ %RVRQ 0RGHOOV DXI NROOHNWLYH
=XVWlQGH LQ PLWWHOVFKZHUHQ .HUQHQñ ,QDXJXUDOð'LVVHUWDWLRQñ 8QLYHUVLWlW
.|OQï

.UDQHñ .ï 6ï DQG 6WHIIHQñ 5ï 0ï õìäæíôñ 3K\Vï 5HYï &ëñ æëéï

/DQGDXñ /ï 'ï XQG /LIVFKLW]ñ (ï (ï õìäåçôñ 4XDQWHQPHFKDQLNñ %DQG êñ
$NDGHPLHð9HUODJñ %HUOLQï

/DZVRQñ 5ï 'ï õìäåíôñ 7KHRU\ RI WKH 1XFOHDU 6KHOO 0RGHOñ &ODUHQGRQ 3UHVVñ
2[IRUGï

0LOQHUñ :ï 7ïñ 0F *RZDQñ )ï .ïñ 6WHOVRQñ 3ï +ïñ 5RELQVRQñ 5ï /ï DQG 6D\HUñ 5ï
2ï õìäçäôñ 1XFOï 3K\Vï $ìëäñ çåæï

2WVXNDñ 7ï DQG $ULPDñ $ï õìäæåôñ 3K\Vï /HWWHUV ææ%ñ ìï

5LQJñ 3ï DQG 6FKXFNñ 3ï õìäåíôñ 7KH 1XFOHDU 0DQ\ %RG\ 3UREOHPñ 6SULQJHUñ
1HZ <RUNï

5RWHQEHUJñ 0ïñ %LYLQVñ 5ïñ 0HWURSROLVñ 0ï DQG :RRWHQ -Uñ -ï .ï õìäèäôñ 7KH êðM
DQG çðM 6\PEROVñ 7HFKQRORJ\ 3UHVV 0,7ñ &DPEULGJHñ 0$ï
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6FKROWHQñ 2ï õìäåíôñ 7KH ,QWHUDFWLQJ %RVRQ $SSUR[LPDWLRQ 0RGHO DQG
$SSOLFDWLRQVï 3URHIVFKULIWñ 5LMNVXQLYHUVLWHLWñ *URQLQJHQï

6FKROWHQñ 2ï õìäåìôñ LQ ,QWHUDFWLQJ %RVH )HUPL 6\VWHPV LQ 1XFOHLñ HGï E\
,DFKHOORñ )ïñ ëåèñ 3OHQXP 3UHVVñ 1HZ <RUNï

6FKROWHQñ 2ï õìääìôñ LQ &RPSXWDWLRQDO 1XFOHDU 3K\VLFVñ 1XFOHDU 6WUXFWXUHñ (GVï
.ï /DQJDQNHñ -ï $ï 0DUXKQñ 6ï (ï .RRQLQñ 6SULQJHUñ %HUOLQï

7DOPLñ ,ï õìääêôñ 6LPSOH 0RGHOV RI &RPSOH[ 1XFOHLñ 7KH 6KHOO 0RGHO DQG
,QWHUDFWLQJ %RVRQ 0RGHOñ +DUZRRG $FDGHPLF 3XEOLVKHUVï

9DQ ,VDFNHUñ 3ïñ )UDQNñ $ï DQG 6XQñ +ï =ï õìäåéôñ $QQï 3K\Vï õ1<ô ìèæñ ìåêï

YRQ %UHQWDQRñ 3ïñ *HOEHUJñ $ï DQG .DXSñ 8ï õìäåìôñ ,QWHUDFWLQJ %RVH )HUPL
6\VWHPV LQ 1XFOHLñ 3OHQXP 3UHVV õ 1< ôï
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,QGH[

äðM V\PERO ìçæ
DOJHEUDLF PRGHO ìí
DQJXODU PRPHQWXP
FRQVHUYDWLRQ éè

DQJXODU PRPHQWXP RSHUDWRU ìçê
FRPPXWDWLRQ UXOHV éê
LQ WHUPV RI GðERVRQ RSHUDWRUV éé
ODGGHU RSHUDWRUV éê
RI TXDQWXP PHFKDQLFV éê
RI WKH ,%0ì éê
RI WKH ,%0ë ìëæ

ERVRQ DQQLKLODWLRQ RSHUDWRU ëé
ERVRQ FUHDWLRQ RSHUDWRU ëé
ERVRQðERVRQ LQWHUDFWLRQ
RSHUDWRU RI WKH ,%0ë ìëç
WHUP ZLWK GHILQHG - êå
WZRðERVRQ RSHUDWRU êæ
ZLWK GðVðRSHUDWRUV êä

ERVRQðIHUPLRQ LQWHUDFWLRQ
H[FKDQJH WHUP ìèì
PRQRSROH WHUP ìèì
TXDGUXSROH WHUP ìèìñ ìèë
WZRðERG\ RSHUDWRU ìèí
ZLWK Gðñ Vð DQG DðRSHUDWRUV ìèí

&DVLPLU RSHUDWRU
RI WKH VXEDOJHEUD ìíí
VRõ1ôðHLJHQYDOXHV ìíí
VXõêôðHLJHQYDOXHV ìíí

&DVLPLU RSHUDWRUV ää
RI WKH VRõçôð RU JðLQVWDEOH OLPLW
ììå

RI WKH VXõêôð RU URWDWLRQDO OLPLW
ììê

RI WKH Xõèôð RU YLEUDWLRQDO OLPLW
ììë

&OHEVFKð*RUGDQ FRHIILFLHQWV ìçì
êðM V\PERO ìçë
RUWKRQRUPDOLW\ ìçë

FRHIILFLHQWV RI IUDFWLRQDO SDUHQWDJH
êëñ ååñ ìçä

FROOHFWLYH PRGHO RI WKH DWRPLF
QXFOHXV å

FRPPXWDWLRQ UXOHV IRU ERVRQ
RSHUDWRUV ëæ

FRPSOHWHQHVV åíñ åè
FRQILJXUDWLRQ PL[LQJ åå
FRQVHUYDWLRQ RI ERVRQ QXPEHU éí
G\QDPLF V\PPHWULHV æ
HOHFWULF TXDGUXSROH WUDQVLWLRQ
H[SHULPHQWDO GDWD æå
PDWUL[ HOHPHQW æê
PHDVXUHG %õ(ëô IRU ììí&G æä
PHDVXUHG %õ(ëô IRU èé;Hñ èç%Dñ

èå&H ìêå
PHDVXUHG %õ(ëô IRU æé: LVRWRSHV
ìéê

PHDVXUHG %õ(ëô IRU ;HðLVRWRSHV
æä

RSHUDWRU æì
RSHUDWRU RI WKH ,%0ë ìêë
UHGXFHG PDWUL[ HOHPHQW åå
UHGXFHG PDWUL[ HOHPHQW ZLWK QG
JUHDWHU WKDQ W åì

UHGXFHG PDWUL[ HOHPHQWV IRU _ 'QG_
 ì æê

UHGXFHG PDWUL[ HOHPHQWV ZLWK
_'QG_  í æä

<ðVHULHV ææ
HOHFWURPDJQHWLF LQWHUDFWLRQ
RSHUDWRU æí
UHGXFHG PDWUL[ HOHPHQW æí

+DPLOWRQ RSHUDWRU LQ WKH VRõçô OLPLW
ìëí
HLJHQYDOXHV ìëí

+DPLOWRQ RSHUDWRU LQ WKH VXõêô OLPLW
ììè
HLJHQYDOXHV ììè

+DPLOWRQ RSHUDWRU LQ WKH Xõèô OLPLW
ììíñ ììë
FRHIILFLHQWV èä
HLJHQYDOXHV èäñ ììë

+DPLOWRQ RSHUDWRU RI WKH ,%)0 ìéä
Xõèô OLPLW ìèë

+DPLOWRQ RSHUDWRU RI WKH ,%0ì êæ
D IXUWKHU PXOWLSROH UHSUHVHQWDWLRQ
ìæí

D VLPSOLILHG IRUP éì
DQ HPSLULFDO +DPLOWRQLDQ äë
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EDVLF IRUP êä
GLDJRQDOLVDWLRQ åç
LQ WHUPV RI &DVLPLU RSHUDWRUV éæ
PDWUL[ HOHPHQWV åç
PXOWLSROH IRUP èê
SDUDPHWHUV éë
WUHDWHPHQW RI WKH FRPSOHWH
+DPLOWRQLDQ åè

YLEUDWLRQDO OLPLW èè
+DPLOWRQ RSHUDWRU RI WKH ,%0ë ìëè
UHGXFHG +DPLOWRQLDQ ìëå
WUHDWHPHQW RI WKH FRPSOHWH
+DPLOWRQLDQ ìêë

,%)0 EDVLV VWDWHV ìéä
,%)0 FDOFXODWLRQ
6FKROWHQ LQVWUXFWLRQ ìèè
VSHFWUD RI æä$X LVRWRSHV ìèå
VSHFWUXP RI ìíì5K ìèç
VSHFWUXP RI ìäì,U ìèæ
VSHFWUXP RI äæ7F ìèä

,%)0 FDOFXODWLRQ LQ WKH Xõèô OLPLW
ORZðO\LQJ OHYHOV RI ìêê/D ìèê
VSHFWUD RI ìéæ(X DQG ìèì(X ìèé

,%0ì FDOFXODWLRQ
VSHFWUXP RI ìíë5X äì
VSHFWUXP RI ììí&G äí

,%0ì VXEDOJHEUDV
FKDLQV RI DOJHEUDV ìíå
,ï FKDLQ RI /LH DOJHEUDV ìíè
,,ï FKDLQ RI /LH DOJHEUDV ìíç
,,,ï FKDLQ RI /LH DOJHEUDV ìíæ

,%0ë EDVLV VWDWHV ìëæ
,%0ë FDOFXODWLRQ
SDUDPHWHUV H DQG N ìêçñ ìéì
SDUDPHWHUV FíQñ FëQñ FQ ìêæñ ìéë
VSHFWUD RI èé;H LVRWRSHV ìêêñ ìêé
VSHFWUD RI èç%D LVRWRSHV ìêè
VSHFWUD RI æé: LVRWRSHV ìêäñ ìéí
W\SLFDO VSHFWUXP IRU WKH ,ìðVSHFLDO
FDVH ìéæ

,%0ë VXEDOJHEUDV ìéé
FKDLQV RI /LH DOJHEUDV ìéè
HLJHQHQHUJLHV RI WKH FKDLQ ,ì ìéç
ILUVW VHULHV RI VSHFLDO FDVHV ìéé

LGHQWLFDO QXFOHRQ SDLUV æ
LQWHUDFWLRQ EHWZHHQ ERVRQV êæ
-ðYDOXHV
UHGXFHG GðERVRQ VWDWHV ìé

WKUHH GðERVRQ VWDWHV ìê
/LH DOJHEUD
EDVLV IXQFWLRQV äåñ ää
EDVLV RSHUDWRUV ää
FODVVLFDOñ GLPHQVLRQV äæ
GHILQLWLRQ äê
GLPHQVLRQ Q äèñ äå
LVRPRUSKLF äé
QðGLPHQVLRQDO YHFWRU VSDFH äé
VRõêô VWUXFWXUH FRQVWDQWV äæ
VRõ1ô äç
VWUXFWXUH FRQVWDQWV äé
VXEDOJHEUD ìíí
Xõ1ôñ VXõ1ô äé

0DMRUDQD WHUP ìëäñ ìêí
PDWULFHV
DQWLKHUPLWLDQ äé
DQWLV\PPHWULF äç
UDQN 1 äé
WUDFHV äè

PHDQ OLIHWLPH æë
PXOWLSROH UDGLDWLRQ çä
HOHFWULF DQG PDJQHWLF çä
WULDQJOH FRQGLWLRQ çä

QXPEHU RI ERVRQV ä
QXPEHU RI QXFOHDU VWDWHV æ
QXPEHU RSHUDWRU IRU ERVRQV êé
RSHUDWRU RI QRUPDO RUGHULQJ ìèì
SDLU DQQLKLODWLRQ RSHUDWRU êé
SDLU FUHDWLRQ RSHUDWRU êì
SDLUV RI LGHQWLFDO QXFOHRQV æ
SULPLWLYH EDVLV
PDQ\ðERVRQ VWDWHV ìå
PDQ\ðERVRQ VWDWHV UHSUHVHQWHG
E\ RSHUDWRUV ëä

WKUHHðERVRQ VWDWHV ìæ
WZRðERVRQ VWDWHV ìæ

SURJUDP %2621ë ìêë
SURJUDP 13%26 ìêë
SURJUDP SDFNDJH 3+,17 ååñ ìëêñ
ìæíñ ìæë

TXDGUXSROH PRPHQW åì
TXDGUXSROHðTXDGUXSROH RSHUDWRU
RI WKH ,%0ë ìêí

5DFDKðFRHIILFLHQWV ìçè
çðM V\PERO ìçç
QRUPDOLVHG ìçè

UHGXFHG PDWUL[ HOHPHQW ìçä



ìåì

UHGXFHG VWDWH RI ERVRQV ìê
6FKPLGW SURFHGXUH ìè
VHFRQG TXDQWLVDWLRQ ëæ
VHQLRULW\ ìê
VHQLRULW\ RSHUDWRU éæ
HLJHQYDOXHV èç

VHQLRULW\ VFKHPH ìêñ ìèñ ìå
VKHOO PRGHO æ
VLQJOHðERVRQ HQHUJ\ ìí
VLQJOHðERVRQ RSHUDWRU ëì
GLDJRQDO PDWUL[ HOHPHQW ëëñ ëè
PDWUL[ HOHPHQWV ëì
QRQðGLDJRQDO PDWUL[ HOHPHQW ëë
UHSUHVHQWHG E\ FUHDWLRQ DQG
DQQLKLODWLRQ RSHUDWRUV ëè

VLQJOHðERVRQ VWDWH êæ
VRõçôð RU JðLQVWDEOH OLPLW
VSHFWUXP RI ìêë%D ìëê
VSHFWUXP RI ìäç3W ìëë
W\SLFDO QXFOHL ììæ
W\SLFDO VSHFWUXP ìëí

VSKHULFDO EDVLV ìèñ èèñ èæñ åèñ ìíå
VSKHULFDO KDUPRQLFV çäñ ìçå
VWUHWFKHG VWDWH ìêñ ìé
VXõêôð RU URWDWLRQDO OLPLW ìíæ
VSHFWUXP RI ìæí(U ììå
W\SLFDO QXFOHL ììæ
W\SLFDO VSHFWUXP ììç

V\PPHWULF VWDWHV ZLWK GHILQHG -
PDQ\ ERVRQV êë

WKUHH GðERVRQV ììñ ìåñ êí
WZR GðERVRQV ììñ ìæñ êí
ZLWK 0  ëO ð ì ìé

V\PPHWU\ EUHDNLQJ åå
V\PPHWU\ SURSHUWLHV RI FRXSOHG VSLQ
VWDWHV
WZR ERVRQV ìçé
WZR IHUPLRQV ìçé

7DOPL©V +DPLOWRQLDQ ìéê
WHQVRU RSHUDWRU êìñ æíñ ìçä
DQQLKLODWLRQ RSHUDWRU êë

WUDQVLWLRQ SUREDELOLWL\
UHGXFHG SUREDELOLW\ æë

WZRðERVRQ RSHUDWRU ëìñ ëçñ êæ
Xõèôð RU YLEUDWLRQDO OLPLW èè
HOHFWURPDJQHWLF WUDQVLWLRQV çä
HQHUJ\ HLJHQYDOXHV èä
SORW RI QXFOHL çå
VHULHV <ñ ;ñ = çê
VSHFWUXP RI ìíí3G çç
VSHFWUXP RI ìíë5X çíñ çë
VSHFWUXP RI ììí&G çé
VSHFWUXP RI ìåå3W çè
<ðVHULHV èä
<ðVHULHV RI ìíë5X çì

XõèôðEDVLV ìè
ZLGWK RI D OHYHO æë
:LJQHUð(FNDUW WKHRUHP æíñ æêñ æçñ
åíñ ìçå
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